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Strength Characteristics of Rock Samples 
Under Hydrostatic Pressure 


Other investigations have shown that rock cylinders 
exposed to hydrostatic pressures of 10,000 atm and loaded 
axially in compression behave in a ductile fashion as con- 
trasted with their brittle behavior when tested in axial 
compression at atmospheric pressure. Similar tests were 
made by the author on rock cylinders in the pressure range 
0 to 15,000 psi, which is equivalent to pressures exerted by 
drilling muds upon the face of formations exposed to the 
cutting action of rock-bit teeth. Results indicated that 
many formations commonly encountered in drilling opera- 
tions undergo a brittle-to-ductile behavior transition in 
the range 0 to 15,000-psi hydrostatic pressure. The great 
majority of tests were made on samples which were dry 
and which were protected from the surrounding fluid with 
a plastic jacket. At atmospheric pressure, all formations 
so tested were brittle. The compressive strength of all 
formations tested in this condition increased with in- 
creasing confining pressure. 


pets 


OR many years, it has been known that laboratory drill- 
ing rate tests did not agree with results of field tests, even 
when it was known that the formations were the same. 

Although a number of variables could have contributed to this 
result, it was generally felt that fluid pressure exerted by the 
mud column above the formation being drilled must have an im- 
portant effect. Thus, a bit designed to perform quite well in the 
laboratory under atmospheric pressure may perform unsatisfac- 
torily and uneconomically in the field under more practical con- 
ditions. 

The stress imposed by fluid-column pressure is not the only 
stress to which a formation at the bottom of an oil-well bore hole 
is exposed. The original stress state of the formation before the 
hole is drilled is probably compressive in the three principal direc- 
tions, with the principal stresses being unequal. Introduction of 
a hole relieves the compressive stress at the wall of the hole. At 
the intersection of the wall and the bottom, the stress condition 
becomes much more complex. Addition of a fluid column into 
the hole superimposes other compressive stresses upon those al- 
ready existing. Finally, action of the rock-bit teeth subjects the 
formation to additional stresses. 

Even though the stress condition at the bottom of the hole is 
extremely complex, the principal stresses are probably all com- 
pressive. Before the rock-bit teeth bear upon the formation sur- 
face, a rough approximation of the stress state may be uniform 
hydrostatic stress. It is believed that a study of rock failure 
under conditions of uniform compressive stress in two principal 
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directions and a higher compressive stress in the third princi- 
pal direction will aid in an understanding of rock-failure mechan- 
ics in oil-well drilling. 

Previous experimental investigations (1-7)? have shown that 
cylindrical rock samples undergo marked changes in strength 
characteristics when tested under high hydrostatic confining 
pressures as compared to their behavior when tested under at- 
mospheric pressure. Probably the first work in which rock cyl- 
inders were exposed to hydrostatic confining pressure while 
being loaded axially in compression was that of von Karman 
(1) in 1911. Generally, the cylindrical rock samples support 
a much greater axial load when subjected to high confining pres- 
sures than when subjected to atmospheric pressure only. Also, 
some formations which failed in a brittle manner at atmospheric 
pressure failed in a ductile fashion when tested under high con- 
fining pressures. Much of the previous work was aimed at ex- 
planation of rock displacement caused by geologic phenomena, 
and accordingly tests were made at high pressures (10,000 atm) 
far exceeding the pressure range which is of interest in the drilling 
of oil-well holes. 

The purpose of this work is to study the effect of hydrostatic 
pressures in the range 0 to 15,000 psi upon cylindrical rock samples 
when loaded in axial compression. 


DEFINITIONS 


Confining pressure. Hydrostatic pressure exerted on all sur- 
faces of the cylindrical specimen by the fluid in the testing 
machine. 

Differential stress. Difference between the hydrostatic stress 
and the axial compressive stress. Calculation of the differential 
stress is based upon the assumption that volume of the specimen 
remains constant during the test, and that lateral deformation 
is uniform over the entire length of the specimen. 

Flow. That deformation which is not instantly recoverable, ex- 
cept fracture. 

Fracture. Deformation with loss of cohesion. 

Yield strength. Differential stress at which a specimen begins 
to flow, or the differential stress at which the stress-strain curve 
shows deviation from purely elastic behavior. 

Strength. Maximum differential compressive stress required to 
fracture specimens which did not flow, and the maximum dif- 
ferential stress imposed on those specimens which did flow. 

Brittle material or brittle formation. Characterized by fracture 
while being deformed elastically. In speaking of a brittle 
material, the test condition must also be specified, as a material 
may be brittle under one set of conditions and ductile under 
another set. 

Strain. Axial deformation experienced by a specimen, ex- 
pressed in per cent of its original length. 

Formation names. Generally, terms in common use to indicate 
a locality, such as ‘‘Carthage’’ marble, ‘“Knippa’’ basalt. 


EqQuIPpMENT 
The pressure-test equipment (Fig. 1) used was based upon a de- 


2 Numbers in parentheses refer to the Bibliography at the end of the 
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sign used by Bridgman (2), and later modified by Griggs (3-6) 
nd Handin (7). Much lower confining pressures permitted the 
ise of simpler seals than formerly had been applied. 

The equipment was designed to accommodate a '/:-in-diam by 
-in-long specimen up to confining pressures of 21,000 psi. The 
pecimen, 8, is located in a pressure chamber V, and surrounded 
yy a light hydraulic oil which acts as the pressure-transmitting 
gent. Soft-brass sleeves assist in aligning the upper piston P,, 
he specimen, and the support R. The portion of the sleeves fit- 
ing over the specimen is slotted so that little restraint to lateral 
leformation of the specimen is allowed, other than the shear re- 
traint on the face of the specimen. A piece of plastic tubing 
itted over the specimen assembly protects it from contact with 
he confining liquid. In tests where the liquid is allowed access to 
he specimen, holes are cut into the tubing portion immediately 
urrounding the specimen. 

Pistons P,; and P2, which are of equal diameters, are yoked to- 
ether by three tie rods Y and plates L; and Ls. Piston P, is 
orced into the pressure cavity by a small hydraulic jack J, thus 
nereasing the confining pressure around the specimen. The con- 

fining liquid has free access to both pistons, and the specimen is 

xposed to the same pressure in all directions. After attaining 
the desired confining pressure, load is applied to the specimen by 
compressive loading of plates L, and Le. The confining pressure 
remains constant during the test, as pistons P,; and P; remain a 
constant distance apart. 

Sealing of the pressure cavity is accomplished by use of neo- 
prene O-ring seals and closely ground fits between pistons, 
threaded plug T, and the pressure chamber. 

Deformation measurements are taken by a dial indicator meas- 

ring total deformation of the specimen assembly, which includes 
piston P,, the specimen, and support R. Subtraction of the ex- 
traneous deformations is accomplished by use of a steel specimen 
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l1(¢d) Specimen SHowina Upper Piston, Brass 


SLEEVES, SUPPORT, AND PLasTIc JACKET 


Fig. 1(c) shows the pressure-test equipment in place in the 
Baldwin tensile test machine used for these tests. 


SPECIMENS 


Specimens were obtained from quarried rocks or cores which 
were taken from various well locations. The longitudinal axis of 
all specimens from cores was assumed to be parallel to the longi- 
tudinal axis of the core. Orientations of specimens from quarried 
samples were not known. 

Thin sections from the various specimens were examined micro- 
scopically, together with corresponding hand samples. Resulting 
petrographic descriptions are presented in the Appendix. 

The majority of specimens tested were in the air-dry condition; 


697 


that is, no effort was made to control the moisture content of the 
specimens. The practice of jacketing the specimens followed that 
of Griggs who showed that the strength under high confining 
pressure is much greater when the specimen is jacketed than 
when the liquid is free to enter the pores. If the formation in 
question is relatively impermeable so that the rock-bit teeth 
advance ahead of the moisture penetration, then the condition 
of a dry, jacketed specimen appears to be the logical procedure. 
On the other hand, if a formation is permeable, then the condi- 
tion of a saturated, unjacketed specimen is more logical. Several 
specimens were tested in the latter condition. 


Test REsutts 


Results of tests are presented as “‘stress-strain’’ curves. In 
those cases where all tests at a given confining pressure were con- 
sistent, an average curve is presented for the particular condition. 
When single tests deviated from the average determined by a 
group of other tests made under the same conditions, the stress- 
strain curve for the deviating test also was plotted. 

The familiar stress-strain designation is employed in re- 
ferring to the curves. The ordinate, however, is actually differen- 
tial stress. The total axial stress is the differential stress plus the 
confining pressure. In determining the differential stress, the 
assumptions of constant volume and of uniform lateral deforma- 
tion introduce an error when the specimen flows during the test, 
and acquires a barrel-like shape. However, this method of cal- 
culating stress is more accurate than the conventional method 
based upon the original cross section. 

Appendix 2 gives a tabulation of the types of failures which oc- 
curred at various confining pressures. Measurements were made 
of the angles which the failure planes made with the longitudinal 
or compression axis of the specimen. In many instances, these 
measurements are inaccurate, particularly when the specimen 
failed by splitting longitudinally with only very small shear sur- 
faces at the ends of the longitudinal splits. If the specimen re- 
mained intact, measurements were made of the angles outlined 
by a network of lines on the specimen surface. Griggs (3) states 
that these lines, which he takes to be surface expressions of inter- 
nal shear surfaces, are analogous to Luders lines in metals. 

The measured angles of fractured surfaces may or may not 
represent shear planes, as the failure planes, in many instances, 
appeared to be comprised of minute integrated areas of alternate 
“shear’’ and “tension’”’ (splitting) type failures. 

Failures at atmospheric pressure were generally of the tension 
type, occurring parallel to the direction of compression, with shear 
wedges at the ends of the specimen. Griggs (3) also had observed 
this type failure and developed the following hypothesis: Before 
rupture, a small amount of plastic deformation occurs, ac- 
companied by development of Luders lines, which seem to be the 
external expression of internal shear surfaces. Where these sur- 
faces intersect, a wedge is formed, with further movement along 
the shear surfaces causing development of tension at the point of 
the wedge. In response to the lateral wedge force, tension cracks 
develop. Griggs had made some tests in which he found that 
Luders lines actually developed and spread before the tension- 
type failures occurred. 

In some cases, the fracture face was composed of failures at 
two angles. This usually occurred when the specimens were 
tested under confining pressures. The major portion of the 
failure (major failure plane) generally was oriented more nearly 
parallel to the compression direction than was the smaller plane, 
which was located near the end of the specimen. As confining 
pressures increased, the major failure angles generally increased. 
These observations are consistent with those of Griggs, who con- 
cluded that tension failures are inhibited by increased confining 
pressure. In fact, in examining his hypothesis of tension failures, 
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Max. diff. stress = 16,000 psi 
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Confining press. = 0 psi 
Max. diff. stress = 6000 psi 
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(e) 


Confining press. = 7500 psi 
Max. diff. stress = 27,000 psi 
Axial strain = 24.5 per cent 


one notes that the effective tensile force at the point of the wedge 
is decreased by increased confining pressure. Thus, fracture 
planes change from the predominant tensise-type failure to fail- 
ures consisting of more shear as confining pressures increase. 

As noted earlier a network of lines was generally visible on the 
surface of specimens which deformed in a ductile manner. One of 
these (shale) was broken after removal] from the test apparatus. 
The surface lines were measured at 38 deg to the compression axis, 
but the specimen broke at 32 deg. It is therefore not certain that 
the surface lines are indicative of planes upon which failure would 
occur if axial deformation were continued. 

Generally, a marked increase in compressive strength with in- 
creasing confining pressure was noted in all formations. The only 
exception was in one group of sandy-shale specimens tested under 
conditions allowing exposure of the specimen to the confining 
liquid. 

Anhydrite. At atmospheric pressure, anhydrite specimens 
were brittle. At pressures of 2500 psi and greater, the speci- 
mens behaved in a ductile fashion, Figs. 2 and 3. The apparent 
transition is in the pressure range 0 to 2500 psi. At 10,000 psi 
pressure, the strength of this material had increased to 30,000 psi 
from 6000 psi at atmospheric pressure—an increase of 400 per 
cent. In one specimen, Fig. 2(e), a strain of 21 per cent was 
achieved without loss of cohesion. 

Austin Limestone. At atmospheric pressures, Austin limestone 
specimens failed at very low values of differential stress, Fig. 4. 
One specimen appeared to flow, but examination showed that it 
had split longitudinally. 

Failures at pressures of 5000 and 10,000 psi appeared to be by 
progressive crumbling, generally beginning near the center of the 
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specimen. Apparently, the specimens acquired a barrel-like 
shape prior to crumbling. 

The curves show that this material has no distinct yield 
strength, but begins to flow immediately upon application of a 
differential stress. 
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At the higher confining pressures, it was not possible to ascer- 
tain the points at which failures occurred. 

Carthage Marble. Two different samples of this material 
were tested. Sufficient variation in the results was noted so that 
results for each were plotted in Fig. 5. Both samples were 
brittle at atmospheric pressure, with some longitudinal splitting 
evident. Both samples were ductile at 10,000-psi confining pres- 
sure, and one specimen from one sample was ductile at 7500-psi 
confining pressure. 

A comparison of results on this formation may be made 
with those obtained by Handin and reported in an unpublished 
paper. Handin’s tests were on a group of limestones and on Yule 
marble. All of these are relatively low strength formations at 
atmospheric pressure. At 1000 and 2000 atmospheres the for- 
mations which he tested were ductile and experienced large axial 
deformations without fracturing. In general, the results of his 
tests were consistent with those of the author. 

Sandy Shale. This formation was tested under four different 
sets of conditions in an attempt to determine the effect of satura- 
tion by water upon jacketed and nonjacketed specimens. Forma- 
tions may exist in the earth in various conditions. Some may be 
dry, others wet; and still others may be saturated with gas under 
pressure. Any one of the four conditions under which these tests 
were made may thus represent a condition existing in the actual 
formation. 

Specimens which were saturated by water prior to testing 
gained about four per cent by weight during saturation at atmos- 
pheric pressure. 

At atmospheric pressure specimens which were dry and 
jacketed were brittle, Fig. 7(a). At 5000 and 10,000-psi confin- 
ing pressure, all specimens in this group were ductile. Fig. 6(a) 
shows a typical dry, jacketed specimen after having been de- 
formed at 10,000-psi confining pressure. 

Stress-deformation characteristics of specimens saturated prior 
to testing and jacketed during the test were similar to those of 
specimens which were dry and jacketed [see Fig. 7(b), Note 1]. 
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At 5000 and 10,000 psi ductile behavior again was noted. How- 
ever, the differential stress which the formation could withstand 
before flow occurred seemed to be lowered appreciably as a result 
of saturation. 

Behavior in the saturated, jacketed specimens was greatly dif- 
ferent from those in the dry, jacketed specimens. The dry speci- 
mens barrelled at 10,000-psi confining pressure and remained in- 
tact even though deformed axially up to 26 per cent of the original 
length. Saturated specimens, on the other hand, broke into five 
or six parallel disks of approximately equal thicknesses on planes 
perpendicular to the compression direction. Figs. 6(a) and (b) 
show typical specimens in each group. A probable explanation of 
of this disk-type failure is that, upon compression, the pressure in 
the formation pores builds up to a large value because of the 
presence of the fluid. Upon release of the axial load and the con- 
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fining pressure, the internal fluid pressure cannot be immediately 
relieved because of the finite permeability of the formation. 
resultant tensile force is sufficient to cause failure to occur parallel 
to the bedding planes, or perpendicular to the compression direc- 
tion. Similar results were experienced by Griggs and Bell (8) in 
tests on quartz crystals. 

All specimens, dry and saturated, which were exposed to the 
confining liquid were brittle. Those which were dry prior to 
testing [Fig. 7(b), Note 2] appeared to be inconsistent in behavior 
as the specimen tested at 5000-psi confining pressure supported 
a greater load than the one tested at 10, tien — pressure. 


The 


TRANSITION 


Saturated specimens exposed to the confining liquid showed no 
increase in strength with increases in confining pressure [Fig. 7(b), 
Note 3]. In fact, the average strength, including all specimens at 
all confining pressures, was slightly below that of a dry, jacketed 
specimen at atmospheric pressure. 

Coarse-Grained Chico Limestone. Results of tests on coarse- 
grained Chico limestone are shown in Figs. 8 and 9. This ma- 
terial is one which failed in typically brittle fashion at atmospheric 
pressure and 2500-psi confining pressure, but which was ductile at 
7500 and 10,000-psi confining pressure. . Axial deformation of 27 
per cent, Fig. 8(b), without loss of cohesion was achieved in one 
specimen tested at 7500 psi. 

Shale. Again, at atmospheric pressure, the rock was brittle. 
Fractures were predominantly of the longitudinal splitting, or 
tension type. Brittle behavior persisted at 10,000-psi confin- 
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ing pressure but with a change in the character of fracture. Here, 
the specimens broke into only two pieces, with the failure planes at 
30 and 38 deg. 

Ductile behavior was seen at 15,000-psi confining pressure, with 
the specimen achieving 19.5 per cent axial strain without break- 
ing. Surface lines were at 38 deg; however, after removal from 
the test apparatus, this specimen was easily broken at an angle of 
32 deg. 

D-1 Dolomite. Several inconsistencies appeared in the tests on 
D-1 dolomite, Fig. 11. The 5000-psi curve deviates from the 
elastic portion of the stress-strain curves established by all of the 


other tests. One specimen at 10,000 psi deformed axially 17.0 per _ 


cent and broke into many pieces. Another, at the same pressure, 
broke into many pieces after only 3 per cent axial compression. 
Still another inconsistency is in the results of the test at 7500-psi 
confining pressure, which show an ultimate strength exceeding _ 
that at 10,000-psi confining pressure. 


At confining pressures of 10,000 and 15,000 psi, this formation ao au 


appeared ductile in that it supported large loads after yielding. — 


The appearances of the specimens after testing, however, suggest =| a 


that neither 10,000 nor 15,000-psi confining pressure is sufficient _ 
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to cause ductile behavior in the same sense as in previously dis- hed 
cussed formations. Upon removal from the jacket, the specimens oe 0 4 6 le 16 20 


broke into many pieces. Another formation showing this same 
type of behavior was Wyoming red bed, failures of which are | 
shown in Fig. 12. 


Wyoming Red Bed. Inconsistent results at atmospheric pres- igor 


sure were obtained on this formation, Fig. 13. For two samples, 
the strength was 40,000 psi, while for another it was only 23,000 
psi. The material was brittle at atmospheric pressure and at 
10,000-psi confining pressure. At 15,000 psi, however, the spec- 
imen appears to have been at the borderline between ductile 
and brittle behavior. Although the stress-strain curve indicates 
flow in the material and the specimen assumed a barrel-like shape, 
fracture did occur. Fig. 12 shows the change in fracture appear- 
ance as confining pressure increased. 


A= 0 psi D = 10,000 psi Aa 

5000 psi E = 15,000 psi 

= 7500 psi 

Fic. 11 Srress-Srrain Curves or D-1 DotomiTe Testep IN 
CoMPRESSION AT VARIOUS CONFINING PRESSURES 


White Dolomite, Fine-Grained Chico Limestone, Rush Springs 
Sandstone, Knippa Basalt, Virginia Limestone. Results on these — 
formations were all similar in that all failed in a brittle manner at © 
atmospheric pressure, 10,000 psi, and 15,000 psi. Fracture char- 
acteristics were also similar—longitudinal splitting at atmospheric 
pressure and, in general, the breaking of the specimens into two 
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TRANSACTIONS OF THE ASME 


(a) Confining press. = 0 psi 
Max. diff. stress = 23,000 psi 
Axial strain = 0.9 per cent (b) Confining press. = 10,000 psi 
Max. diff. stress = 55,000 psi 
Axial strain = 2.2 per cent 


(c) Confining press. = 15,000 psi 
Max. diff. stress = 65,000 psi 
Axial strain = 17.0 per cent 


Fic. 12. Wyomine Rep Bep Specimens Arter Compression at Various Conrininc APPARENT BorDERLINE 
TRANSITION AT 15,000-Ps1 ConriNING PRESSURE 
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(a) Confining press. = 0 psi 
Max. diff. stress = 10,500 psi 


Axial strain = 0.8 per cent 
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Fie. 14. Waite Dotomite Specimens 

AFTER COMPRESSION AT VARIOUS Con- 

FINING Pressures—Snowinc Typt- 

CaALLY Britrte BeHavior aT ALL 
PRESSURES 


A = 0 psi 


major pieces at 10,000 and 15,000 psi. Fig. 14 shows the typical 
failure behavior of these formations. The only formation which 
gave any evidence of ductile behavior was white dolomite at 
15,000-psi confining pressure. Specimen appearance, Fig. 14(c), 
however, indicates the lack of large permanent deformation oc- 
curring prior to failure. 


Confining press. = 
Max. diff. stress = £ 
Axial strain 


A wide range of rock strengths at atmospheric pressure is indi- 
cated in Fig. 15. It is noteworthy that these formations, which 
are greatly different in strength and composition, should behave 
in such similar fashion. At 15,000-psi confining pressure, the 
elastic axial strain before failure was almost invariably between 
1.5 and 2.0 per cent. 


It should be noted that the so-called limestone formations, Chico 
and Virginia, are actually dolomitic, as shown in Appendix I. 


DiscussION 
A summary of the effect of hydrostatic confining pressure upon 
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_A—White Dolomite 


B—Fine Chico Limestone 
C—Rush Springs Sandstone 


Fig. 15 Srress-Strain Curves or Sampies TEesTep IN 
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D—Knippa Basalt 
E—Virginia Limestone 


Fig. 16. Formations have been grouped according to their be- 


_ havior—ductile, borderline, or brittle—for the confining-pressure 


range 0 to 15,000 psi. 

One fact is readily apparent. All formations which experienced 
a brittle-to-ductile transition have relatively low compressive 
strengths at atmospheric pressure. When these formations are 
exposed to hydrostatic pressures of 10,000 psi (or lower, in some 


_ cases) considerable deformation must take place before fracture 
- occurs. To achieve fracture in such a formation in actual prac- 


tice, it appears that preceding flow must be an important factor. 
These low-strength formations are indeed best drilled when 


* using rock bits which have long, widely spaced teeth and which 
pias provide a tearing-gouging action. 


On the other hand, the higher-strength formations, which re- 


main brittle up to 15,000 psi confining pressure, are best drilled 


is found in results of tests described by Murray and Cunningham 


_ pressures and drilled with a 1'/,-in-diam bit. 


using heavy-weight practice and rock bits providing a crushing- 
rolling action. 
Another fact of importance is illustrated in Fig. 16. The com- 


pressive strength of all formations was increased considerably with 
_ increasing confining pressure, including the stronger formations 
such as Knippa basalt and Virginia limestone. This appears to 
- support the contention that hydrostatic pressures in the range in- 


vestigated have an important effect upon drilling rates, even in 
those formations where changes in failure characteristics were 
not obtained. Perhaps even more valid support of this contention 


(9), in which cores 3-in. diam were exposed to various confining 
When drilling on 
Ellenberger dolomite, which is similar to Virginia limestone in 
strength and composition, a decrease of 50 per cent in drilling 
rate resulted as confining pressure was increased from atmospheric 
to 5000 psi, when using a 2000-lb bit load. Murray and Cunning- 
ham also cite results of fie ld tests in which hydrostatic pressure 
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Fic. 16 Bar Grapx SumMaARIzING or CoMPRESSION TESTS 
at 0, 10,000, 15,000-Ps1 Conrininc PREessuRES 


affected drilling rates approximately the same as confining pres- 

sure in the laboratory. 

1 Increases in compressive strength w ith ir increasing ing confining 
pressure were obtained on all formations tested in the dry, 
jacketed condition. 

2 Brittle behavior was obtained at atmospheric pressure on all 
formations tested in the dry, jacketed condition. 

3. A brittle-to-ductile transition was obtained in the confining- 
pressure range 0 to 15,000 psi on anhydrite, Carthage marble, 
sandy shale, coarse Chico limestone, and shale specimens. 

4 Formations which appeared to be near the brittle-to-ductile 
transition at 15,000-psi confining pressure were D-1 dolomite and 
Wyoming red bed. 

5 Brittle behavior was obtained at all confining pressures to 
15,000 psi on White dolomite, fine Chico limestone, Rush Springs 
sandstone, Knippa basalt, and Virginia limestone. 

6 Fracturing of rock exposed to hydrostatic pressure in many 
cases is dependent upon the deformation as well as the stress 
which is imposed upon the formation. Thus, in formations which 


CoNCLUSIONS 


= 


become ductile under pressure, large amounts of flow must occur _ 


before fracture is achieved, and ultimate removal of the rock is 


accomplished. 
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Appendix 1 
PerroGrApHic Descriptions OF ForMATIONS TESTED 


Anhydrite. Cores from Leduc Field, Alberta, Canada. Rec- 
tangular anhydrite grains ranging from 0.1 to 2 mm long make up 
approximately two thirds of the sample. Cutting the anhydrite 
and filling the interstices between the anhydrite grains is fine- 
grained, fibrous, gypsum which comprises another one third of the 
rock but varies markedly in quantity from place to place. One 
per cent of the rock consists of irregular grains of carbonate. The 
sample is massive. 

Austin Limestone. Rock quarried near Austin, Tex. Approxi- 
mately 60 per cent of the sample is composed of recrystallized 
foraminifera with an average length of 0.2 mm and a width of 0.1 
mm. The foraminifera are completely recrystallized to a mass of 
fine-grained calcite and are commonly slightly stained by ferru- 
ginous material. The matrix, which comprises 40 per cent of the 
rock, consists of interlocking calcite grains with an average diame- 
ter of 0.1 mm. Less than 0.5 per cent of fine-grained silica is 
scattered through the rock. Except for a moderately developed 
parallelism (perpendicular to the length of the core) of some of 
the foraminifera, the rock is massive. 

Carthage Marble. Rock quarried at Carthage, Mo. Approxi- 
mately 40 per cent of the rock consists of foraminiferal and other 
recrystallized, fine or coarse-grained carbonate fossil fragments. 
These fragments are scattered randomly throughout a matrix of 
irregular, interlocking, 1-mm carbonate (calcite ?) grains which 
comprises 60 per cent of the sample. The sample is massive. 

Sandy Shale. From cores from Leduc Field, Alberta, Canada. 
The rock is a moderately sorted sandstone in which the sand grains 
are subangular, irregular, and have an average diameter of 0.2 
mm. Sand grains make up 70 per cent of the rock and consist of: 
Quartz and chert, 70 per cent; feldspar (mainly plagioclase), 20 per 
cent; and voleanic fragments, 10 per cent. The matrix, which 
comprises 30 per cent of the rock, is about one half carbonate and 
one half silica. The sample shows a very rough bedding perpen- 
dicular to the core. 

Coarse-Grained Chico Limestone. Rock quarried at Chico, Tex. 
About one third of the rock consists of an unsorted mass of fine- 
to-coarse foraminifera, and other shell fragments. These clasts 
are imbedded in a matrix of very fine-grained limestone which 
comprises the remainder of the rock. The rock is massive. 


TRANSACTIONS OF THE ASME 


Shale. From cores from Duval County, Tex. The sample is 
essentially a silty shale. Approximately 40 per cent of the sample 
consists of angular, 0.02-mm grains of quartz and feldspar oriented 
roughly parallel to the bedding (which is perpendicular to the 
core). The remainder of the rock is mainly a carbonaceous, illitic 
(?), slightly ferruginous clay which shows a rough unit extinction 
parallel to the bedding. A few scattered tiny grains of opaque 
material may be pyrite. 

D-1 Dolomite. From cores from Leduc Field, Alberta, Canada. 
The sample is almost entirely carbonate (either calcite or dolomite 
or a mixture of the two) but does contain rare, irregular patches of 
fine-grained gypsum. Approximately 95 per cent of the carbonate 
is very fine grained and the remainder consists of irregular grains 
up to 0.2 mm diam. 

Wyoming Red Bed. From cores from Sussex Field, Johnson 
County, Wyo. Approximately 30 per cent of the rock consists of 
0.05-mm, angular, irregular grains of quartz and some feldspar; 
a few grains of dark opaque minerals are also present. Another 
65 per cent is a ferruginous clay containing some streaks of darker 
red material which roughly parallel the crude bedding (perpendic- 
ular to the core) shown by the silt grains. A mineral of moderate 
birefringence forms irregular, fine-grained patches which make 
up about 5 per cent of the rock; the mineral is tentatively identi- 


fied as anhydrite. 


White Dolomite. From quarried rock, source unknown. The 


Mfg - sample is most accurately classed as a serpentinized forsterite- 


diopside-calcite marble. About 70 per cent of the rock consists 
of interlocking 0.5-mm grains of calcite. Twenty per cent of the 
rock is composed of fine-grained fibrous serpentine which ap- 
pears to replace the calcite and also cuts the 0.3-mm forsterite 
grains into islands of small grains surrounded by serpentine. 
Forsterite comprises about 5 per cent of the rock, and 0.3-mm 
diopside grains (also slightly altered to serpentine?) comprise 
another 5 per cent. The materials appear unoriented. 

Fine-Grained Chico Limestone. Rock quarried at Chico, Tex. 
Euhedral carbonate (dolomite ?) rhombs with an average diame- 
ter of 0.01 mm form approximately 50 per cent of the sample. 
These rhombs are imbedded in a network of interlocking calcite 
grains which comprise 30 per cent of the rock and range up to 0.1- 
mm diam. Approximately 5 per cent of the rock consists of 
rounded, subspherical, 0.1 to 0.5-mm clasts of fine-grained, iron- 
stained limestone (probably altered foraminifera). The remaining 
20 per cent of the rock is composed of well-rounded subspherical, 
0.2-mm grains of quartz which show a rough bedding parallel to 
the long axis of the core. 

Rush Springs Sandstone. Rock quarried at Cement, Okla. 
Well-sorted, subrounded, subspherical, 0.1 to 0.2-mm sand grains 
comprise about 60 per cent of this sample. Three fourths of 
these grains are quartz (and rare chert) and the remaining one 
fourth is potash feldspar and plagioclase. The cement, which 
comprises 40 per cent of the rock, consists of 0.1 to 0.2-mm grains 
of chemical carbonate (either calcite or dolomite). Rare tiny 
grains of pyrite are scattered through the sample. The rock is 
massive. 

Knippa Basalt. Rock quarried at Knippa, Tex. The sample is 
a porphyritic basalt in which phenocrysts of enstatite and 
pigeonite (0.5 mm long) comprise about 30 per cent of the rock. 
The ground mass, which comprises 70 per cent of the rock, con- 
sists of clinopyroxene (0.02-mm grains, 20 per cent of ground- 
mass), a very finely crystalline or glossy matrix (45 per cent of 
groundmass) and magnetite or other dark opaque mineral (15 per 
cent of groundmass). Both phenocrysts and matrix show a 
poorly developed flow banding at roughly 30 deg to the axis of the 
core. 

Virginia Limestone. Rock quarried at Ripplemead, Va. Al- 
most 100 per cent of the sample consists of equigranular, 0.05-mm 
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rhombs of carbonate; very slow effervescence in 6N HC! indi- 
cates that the carbonate is probably dolomite. Scattered 
through the rock are rare grains of course carbonate and fine- 
grained quartz and feldspar. One section parallel to the length of 
the core contains a veinlet of medium-grained, rutilated (?) 
quartz grains. 
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DESCRIPTION OF FAILURES 


Appendix 2 


GENERAL Nore: Angles given are measured with respect to the 
longitudinal axis of the specimen. In those cases where speci- 
mens remained intact after testing, angles are those made by sur- 
face lines measured with respect to the longitudinal axis. Angles 
are only approximate, as in most cases fractured surfaces were 


very irregular. 


Failures 


——— Angles, deg 
Sur- 
face 


Confining 
pressure, 
psi Wedge 


Formation Major 


Anhydrite 
Some longitudi- 

nal splits 

Two major 
pieces 

Barrelled; 
wedges at 
ends 

Barrelled 

Barrelled 

Barrelled 


2 


Two major 
pieces 
Many pieces 
Two major 
pieces 
Crumbling 
Slight end chip- 
ping; no ma- 
jor failure 
Crumbling near 
both ends 
Center barrelled 
Crumbling near 
center 
Crumbling near 


Carthage marble 
( 


Two major 
pieces; some 
longitudinal 
splits 

Same 

Barrelled 

Barrelled 


10000 
10000 


‘onfining 
pressure, 


Formation 


psi 


Sur- 


Failures face 


Carthage marble (continued) 


Core 2 


\ 


0 


0 


2560 
5000 
7500 
10000 


Two major 
pieces; some 
longitudinal 
splits 

Many pieces; 
mostly longi- 
tudinal splits 

No fracture 

No fracture 

Barrelled 

Earrelled 


Jacketed, 


Non- 
jacketed, 
Dry 


Non- 
jacketed, 
Saturated 


0 


0 


5000 
5000 
10000 
10000 
5000 


10000 
10000 


5000 


pieces 

Two major 
pieces 

Barrelled 

Barrelled 

Barrelled 

Barrelled 

Barrelled on one 
end; other 
end broke off 
in disk 

Six paralle) disks 

Five parallel 
disks 

Two major 
pieces; some 
longitudinal 
splits 

Two major 
pieces 

Two major 
pieces; some 
crumbling 

Two major 
pieces 

Two major 
pieces 

Four major 
pieces 

Two major 
pieces 

Two major 
pieces 


Coarse-grained Chico limestone 


Mostly longitu- 
tudinal splits 

Same 

Same 

Two major 
pieces 

Two major 
pieces 

Barrelled 

Barrelled 


-———Angles, 


Major 


Wedge 
| 
Is 
0 98 
| 
| 
2 
( 
= 
0 
p 7500 5000 
~ 10000 
22 38 g > 
10000 
34 
2500 
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Confining -———Angles, deg ——_— 
pressure, f Sur- Sur- 
Formation psi Failures face Major Wedge Formation i Failures face 


0 Many pieces; 
mostly 


longitudinal 
= splits 

: 0 Same 
10000 Two pieces 
10000 No failure 
10000 Two pieces 


15000 Barrelled 38 


Major Wedge 


Fine-grained Chico limestone 
0 Many pieces; 
longitudinal 
splits 
es 10000 Two major 
pieces 
10000 Two major 
pieces 


Rush Springs sandstone 


0 Many pieces; 
mostly longi- 


Mostly longitu- 
a tudinal splits; 

many pieces 

2500 Many pieces 

5000 Two major 
pieces 

10000 Barrelled before 
failing 
in many 
pieces 

10000 Many pieces 

15000 Many pieces; 
barrelled be- 
fore failure 


3 


0 Many pieces; 
mostly longi- 
tudinal splits 

0 Same 

0 Same 

10000 Three major 
pieces 

10000 Three major 
pieces; some 
longitudinal 
splits 

10000 Two pieces 

10000 Two pieces 

15000 ‘Bs arrelled on one 


0 Mostly longitu- eg? 
dinal splitting 
Same 
0 Same 
0 Same 
10000 Two major 
pieces 
10000 Two major 
pieces 
10000 Two major 
pieces 
10000 Two major 
pieces 


10000 
10000 
10000 
10000 


15000 


tudinal splits 
Same 
Same 
Same 
Two pieces 
Many pieces 
Three major 
pieces 
Two major 
pieces 
Two major 
pieces 


Many pieces; 
mostly longi- 
tudinal splits 

Same 

Same 

Two pieces 

Two pieces 

Two pieces 

Two major 
pieces 

Two pieces 


Many pieces; 
mostly longi- 
dinal splits 

Same 

Same 

Same 

Two major 
pieces 

Two major 
pieces 

Two major 
pieces 

Two major 
pieces 


* Broken after termination of test. 


Discussion 


Joun Hanprn.* Since the pioneering work of the great en- 
gineer von Karman‘ nearly a half century ago, the field of experi- 


15000 Two major 


* Shell Development Company, Houston, Texas. 
pieces 
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mental rock deformation under high confining pressure has been 
neglected by all but a very few investigators, most of whom are 
geologists or geophysicists. Notable exceptions are the studies 
of Bridgman® and of the Denver laboratories of the Bureau of 
Reclamation. However, Bridgman’s experiments were con- 
ducted mostly under extreme hydrostatic pressures (about 25,000 
atm) far above those pertinent to petroleum engineering. The 
confining pressures of the Bureau’s triaxial tests (a few hundred 
atmospheres) were usually too low to induce plasticity in or- 
dinarily brittle rocks. Until recently the experiments inspired 
by a principally geological interest had been made under pres- 
sures of the order of 5000 to 10,000 atm. Therefore, the author 
has made a most important and welcome contribution to the 
fund of knowledge of the behavior of rocks under moderate con- 
fining pressures. 

His results along with the recent work of Robertson? and of 
the writer® should be useful to the engineer concerned with the 
failure of rocks at moderate depths in the earth’s crust. Indeed, 
the awakened interest of engineers in the mechanical properties of 
buried rocks is most gratifying. In the past, much time and ef- 
fort have been devoted to improving the tools of well drilling, but 
the material being penetrated, namely, the rocks, has been 
largely ignored. The oil-tool industry is to be congratulated for 
its support of fundamental research into the drillability of 
rocks under confining pressure. 

The results of the author, Robertson, and the writer from tri- 
axial compression tests on jacketed rock specimens are all con- 
sistent. The effects of increased confining pressure are increases 
of both ultimate strength and ductility in some measure depend- 
ing upon the structure and composition of a particular rock. 
Both effects are adverse to drilling by any method which requires 
that the rock be broken. The energy needed to fracture a rock 
is proportional to the area under the stress-strain curve carried 
to rupture. Under confining pressures appropriate to oil-well 
drilling depths, this area may increase by two or three orders of 
magnitude over its value at atmospheric pressure. 

Probably everyone will agree that the data of triaxial tests 
cannot be applied directly to the problem of rotary drilling at the 
present time. As the author has recognized, the state of stress 
in the rock at the bottom of a bore hole under the action of a bit 
must be exceedingly complex. In the first place, the stress even 
in the undrilled rock would seldom be hydrostatic since wells are 
commonly drilled in tectonically unstable regions, the usual 
habitat of oil. Furthermore, the pre-existing stress pattern would 
be perturbed by the bore hole itself. Finally, the bit does not 
apply a simple compressive load to the rock. 

Even if these complications are discounted, and a uniform 
state of stress is assumed in the rock just below the bit, there 
still remains the problem of fluid pressures. In the rocks of the 
shallow crust, which are seldom dry, there is normally a fluid 
pore pressure about equal to the head of a column of water to 
the surface; that is, about 40 per cent of the confining pressure 
exerted by the weight of superincumbent rock. If the drilling 
fluid does not invade the formation, there is, in addition, a fluid 
pressure on the bottom of the hole which in general differs from 
the partial pore pressure. The jacketed specimen represents the 


5 “Large Plastic Flow and Fracture,” by P. W. Bridgman, McGraw- 
Hill Book Company, Inc., New York, N. Y., 1952. 

¢“‘Physical Properties of Some Typical Foundation Rocks,” by 
G. G. Balmer, U. 8. Bureau of Reclamation, Concrete Laboratory 
Report SP-39, 1953. 

7 “Experimental Study of the Strength of Rocks,”’ by E. C. Robert- 
son, Bulletin of the Geological Society of America, vol. 66, 1955, pp. 
1275-1314. 

8 “Experimental Deformation of Sedimentary Rocks Under Con- 
fining Pressure. Part I—Tests at Room Temperature on Dry 
Samples,”’ by John Handin and R. V. Hager, Jr., 1957 (in press). 


unlikely situation in which a formation is initially quite dry and 
is then uninvaded by the drilling fluid. The unjacketed speci- 
men simulates a porous formation which has been invaded so 
that the confining pressure equals the weight per unit area of the 
column of drilling fluid. 

The author shows that both strength and ductility of an un- 
jacketed rock are virtually uninfluenced by hydrostatic pressure, 
in sharp contrast with the changes effected in jacketed samples 
The actual conditions in the earth are probably intermediate be- 
tween the two extremes, and what is needed is a series of experi- 
ments on jacketed specimens in which there are independently 
controlled partial-pore pressures. The preliminary results of 
such experiments by H. Heard (personal communication, June, 
1956) on Solenhofen limestone suggest that the influence of pore 
pressure on strength and ductility is small until that pressure 
closely approaches the confining pressure. 

In addition to the incompletely investigated factor of fluid 
content, at least two other variables, temperature and strain 
rate, must be taken into account. 

In the crust, some temperature gradient is of course always 
associated with the pressure gradient, and while temperatures of 
the order of 100-200 C do not affect the pertinent rock properties 
as greatly as the corresponding pressures, enough work has been 
done to show that the influence of temperature cannot be neg- 
lected. There is usually, but not always, a decrease in strength 
and an increase in ductility. A striking example is limestone 
whose yield stress at 20 C exceeds that at 150 C by about 30 per 
cent under 5000-atm confining pressure.® 

The effect of strain rate is largely unexplored, at least in com- 
bination with confining pressure. Robertson’ made one triaxial 
experiment on jacketed limestone subjected to nearly impact 
loading. The yield stress was discovered to be about 20 per cent 
greater than for loading at the ordinary strain rate of the order of 
10~* per sec. By analogy with metals one might expect both 
strength and ductility of rocks to increase with strain rate at least 
for speeds associated with rotary drilling. However, in the 
present state of knowledge this is pure speculation. 

These remarks are not intended to imply that the author’s 
work and that of others on the influence of confining pressure 
alone is without significance to the drilling problem. Indeed, of 
one thing we may be sure even in our ignorance of the details, 
the properties of rocks as measured by ordinary crushing, tensile, 
or bit performance tests at atmospheric pressure are not the prop- 
erties of the rock at the bottom of a 10,000-ft well. This dis- 
cussion is intended not to discourage the use by engineers of the 
data now available, incomplete though these data may be, but 
rather to encourage further research in rock deformation. Experi- 
ments are needed in which the natural environment of a buried 
rock is simulated as realistically as possible. The results of well- 
conceived experiments can hardly fail to aid in the improvement 
of existing drilling methods and perhaps in the development of 
new technignies. 


J. J. W. Rogers.” 


In commenting upon this very excellent 
paper, the writer feels that the author has provided structural 
geologists with much needed information on the laboratory prop- 


erties of a number of common rocks. Wherever possible, geo- 
logic information, drawn from field studies of naturally deformed 
rocks, should be correlated with laboratory data of this type. In 
this brief discussion, the writer would like to review the relation 
between the author’s results and three common geological obser- 
vations on deformed rocks. 

‘Deformation of Yule Marble. Part II—Effects at 150° C,” 


by David Griggs, F. J. Turner, Iris Borg, and John Sosoka, Bulletin 
of the Geological Society of America, vol. 62, 1951, pp. 1385-1406. 
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One observation so universally made by geologists in the field 
that it has become a fundamental principle of structural geology 
is the distinction between two basic types of rocks—the compe- 
tent and the incompetent. The relatively strong, competent 
rocks are capable of resisting differential stress until fracturing 
occurs, As observed in nature, these rocks, such as limestone, 
dolomite, sandstone, and igneous and metamorphic rocks, tend 
to fracture without previous flowage. In distinction, naturally 
occurring incompetent beds tend to flow without fracturing. 
Typical examples of incompetent rocks are shale and easily re- 
crystallized materials such as gypsum and other saline deposits. 
The border between the competent and incompetent rocks is, of 
course, a gradational one, and the distinction loses significance 
at depth, where high temperature and pressure and the effects of 
metamorphism tend to make all rocks structurally similar. 
Nevertheless, in the outer portions of the crust, where pressures 
are in the range investigated by the author, the structural dif- 
ference between competent and incompetent materials is clearly 
evident. 

The question now arises as to whevner his distinction between 
brittle and ductile rocks matches the geologic distinction of the 
competent and incompetent. In the present study, the brittle 
rocks were the white dolomite, fine Chico limestone, Rush 
Springs sandstone, Knippa basalt, and Virginia limestone. Petro- 
graphic examination confirms that three of these five rocks are 
carbonates, one is sandstone, and one is basalt. On the basis of 
field work, structural geologists would expect all of these to be 
competent and, therefore, brittle. Consequently, the corre- 
spondence between laboratory and field evidence appears to be 
very good. 

Unfortunately, however, in the case of those rocks found to 
be ductile, the relation between field and laboratory evidence is 
not clear. The ductile rocks were anhydrite, Carthage marble, 
sandy shale, coarse Chico limestone, and shale. Of these rocks, 
the shale and anhydrite (gypsiferous) are expected to be incom- 
petent and ductile. The sandy shale (a fine-grained sandstone), 
Carthage marble, and coarse Chico limestone, however, would 
normally be considered competent and brittle. For some 
reason, these three rocks have behaved in the laboratory in a 
manner unlike their expected behavior in the field. Naturally, 
it would be interesting to know the reasons for this discrepancy 
between field and laboratory data, for a knowledge of the condi- 
tions under which these rocks would deform, as brittle rather than 
ductile material would give geologists a better understanding of 
the conditions existing during deformation of the earth’s surface. 
Presumably, conditions during geological deformation do not 
conform precisely to the conditions under which the author’s 
experiments were conducted, but the exact difference between 
nature and laboratory is not apparent. 

In addition to the basic principle of the competency of geologic 
formations, two other important concepts of structural geology 
may be discussed in connection with his work. One principle is 
that the presence of water generally weakens rocks and causes 
them to flow more easily. Another concept is that increasing 
hydrostatic pressure causes rocks to be less brittle and more 
ductile. 

The effect of water in lowering the strength of rocks is generally 
confirmed by the author’s experimental comparison of dry and 
saturated samples of the sandy shale. As expected by geolo- 
gists, saturated samples deformed at a lower differential stress 
than dry samples. 

Finally, his data also confirm geologic deductions to the effect 
that increasing hydrostatic pressure makes rocks tend to flow 
rather than to fracture. It has long been known that, in the deeper 
parts of the earth’s crust, folding and flowage of rocks predominate 
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over fracturing, even in the case of those rocks which are normally 
brittle near the surface. This tendency to flow, however, could 
be attributed equally well to an increase of temperature or an 
increase of pressure with depth. Obviously, higher temperatures 
make rocks more plastic. There has been some evidence, how- 
ever, both geologic and experimental, that the pressure of over- 
lying rocks would cause ductility at depth even in the absence of 
high temperature. The writer is happy to note that the author’s 
work supports this conclusion. 

In summary, it seems that his data are in keeping with a num- 
ber of the conclusions reached by structural geologists working 
in the field. In a few cases (such as the ductile behavior of a 
marble and a limestone) the two lines of investigation have 
reached different conclusions, presumably because the conditions 
under which rocks were deformed naturally were different from 
the experimental conditions. It is to be hoped that additional 
work eventually will determine the nature of these differences. . 

AvuTHOR’s CLOSURE 

The author wishes to express his appreciation to Dr. Handin 
and Dr. Rogers for their interest in and their comments on this 
paper. 

As Dr. Handin has observed, the data of triaxial tests cannot 
be applied directly to the problem of rotary drilling at the present 
time and experiments are needed in which the natural environ- 
ment of a buried rock are simulated as realistically as possible. 

The results of some tests in which simulated field drilling condi- 
tions were employed have been reported by Murray and Cunning- 
ham.'! A 1'/,in. diam two-cone microbit was used to drill upon 
3-in. diam cores. The face being drilled was exposed to hydro- 
static pressure simulating fluid or ‘“mud’’ column pressure. 
These tests, while neglecting the effects of fluid pore pressure and, 
to a large extent, overburden pressure, showed that fluid column 
pressure has a definite influence upon drilling rate. 

Tests in which the effects of pore pressure and overburden 
pressure, as well as the type of drilling fluid being used (high- 
water-loss versus low-water-loss muds), will be conducted in the 
near future by Cunningham.'* As before, a 1'/,-in. diam bit will 
be used to drill upon 3-in. diam cores, Features of the new equip- 
ment are: 


1 The complicated stress condition at the bottom of the hole 
will be simulated by the bottom hole pattern formed by the 
microbit. 

2 A fluid pressure up to 10,000 psi on the top of the core will 
simulate the fluid column pressure. 

3 A fluid pressure up to 10,000 psi will be introduced into the 
formation pores from the bottom of the core. 

4 A lateral fluid pressure up to 15,000 psi on the outer cylin- 
drical surface of the core will simulate overburden pressure. 
This fluid will be sealed from the core by a plastic or soft metal 
jacket. 


In commenting upon Dr. Roger’s observation of the discrepan- 
cies between field and laboratory data in the cases of the sandy 
shale, Carthage marble, and coarse Chico limestone, the author 
can state only that it is extremely unlikely that conditions during 
geological deformation conform with laboratory conditions in the 
author’s tests. Impending tests (discussed by Dr. Handin) in 
which variables such as pore pressures, temperatures, and strain 
rates are considered, may offer evidence sufficient to resolve these 
discrepancies. 


11 “Effect of Mud Column Pressure on Drilling Rates,”’ by A. 8. 
Murray and R. A. Cunningham, AIME Petroleum Transactions, 
vol. 204, 1955, pp. 196-204. 


12 Per verbal communication. 
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Prevention of tructive Engine Failur 


by Spectrographic Analysis 


of Crankcase Oils 


By R. E. LINNARD,' C. B. THRELKELD,' ano R. T. BLADES,? BARTLESVILLE, OKLA. 


Crankcase oils of stationary engines operating in rela- 
tively constant service normally contain equilibrium but 
minute amounts of certain metals indicative of normal 
engine wear. The occurrence of abnormal wear or corro- 
sion conditions in an engine is reflected in concentration 
of one or more of the key wear metals in the crankcase oil. 
These trends in metals content offer important and early 
clues concerning the abnormal events which are occurring 
and suggest the need for corrective action usually far in 
advance of destructive engine failure. Utilization of data 
from emission spectrographic analysis of crankcase oils 
has been found to have practical use in the surveillance of 
pipeline-engine operations, particularly where the per- 
formance of copper-lead bearings has been in question. 
The application of this type of used-oil analysis as a prac- 
tical aid in the prevention of destructive engine failures is 
reviewed, the interpretation of data is discussed, and 
examples of the relationship between increasing key 
wear-metals content and observed engine conditions are 
cited. 


INTRODUCTION AND BACKGROUND 


TS HE old adage “‘an ounce of prevention is worth a pound of 
cure’’ was never more true than when considered from the 


viewpoint of preventing destructive failures in today’s 
modern and efficient, but expensive, pipeline pumping engines. 
When failures are encountered, to the direct costs of replacement 
parts and labor must be added the indirect expense of down time, 


lack of engine availability, and inefficient operations. Therefore, 
it behooves every power-plant operator to consider all sound 
techniques available which afford some indication of the transient 
conditions occurring in malfunctioning engines as a means of de- 
tecting areas of distress of certain components whose complete 
failure might lead to more serious engine damage. 

Toward this end, it is the purpose of this paper to bring to the 
attention of the industry a used-oil-analysis technique found to be 

a reliable indicator of abnormal engine conditions where the lack 
of detection would lead to destructive failures in many instances. 
In the following, the application of the technique of emission 
spectrographic examination of used-oil samples taken from sta- 
tionary engines is described as a practical aid in controlling 
engine operations of the pipeline system. 

Essentially, the technique consists of determining the trace 
concentrations of certain key wear metals in samples of used oil 


1 Phillips Petroleum Company. 

2? Mechanical Engineer, Phillips Petroleum Company. Mem. 
ASME. 

Contributed by the Transportation Committee of the Petroleum 
Division and presented at the Petroleum-Mechanical Engineering 
Conference, Dallas, Texas, September 23-26, 1956, of Tue AmeErt- 
can Society oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, Septem- 
ber 5, 1956. Paper No. 56—PET-30. 


taken from the engine crankcases at regular intervals. In engines 
operating normally these wear metals are present in minute but 
equilibrium amounts. Analyses which show increasing trends in 
concentration of one or more of these wear metals in the used oil 
offer early clues as to what sort of unusual conditions might be 
developing and suggest the need for engine inspection at a time 
usually far in advance of complete failure of the engine component 
in distress, 

The utilization of emission spectrographic analyses of used 
crankcase oils as a means of finding out what events are taking 
place inside an engine is not new. Much of the credit for de- 
veloping such techniques belongs to the railroad industry wherein 
the general scheme was applied on a practical basis by a number 
of the Class I railroads during their dieselization programs in the 
postwar years. Many papers have been published (1, 2, 3, 4)* de- 
scribing the development of the techniques, reporting on labora- 
tory engine tests which aided in establishing valid limits in the 
interpretation of the data, and citing engine histories giving 
credence to the use of the method as a practical engine-mainte- 
nance tool. Currently the emission spectrographic examination of 
periodic samples of used crankcase oils is being applied by many 
of the Class I railroads as a primary guide in the continual sur- 
veillance of day-to-day operations of many of their diesel locomo- 
tives. These railroads often consider this as their most practical 
means of detecting excessive engine wear, improper air-filter 
maintenance, water leaks, and distressed bearings. 

As is the case with most types of used-oil analyses, the emission 
spectrographic examination of used oils is most effective and re- 
liable when applied to engines operating under relatively con- 
stant conditions. Pipeline-engine operations with their more 
nearly constant speeds and loads, uniform engine temperatures, 
infrequent changes in fuel source, and good oil and air-filtration 
equipment, all contribute to make the oil analyses and data in- 
terpretation even more accurate and dependable than in the case 
of railroad operations where the technique already has proved 
highly successful. 

Tue VALUE OF THE TECHNIQUE 

The technique of utilizing data obtained by the emission spec- 
trographic analysis of periodic samples of used oil from individual 
engines has value both as a general maintenance tool and as a 
special technique which provides much needed information in 
times of engine operating difficulty or when field service tests are 
in progress. To illustrate in part the versatility of the technique, 
in the authors’ experience it has been used as a surveillance tool to 
follow engine performance under such circumstances as: 

1 In times of known operational difficulty. 

2 When redesigned engine components were first put into 
service. 

3 When new oils were being tested for approval. 

4 When lubricants were being used under more severe service 
compared with previously accumulated operational experience. 


3 Numbers in tan refer to the Bibliography at the end of 
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The value of the emission spectrographic analysis of used oils as 
an aid to control of engine operations is based on the fact that the 
crankcase oils contain trace quantities of various metallic and 
nonmetallic elements commonly referred to as key wear metals. 
These elements are present in equilibrium but trace concentra- 
tions in the used crankcase oils of engines operating in a normal 
and satisfactory manner. Changes in concentration levels of one 
or more of the key wear metals can be related to certain events 
transpiring in the engine during trouble periods. The reliability 
of the emission spectrograph as an analytical tool capable of de- 
tecting trace amounts of various elements in a material makes 
it particularly applicable to the rapid detection of the key wear 
metals in oils since they usually occur in concentrations of a very 
few parts per million. 

This method of used-oil analysis provides information related 
to events occurring in a particular engine at a particular time. 
Generally speaking, it is not a technique which can be applied ad- 
vantageously to only a few engines of a large group in anticipation 
that the general course of events for all engines can be predicted 
on the basis of the analyses of samples taken from the small num- 
ber of selected engines. Used oils, taken from engines in the same 
service but of different makes, often differ markedly with respect 
to their equilibrium concentrations of the key wear metals indica- 
tive of normal engine operation. Likewise, differences also may 
arise in the equilibrium concentrations of key wear metals be- 
tween engines of the same make operated in like service. For 
example, one engine may consistently show an iron content in the 
range of 15 ppm; another engine of the same make, 5 ppm; 
and a third engine of different make operating in the same service 
may show an equilibrium iron content of 25 ppm, yet all be in- 
dicative of satisfactory engine operation. The fact that such 
differences in key wear-metals content exist between engines 
does not impair the effectiveness of this used-oil-analysis method 
when the engines are surveyed on an individual basis. 


Tue MECHANICS OF APPLYING THE TECHNIQUE 


The practical considerations in obtaining and handling used-oil 
samples intended for emission spectrographic analysis are not un- 
like those followed in obtaining acceptable samples for other 
forms of used-oil examination. As is always the case, the samples 
analyzed should be representative of the oil in the engine crank- 
case and should be handled as expeditiously as practical. When- 
ever possible, it is recommended that the used-oil samples be 
taken from the circulating oil stream while the engine is running 
normally. One of the preferred points for obtaining samples is 
from the oil line immediately ahead of the strainer and filter. The 
size of the sample taken is not important as long as a representa- 
tive sample is obtained; only a few grams of oil are actually re- 
quired for the analysis. 

The frequency of sampling is dependent on the degree of reli- 
ance to be placed on the data obtained. In the authors’ experience 
with pipeline engines, oil samples have been taken at scheduled 
intervals of 250 to 1000 engine hr, with the more frequent sam- 
pling being followed in special tests and the less frequent sampling 
in routine surveillance. In addition to the regularly scheduled 
sampling, when the urgency of the situation demanded it, re- 
check samples were obtained and analyzed in order that certain 
trends might be observed with greater frequency. Samples also 
were taken approximately 200 hr in advance of each anticipated 
oil drain in order that a recheck sample might be obtained im- 
mediately prior to the oil change if the regular sample analysis 
indicated the desirability of immediate re-examination of the 
crankcase oil. A new sample for repeat analysis is requested 
whenever an abnormal concentration of one or more of the key 
wear metals is indicated unless the deviation from equilibrium 
concentrations is felt to be so unusual that it might be unsafe to 
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defer an engine-inspection recommendation while awaiting the 
analysis of a new sample. 

To a considerable degree the value of this technique as an aid to 
preventive maintenance is dependent on how quickly abnormal 
trends can be reported. This requires that the elapsed time be- 
tween the date of taking the sample and that of having it analyzed 
be kept to a minimum. Every effort is made to complete the 
analysis within a week after the oil is taken from the engine. Ex- 
peditious handling of the samples not only will aid in providing 
data at the earliest possible time, but also will result in more 
valid data since the possibility of separation of the suspended 
materials in the oil on standing will be lessened. 

It is not the purpose of this paper to relate in detail the analyti- 
cal procedures employed in determining the concentrations of the 
key wear metals. The details will vary from laboratory to 
laboratory depending upon the type of emission spectrographic 
equipment available. To the spectroscopist, the emission spec- 
trographic procedure to be used is a relatively simple one, es- 
pecially in view of the fact that the number and frequency of 
samples lends itself to setting up routine procedures for their 
preparation and handling. The technique employed by the 
authors’ company was adapted from that described by R. F. 
Meeker and R. C. Pomatti (5), modified as necessary for adapta- 
tion to existing apparatus and in keeping with efforts to obtain the 
specific information desired with the least amount of analytical 
effort. Depending on the number of samples handled at a time, 
one to two man-hours of laboratory analytical effort are required 
for the preparation and examination of each sample. 

The data obtained from the analysis of the samples are evalu- 
ated by maintaining a continuing plot of the concentration of 
each of the elements versus engine hours for the individual units. 
Thus, taking into consideration the time of each crankcase-oil 
change and certain other factors not attendant to normal day-to- 
day operations, it is possible to ascertain at a glance whether or 
not the particular engine in question is continuing to operate 
satisfactorily as evidenced by no more than minor deviations from 
the nominal equilibrium concentration of each of the wear metals. 
If trends of increasing concentration of one or more of the key wear 


.metals are evident, their magnitude determines the next action 


to be taken. When the deviations are consistent so as to show 
continuing trends of slowly increasing magnitude, it is usually the 
policy to revert to a more frequent oil-analysis interval and follow 
subsequent data trends very closely. However, in instances where 
the deviations have persisted over a long period of time, or be- 
cause of a very rapid increase over a shorter period, engine in- 
spections are recommended at an early date. 

There are many metallic and nonmetallic elements which can 
be detected by this method. However, the number of these ele- 
ments which are normally usefully related to engine malfunction- 
ing is not great. In pipeline-engine surveillance the amounts of 
iron, lead, aluminum, chromium, and silicon are determined. In 
other operations, it might be desirable to determine the content 
of other metals, including copper, tin, silver, and boron, to name a 
few. Obviously, there is little reason to expend effort determining 
metals contents which offer no information concerning the engine 
operation. On the other hand, in many instances data on less 
important metals, but ones which may be related to some engine 
components, can be determined with little extra effort. Analyzing 
for a larger number of elements usually is compromised against 
the time required for the additional determination. 


INTERPRETATION OF THE DATA 


In the final analysis, the manner of relating used-oil data to en- 
gine operations must be based on experience—the experience of 
having determined for a particular operation what magnitude of 
deviation from equilibrium concentrations of the various wear 
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metals is significant in terms of indicating the need for engine in- 
spections. While the absolute values of trace metal concentration 
may vary considerably from company to company, this does not 


_ preclude the citing of certain relationships which exist between 
- increases in metal content and abnormal events occurring within 


gears, or other ferrous metal parts. 


the engine. These commonly noticed relationships are given in 
the following as a guide to interpretation of the data. 

Increasing trends of two or more elements often give important 
clues in the isolation of areas of malfunctioning within the engine. 


In most instances, there are several sources of a particular metal 


in an engine. For example, an increasing iron content may result 
from wear of piston rings, cylinder walls, crankshaft journals, 
High chromium may result 
from ring or linear wear, or from water leaks. High copper may 
come from main or connecting-rod bearings, from thrust washers, 
or from other alloy bearings in the engine. 

Considering chromium content first, serious water leaks are 
normally indicated by very rapid rises in chromium content, 


_ often to values of 100-200 ppm or greater. High chromium con- 


tent subsequently followed by increasing iron content usually 
suggests a persistent water leak which is affecting ring and 
cylinder wear. Less rapid but continuing increases in chromium 
and iron suggest abnormal piston-ring and cylinder-wall wear 
which might result from broken piston rings or improper air- 


filter maintenance. 


Ay 


Higher-than-normal concentrations of lead in the used oil 
suggest abnormal wear, corrosion, or other modes of removal 
of the lead from copper-lead bearings. Persistence of a trend of 
higher lead in successive samples, accompanied by rising copper, 
points to the probability of an impending bearing failure. High 
copper without high lead suggests deterioration of bronze thrust 
washers or bearings. 

High silicon content suggests airborne dust contamination. 
High aluminum may indicate excessive aluminum-piston wear, 
particularly if accompanied by increasing iron or silicon content. 
Similarly, abnormal concentrations of tin or silver are indicative 
of abnormal wear of engine parts containing these metals. In en- 
gines where borate-treated water is used as the coolant, boron be- 
comes the indicator of water leaks rather than chromium as 
previously indicated. 

Before leaving this discussion of the interpretation of data, it 
should be pointed out that it is not the intention of this paper to 
imply that the emission spectrographic analysis of used oils is a 


_ panacea for the detection of all of the operating problems which 
confront the pipeline-engine operator. For instance its usefulness 


in the surveillance of babbitt-bearing performance is not known. 


equilibrium concentrations of wear metals. 


recognized. 


It appears to be of little, if any, value in detecting impending 
fatigue failures. This is not unexpected, however, since the 
technique serves to draw attention to abnormal wear or corrosion 


conditions, which in most cases are not directly associated with 
fatigue failures. 


Likewise, it should be recognized that consideration must be 
given certain factors that have the temporary effect of disturbing 
the equilibrium concentrations of wear metals but should not cause 
alarm as being indicative of damaging engine wear. It is obvious 
that a change of crankcase-engine oil will disturb temporarily the 

i To avoid misinter- 
pretation of data, spectrographic analyses are not obtained on 
samples taken less than 250 engine hr after an oil change. Cor- 
rection of an abnormal wear condition in an engine sometimes re- 


_ sults in a carry-over effect causing continued indication of higher- 


than-normal metals concentrations for some period of time. In 
most of these cases, however, the trend is downward and easily 
Another factor which can cause higher-than-normal 
levels of key-metals content is the break-in or run-in wear asso- 
ciated with the operation of a new engine, or of newly replaced 


engine components. Here the higher concentrations are merely 
indicative that the desired run-in wear is taking place and the 
eventual stabilization of the key wear-metals content indicates 
that the break-in process has been completed. 


EXAMPLEs OF TyPicaAL Data AND Service EXPERIENCE 


In Figs. 1 through 6 examples of typical data trends are shown. 
Figs. 1 through 4 are taken from experience during the past 2 
years while applying the emission-spectrographic-analysis tech- 
nique to pipeline-engine operations. Figs. 5 and 6 are taken from 
previous experience with railroad diesel-locomotive-engine opera- 
tions and are included to indicate the usefulness of the analysis 
in two areas where, in the authors’ experience, similar examples 
have not yet been encountered in pipeline-engine surveillance. 
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Fic. 2. Exampie or Bearine Distress as INDICATED BY RAPIDLY 
INcREASING LEAD AND CONTENT 


Fig. 1 shows emission-spectrographic-analysis data obtained on 
periodic samples of crankcase oil taken over a period of several 
thousand hours of engine operation spanning more than two com- 
plete oil-drain periods. In the case shown, engine operation dur- 
ing this period was entirely satisfactory and normal, and is so in- 
dicated by the equilibrium concentrations of the key wear 
metals in the crankcase oil during this period. In the interest of 
clarity, the concentration line for chromium was omitted. Its 
concentration line in this case was virtually coincident with that 
of the aluminum. 

Fig. 2 illustrates a very rapid rise in lead content, accompanied 
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by a similar trend of lesser magnitude for iron. The load halves P 
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of all main and connecting-rod bearings were replaced in this 
engine at approximately 14,400 engine hr. The higher-than- 
normal, but decreasing trend in lead content following the bearing 
changeout is believed to be the combined effect of carry-over and 
the run-in wear normally associated with the initial operation 
with new bearings. 

Fig. 3 shows a trend of increasing lead content during a period 
of three oil-change intervals. In this instance, concentrations of 
key wear metals other than lead were normal. A lead content of 
28 ppm at the end of the first oil-drain period shown indicated 
the need for watching data from the engine closely. At the time 
of the second oil change, a bearing inspection, recommended on 
the basis of continual increase of lead content, resulted in the 
replacement of some bearings. Continuation of the high lead 
content in the oil of this engine during the third oil-drain period 
indicated the need for further bearing replacements, and a sub- 
sequent inspection of the engine at approximately 12,900 engine 
hr resulted in a complete bearing changeout. This final corrective 
action resulted in the lead content dropping almost immediately 
to a normal low value. 

Fig. 4 indicates the sensitivity of the method in detecting im- 
pending difficulties in their early stages and also illustrates a 
special value of this sort of engine surveillance—that of suggesting 
the need for an engine inspection at a time when otherwise an en- 
gine inspection would not have been contemplated. In this case, 
a rapidly rising lead content was indicated during the first oil- 
drain period shown. Because of the steepness of the lead-concen- 
tration curve, an immediate bearing inspection was recommended. 
Personnel inspecting the engine reported that none of the bear- 
ings examined was in such condition as to warrant replacement. 
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Ordinarily then, several thousand hours would have elapsed be- 
fore another bearing inspection would have been made. How- 
ever, the concentration of lead in the subsequent samples con- 
tinued to indicate an alarming lead content. Insistence on a 
second bearing inspection, substantiated by the emission spectro- 
graphic data, resulted in the replacement of 11 bearing halves. 
From that time on, engine operation with respect to bearing con- 
dition has been entirely satisfactory. Without the key wear- 
metal analysis, it is possible that operation of the engine with the 
defective bearings would have continued until such time as a loss 
of oil pressure or pounding of the bearings was noticed, possibly 
incurring damage beyond that which could be corrected by a 
simple bearing changeout. 

Fig. 5 illustrates the manner in which water leaks are indicated 
by an increasing trend in chromium content. In this instance, the 
increasing chromium content of oil samples taken from a diesel- 
locomotive engine is shown. Corrective action and an oil change 
resulted in satisfactory operation for a period of time, but was 
followed by another period of water-leak difficulty. These data 
do not indicate a severe water leak since concentrations of 
chromium in excess of 100 to 200 ppm are often encountered al- 
most instantaneously when serious water leaks occur. 

Fig. 6 illustrates a case of a continuing water leak as indicated 
by high chromium and iron contents at the time of an oil drain, 
followed by increasing trends for these metals during the subse- 
quent period of operation. Corrective action at the time of the 
second oil-change period shown resulted in a return to normal for 
the concentrations of chromium and iron, indicating that the 
water leak had been eliminated. 


CONCLUSION 
In the authors’ experience, the technique of utilizing the emis- 
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sion spectrographic analysis of used oils has been a most useful 
tool in the surveillance of pipeline-engine operations, particularly 
during periods when copper-lead bearing performance was in 
question. The intrinsic value of this type of used-oil analysis lies 
in the fact that the occurrence of abnormal events in the engine 
are indicated soon after engine distress or malfunctioning is first 
encountered, thus suggesting the need for corrective action at 
a time usually far in advance of probable engine failure. 
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Materials Aspect of Some High-Temperature, | ae 


New developments in refinery processing have posed 
many problems for materials engineers through the years. 
The refining industry was one of the first to require metals 
for carrying out large-scale operations at high tempera- 
tures. It is the aim of this presentation to outline in a 
general way the materials most commonly used in these ap- 
plications and to discuss more specifically some of the prob- 
lems which have been encountered in the past ten years. 


NY consideration of materials for refinery processes must 
of necessity be restricted in its scope since these operations 
involve such a wide variety of fluids under diverse condi- 

tions of temperature, pressure, corrosion, erosion, and the like. 
This has been especially true with the entrance of many oil com- 
panies into the petrochemical field. Thus, for purposes of this 
paper, corrosive effects which are often all-important in selecting 
materials of construction will be accorded incidental attention 
only. Rather, the emphasis will be on the mechanical and struc- 
tural properties of the more common metals in use today since, to 
a large extent, these characteristics reflect ability of materials to 
retain fluids under extreme pressure and temperature conditions. 

Materials for high-temperature service are selected primarily 
on the basis of their strength (short-time, creep, and rupture) 
although it should be evident that other characteristics such as 
ductility, corrosion and erosion resistance, structural stability, 
weldability, and so on, must be adequate. It is fortunate indeed 
that many of these requirements are fulfilled in an economical 
manner by one basic material, namely, carbon steel. We are 
prone to overlook the versatility of carbon steel as offered by 
variations in method of manufacture, composition, and heat- 
treatment. So adaptable is this simple iron-carbon alloy that in 
some instances it is employed for temperatures up to 1100 F 
though admittedly at low pressure and in reducing atmospheres. 

Where greater fluid pressure must be contained in this tempera- 
ture range, a higher-strength material is available in the form of 
carbon-molybdenum steel. This low-alloy steel has essentially 
the same desirable characteristics as carbon steel in addition to 
the improved high-temperature strength. Its field of greatest 
application is in the temperature range from 700 to 1100 F. 

Processing conditions often require greater high-temperature 
corrosion resistance than is obtained with the two aforementioned 
steels and, to meet this need, a wide variety of chromium-molyb- 
denum alloy steels is available. Use of these materials may start 
at about 800 F and extend to 1100 F in the case of !/2 and 1 per 
cent chromium steels (with '/, per cent molybdenum) or to about 
1300 F with 9 Cr, 1 Mo steel. Included in this general category is 
the well-known 5 Cr, !/2 Mo steel which has served the industry so 
admirably for approximately 30 years. 


1 Supervising Engineer, Engineering Laboratories, Crane Com- 


pany. 

Contributed by the Materials Committee of the Petroleum Divi- 
sion and presented at the Petroleum-Mechanical Engineering Con- 
ference, Dallas, Tex., September 23-26, 1956, of Taz American So- 
CIETY OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 5, 
1956. Paper No. 56—PET-21. 


Refinery-Piping Applications 


By E. A. STICHA,! CHICAGO, ILL. 


In some cases, straight chromium steels of greater alloy content _ 


have been employed to cope with particularly corrosive fluids. 
These materials with chromium levels of about 12, 17, and 27 per 
cent are not ordinarily used for high-pressure applications above 
1000 F owing to lack of strength but may be utilized for even 
higher temperatures because of their superior oxidation resistance. 
The 12 and 17 per cent chromium steels, falling within the stain- 
less-steel classification, have been used extensively for valve trim. 

For extreme-pressure conditions, occasionally to temperatures 
as high as 1500 F, engineers often have resorted to use of the 
austenitic chromium-nickel steels because of their high creep and 
rupture resistance. These steels contain 18 per cent or more 
chromium with 8 per cent or more nickel and may be modified by 
additions of other elements to confer special characteristics. In 
view of the excellent high-temperature corrosion resistance of the 
austenitic steels and of the straight chromium steels, it is not 
surprising that these alloys are sometimes used as lining neteriale 
for less costly steels. 

Temperature ranges designated for the various steels are subject 
to modification as conditions and judgment may warrant. The 
materials mentioned are not, of course, the only ones applied in 
high-temperature refinery operations but are believed to be the 
more important alloys in use today. Attention will now be 
directed to some of the more recent developments i in connection 
with the use of these steels. Hedin 


GRAPHITIZATION 


In 1943, a welded carbon-molybdenum steel mabadieein line 
fractured next to a weld. This line had been in service carrying 
925 F steam for about five years and examination showed that 
structural breakdown of the carbide phase in the steel, resulting 


affected zone, led to the failure. While this incident caused great 


in segregated graphite formation at the edge of the weld ae 


concern among steam-power engineers, the petroleum industry — 
with similar material operating under comparable temperature — 


conditions seemed little perturbed. However, several years later 
when investigation of a cracked reactor revealed random graph- 
itization, an extensive survey of high-temperature equipment 
was undertaken, results of which have been reported recently by 


Wilson.? 


Both carbon and carbon-molybdenum steels were found to ae 
susceptible to development of graphite which occurred usually in — 


a random pattern throughout the steel but sometimes as a heavily 
segregated formation paralleling the weld-fusion line. One of 

the prime variables responsible for the carbide instability was re- 

ported to be steel-making practice and, in this connection, a large 

aluminum addition for deoxidation was found to promote graph- 

itization. It also was noted that higher operating temperatures — 
favored graphite formation. A few instances of seemingly aya 
alous behavior were observed. This experience is essentially the 
same as that which came out of a study of steam-power piping” 

materials. 


2“‘Graphitization of Steel in Petroleum Refining Equipment— 
Summary Report of the Subgroup on Deterioration of Steels at High 
Temperature to the Subcommittee on Unfired Pressure Vessels,”’ by 
J. G. Wilson, Proceedings of the API, Section II1I—Refining, vol. 35, 
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(b) Cross section of weld-bead specimen (X 4) 
Fie. 1 


Considerable laboratory effort has been expended in studying 
the graphitization phenomenon. In general, this work has fol- 
lowed along three channels; namely, evaluation of variations in 
melting practice, heat-treatment, and composition. The first two 
approaches have not been particularly fruitful in suggesting prac- 
tical means of combatting graphite formation in service and the 
third, the use of alloying elements, has been generally adopted by 
industry. 

The usual procedure in laboratory studies is to deposit a weld 
bead along a chilled bar of steel, expose the sample at a tempera- 
ture known to accelerate development of graphite, and then ex- 
amine the structure periodically under a microscope, Fig. 1. 
Miniature bend and/or tensile tests may be conducted to assist 
in the evaluation of materials. Results of these tests are in good 
agreement with service experience except that the laboratory 
tests rarely, if ever, develop an intergranular-graphite segregation. 
A summary of some of the work undertaken at the Crane Com- 
pany Engineering Laboratories is shown in Fig. 2. Here the de- 
gree of conversion of carbide to graphite has been estimated after 
various exposure times. 

Within the scope of this investigation, it is immediately ap- 
parent that there is relatively little difference in the behavior of 
steels made by various melting processes except in the case of 
bessemer steel. This material exhibits unusually good resistance 
to graphitization but unfortunately suffers from certain other 
defects which render it unsuitable for use in critical piping in- 


(c) Graphitization of specimen after aging (< 500) 


LaBporatory TEesTiING OF GRAPHITIZATION SUSCEPTIBILITY 


stallations. The effect of aluminum additions is also quite pro- 
nounced. One might infer from these test results that absence of 
aluminum will guarantee immunity from graphite formation, but 
even those steels which are deoxidized with silicon only develop 
graphite after more prolonged aging. Post-weld heat-treatment 
is shown to exert a minor influence on graphitization susceptibil- 
ity. Some treatments have been shown to retard graphite forma- 
tion but no practical procedure eliminates it. 

The role of several alloying elements in carbon-molybdenum 
steel is shown in Fig. 2 also. Increasing molybdenum content 
from the nominal '/, per cent level to 1 per cent imparts little 
added resistance to graphitization. The same applies to addition 
of nickel to the extent of 1'/, per cent and, though not shown, 
vanadium is of little help in combatting graphitization. Only 
chromium and manganese of the more common alloying elements 
are effective in retarding graphite formation and, of these, chro- 
mium is the better. Thus it is that chromium-molybdenum steels 
are now being specified for high-temperature piping where pre- 
viously carbon-molybdenum steel was employed. On the basis 
of equipment surveys and laboratory tests, it is general practice to 
restrict welded carbon-steel piping to a maximum of 750 F and 
carbon-molybdenum steel to 850 F. Another consequence of the 
graphitization problem with these steels and the resultant limited 
range of application of carbon-molybdenum steel is the apparent 
elimination of cast valves of this material as a regular stock item. 

The effect of residual amounts of certain elements in steel may 
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account for the anomalous behavior of some samples with respect 
to graphitizing tendency. However, it seems more than likely 
that elements which are not usually determined analytically 
may be responsible for this condition. The remarkable re- 
sistance to graphitization of bessemer steel also suggests this 
possibility, and nitrogen, which runs much higher in bessemer 
than in other steels, has been shown by several investigators* ‘ to 
inhibit graphite formation. The possible influence of nitrogen 
may be modified by the presence of strong nitride formers like alu- 
minum, chromium, and so on. 


LimiraTIon oF Various CARBON STEELS 


It is sometimes a source of confusion to engineers why certain 
carbon steels are assigned allowable stress values in codes to 


3 “Effect of Certain Elements on the Graphitization of Steel,’’ by 
R. J. Fiorentino, A. M. Hall, and J. H. Jackson, Trans. ASME, vol. 
76, 1954, p. 1123. 

4“Roies of Aluminum and Nitrogen in Graphitization,” by E. J. 
Dulis and G. V. Smith, Trans. ASM, vol. 46, 1954, p. 1318. 
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1100 F (e.g., ASTM A 106 pipe) while others are restricted to 
only 400 F (e.g., ASTM A 53 bessemer pipe). This situation re- 
flects, to a great extent, differences which result from steel- 
making practices. Such characteristics are not revealed by room- 
temperature tensile tests but may be indicated by a maximum in 
the curve of tensile strength versus temperature, usually in the 
region of 400 to 500 F. Perhaps a better way of showing such be- 
havior is by impact tests on specimens previously strained, either 
at room temperature or in the so-called blue-brittle range. Tests 
of this sort reflect material behavior at points of stress concen- 
tration such as notches, sharp corners, and abrupt changes of 
section and thus are important in determining applicability of a 
material. Fig. 3 shows the marked strain-aging behavior of 
bessemer steel as contrasted to open hearth; the effect is even 
more pronounced if the straining be performed in the 400 to 500 F 
range. 

Carson Liuits ror Low-ALLoy CastinG STEELS 


J 
An indirect consequence of the graphitization problem with 


carbon and carbon-molybdenum steels has been a general lower- 
ing of permissible carbon content in the alloy casting steels. 
Prior to 1946, most of the casting steels of ASTM A 157 and 
ASTM A 217 permitted carbon to a maximum of 0.30 per cent. 
With the need for chromium additions for combatting graphitiza- 
tion and the desire to maintain welding characteristics, the newly 
developed alloys were specified usually with 0.20 per cent maxi- 
mum carbon. Thus casting steels have substantially the same 
composition and mechanical properties as the tubular products to 
which they may be joined. Along with this change also comes 
slightly improved ductility, toughness, and creep strength. 


SERVICE EMBRITTLEMENT OF FERRITIC STEELS 


While the great majority of carbon and low-alloy steels in high- 
temperature refinery service retain their desirable properties to a 
large extent, instances have been reported of embrittlement 
occurring after extended periods of operation. This condition 
has been observed in carbon, carbon-molybdenum, and 5 chro- 
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mium, '/2 molybdenum steels, and could be expected to develop in 
other chromium-molybdenum alloy steels also. Generally the 
affected material shows no change in hardness or tensile properties 
but the impact resistance is decreased sharply. The results shown 
in Table 1 for a 5 chromium, !/; molybdenum-steel pipe removed 
from service after 74,000 hr with a fluid temperature of 1020 F 
demonstrate the effect. 


OF HEAT-TREATMENT ON aot RESIST- 
CE OF EMBRITTLED 5 CR, !/2 MO STE 


Charpy im pact, 


TABLE 1 


After service 18, 191/2 


Heated at 1300 F—4 
Heated at 1100 F-—4 
Normalized 1650 F, ae 1300 F 


These values also show that the condition can be removed b 
heating below the critical range or by normalizing and drawing 
It is interesting to note that a substantial improvement may be 
realized by heating even a small amount above the service tem- 
perature. 

This phenomenon is quite similar in many of its aspects to tem- 
per embrittlement except that the latter occurs in a very short 
time; i.e., during the tempering portion of a heat-treating cycle. 
In contrast, a sample of the restored 5 chromium, '/: molybdenum 
steel retained its impact properties even after 262-hr exposure at 
950 F. It seems possible that the two types of embrittlement 
may stem from the same source but this need not be so. Investi- 
gators have attributed temper embrittlement to various causes 
among which may be listed changing carbide solubility with tem- 
perature and presence of residual impurity elements such as 
antimony, arsenic, phosphorus, tin, and titanium. Molybdenum 
is generally considered to be a specific remedy for temper em- 
brittlement but as much as '/, per cent appears inadequate for 
the service embrittlement described herein. No positive metallo- 
graphic evidence of an embrittling intergranular phase has been 
forthcoming in connection with this type of service embrittle- 
ment. It is fortunate in view of our lack of knowledge on this 
subject that the deficiency is not encountered more often. 


WELpING oF CHROMIUM-MOLYBDENUM STEELS 


Most chromium-molybdenum steel refinery-piping elements 
are joined by welding now. In the past it was not uncommon to 
weld some of these joints with austenitic-steel electrodes, usually 
25 Cr, 20 Ni alloy, and dispense with stress-relieving. It should 
be pointed out that this procedure leaves alloys like the 5 chro- 
mium, '/2 molybdenum steel in a hard and relatively notch-sensi- 
tive condition in the heat-affected zone adjacent to the weld. 
While this procedure has been employed successfully in many cases 
with light-wall tubing, its general application should be considered 
carefully. Probably trouble was avoided in these instances because 
of ability of the ductile weld deposit to absorb line strains. In 
view of developments which have yielded improved procedures 
and electrodes of compositions matching the base material, there 
seems to be little need for continued usage of austenitic-steel elec- 
trodes for welding of ferritic-steel piping except under unusual 
circumstances for field work. ‘ 

For elevated-temperature service above about 800 F, the prac- 
tice of joining ferritic-steel piping with austenitic-steel welds pre- 
sents another potential hazard. Where the austenite phase is in 
contact with ferrite, carbon will diffuse to the higher alloy (pro- 
ducing a,carbide-rich zone at the interface) and away from the 
low alloy (leaving a weak decarburized area adjoining the car- 
bide). The net result is a brittle zone immediately adjoining the 
fusion line which is subject to failure under unusual loading con- 
ditions. This same situation will result in a ferritic-steel system if 
differences in chromium content exist between the weld and the 


THE ASME 


TRANSACTIONS OF 


CarBON Dirrusion In DissimitakR WELD ANNEALED 
aT 1650 F 
(Left side, 1 per cent Cr—right side, 5 per cent Cr; X 150.) 


Fic. 4 


base metal. Carbon diffusion is even evident in dissimilar metal 
joints after application of a post-weld heat-treatment above the 
critical range, Fig.4. In view of the danger attending an unex- 
pected failure during refinery operations, use of dissimilar metal 
weldments should be weighed very carefully. 

Since welding has become such an important part of refinery 
fabrication and erection, it is well to note that the newer welding 
techniques are applicable to the chromium-molybdenum steels 
even at the higher chromium levels. Automatic, submerged-arc 
welding is employed on a routine basis in shop fabrication. Special 
attention should be given to use of the inert-gas-shielded-arc proc- 
ess for making the first pass of pipe welds without backing rings 
and with or without added filler metal or inserts. The process 
has particular merit where complete elimination of crevices and 
projections is desired. 


885 F IN STEELS 


As noted previously, the high-chromium steels are used to some 
extent because of their superior corrosion resistance. They are 
subject in varying degrees to a loss of ductility which has been 
termed ‘885 F embrittlement’’ because its maximum effect is 
noted in this range. The 27 per cent chromium steel is most 
susceptible to this form of deterioration. Material properties 
such as hardness, tensile strength, and ductility undergo changes 
but the most profound effect is in impact resistance as may be 
seen in Table 2. 


TABLE 2 yet ECT OF EXPOSURE AT 850 F ON perpot RESIST- 
NCE OF 27 PER CENT CHROMIUM STEE 


Charpy impact, ft-lb 
80F 200F 850F 
Original—annealed. . 


33 38 
Aged at 850 F for 1000 hr. 0 0 


61/2 


The 27 per cent chromium iron tends toward brittleness even in 
the annealed condition but considerable toughness is available at 
slightly higher temperatures. After aging at 850 F, however, the 
material becomes quite brittle, both at room temperature and 
elevated temperatures. There is neither microscopic nor x-ray 
diffraction evidence as to the cause of the embrittlement. This 
condition may be removed by heating in the 1000 to 1200 F 
range. Prolonged heating, however, between 1000 and 1400 F 
results in sigma-phase precipitation which, in turn, locally de- 
pletes chromium from the matrix and reduces corrosion resistance. 
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This process may be reversed and toughness together with corro- 
sion resistance restored by heating above 1500 F and cooling 
rapidly. 

No completely satisfactory explanation of 885 F embrittlement 
is available at this time. Cold-working prior to exposure in the 
embrittling range enhances the effect and suggests a relationship 
to sigma-phase formation. Similar changes occur in 17 per cent 
chromium steel but to a lesser degree. The AISI Type 410 Steel 


_ (12 per cent chromium) seems to be entirely free of such embrittle- 


steels to elevated-temperature 


ment but the aluminum-bearing modification of this alloy, Type 
405, is susceptible to some extent though possibly in a somewhat 
lower temperature range. Application of the high-chromium 
service is understandably re- 
stricted because of the embrittling structural changes. 


EXPERIENCE WitH AUSTENITIC STEELS 


Apart from usage where only corrosion resistance is desired, 


_ the chromium-nickel-iron alloys are employed for extreme-pres- 


sure and temperature service. 

Although high creep strength and rupture strength are indi- 
cated by laboratory tests, these materials suffer from some serious 
defects. Lack of structural stability in elevated-temperature 
service as evidenced by intergranular carbide precipitation and 


- sigma-phase formation, both of which reduce corrosion resistance 


and promote embrittlement, are well known. A relatively stable 


carbide structure for short exposures to high temperatures, as 


required for welding applications, is obtainable through the addi- 
tion of carbide-forming elements like columbium and titanium. 
A measure of immunity from the deleterious effects of carbide pre- 
cipitation is available through utilization of what has been termed 
a stabilizing heat-treatment. In this treatment, carbide is per- 


_ mitted to precipitate and agglomerate at a high enough tempera- 


ture (1525 to 1650 F) to allow diffusion and homogenization of the 
chromium content. Thus corrosion resistance is not seriously im- 
paired. 

In casting grades, the wider limits on chemical composition 


_ make for greater variability of structure and, hence, of properties. 


Fully austenitic steel is obtained if austenite formers (Ni, C, N, 
Mn) run high while ferrite formers (Cr, Si, Mo, Cb, Ti) run low. 
The structure may contain considerable ferrite if the reverse is 
true and it is from this ferrite that sigma phase forms most readily. 


_ The effect of exposure at 1200 F on impact properties of two of 


- the more popular casting grades of austenitic steels is shown in 


Fig. 5, and a comparison of the loss of toughness in the high and 


- Jow-nickel modifications of Grade CF8M steel illustrates this 
point. 


Welding of austenitic steels in light sections has not posed any 


particular problem, especially if stabilized or if extra low-carbon 


grades are used to avoid carbide precipitation. With heavier 


_ wall thicknesses, increased restraint on the weld deposit has led to 


development of microcracks in the weld and, in some cases, to 
macrocracks. Fully austenitic-steel weld deposits are most sus- 


_ ceptible to formation of microcracks and the condition may be 


alleviated by balancing the composition of the weld deposit so it 
- contains a small amount of ferrite. 


A structure of this type is, of 


course, subject to the same deterioration at elevated tempera- 


tures as similar casting steels. 
usually is avoided, interpass temperature is limited to 250 F and 


a 


In making welds, use of preheat 


normally no stress-relieving is practiced. If corrosion resistance or 
dimensional stability is an important consideration, weldments 


_ may be fully annealed or given a stabilizing heat-treatment. 


In heavy-wall AISI Type 347 steel steam-power piping, still 
another difficulty has been encountered in the form of base metal 
cracking a short distance from the fusion line. Cracking of this 
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sort is more prone to occur in a coarse-grained material. To 
date no such trouble has been reported in refinery piping but it 
behooves engineers to take cognizance of the possibility of such 
an occurrence. 

Failures of cast austenitic-steel valve bodies in thermal-cyclic 
processes have been reported by Holmberg® and attributed to 
thermal-shock conditions. In this service, the inner surfaces of 
the heavy-wall bodies are subjected to rapid heating by hot fluid 
and, because of the poor thermal conductivity and high expansiv- 
ity of austenitic steel, the material upsets itself. Later, as the 
temperature equalizes, the inner skin is under a tensile stress of 
greater magnitude than if the heating had been accomplished 
slowly and uniformly. Repeated cycling of this sort leads to in- 
ternal cracking. 

This explanation of the failure seems quite plausible although 
alternate suggestions have been made involving (a) stress corrosion 
by a high-boiling-point condensate or (6) a thermal-fatigue proc- 
ess with lowered strength under cycling-temperature conditions. 
While engineers may not agree as to the mechanism, it has been 
observed that use of ferritic steel and lessening the temperature 
swings give longer valve life. 

During shutdown periods, austenitic steels are subject to stress- _ 
corrosion failures, especially in the presence of chloride ions. It is 
not always readily apparent where the two essential ingredients 


of such a process, stress and a specific corrosive agent, come from. | 


Sometimes the high coefficient of expansion of austenitic steels (ap- 
proximately 11/2 times that of ferritic steels) is the source of stress 7 
while, in other instances, residual stresses in weldments may be 
responsible. Corrosive agents may come from brackish water 
used for hydrostatic-pressure testing, cleaning reagents, or con- 
densates. Applications involving ferritic steels clad with austen- 
itic alloy warrant examination of the possibility of developing 
stress-corrosion-type failures. 

The materials discussed in this paper do not, of course, em- 
brace all the metals that are utilized in high-temperature re- 
finery piping. It is apparent that there is a real need for improved 
materials for a number of the operations. However, engineers in 
the petroleum industry are a most progressive group and we can 
be assured that full advantage will be taken of new metallurgical 
developments. 


5 “Experience With Austenitic Steels in High-Temperature Service 
in Petroleum Industry,”” by M. E. Holmberg, Trans. ASME, vol. 73, 


1951, p. 733. 
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Gas-Turbine-Driven, Centr al, 


Operating Considerations in Apia of 


Northern Natural Gas Company has operated two gas- 
turbine stations through three winter heating seasons. 
Each of these stations consists of four 5700-hp gas-fired 
turbine-driven, centrifugal compressors arranged in series. 
The intent of this paper is to present the fundamental 
reasons behind the decision to use turbines in this applica- 
tion and to reflect some light on anticipated related op- 
erating and maintenance costs. Sufficient operating time 
has transpired to arrive at some definite conclusions as 
to operating costs and the reliability of the machines. 
However, there is insufficient experience to predict future 
maintenance costs accurately. Included herein are re- 
sults of the recent major inspection and overhaul of two 
gas turbines. 


its 25th Anniversary in 1955 as a natural-gas-transmission 

~ company. During this quarter of a century, the develop- 
ment of the natural-gas industry has made possible the economic 
use of a product which, in many instances, had been a waste prod- 
uct of the petroleum industry. Since the initiation of large- 
diameter interstate pipeline systems, the growth of the natural- 
gas industry has been phenomenal. Our own company is in 
many ways typical of the industry. Our transmission-system 
capacity has doubled in the past five years and quadrupled in the 


T HE company with which the author is associated celebrated 


_ past ten years. These expansion programs often have made nec- 


essary a new design for increased capacity before the previous 


_ transmission-system design could be constructed and the effec- 
tiveness actually determined. 


This rapid expansion together with increasing costs of com- 


 pressor-station facilities has left the industry in a position where 
it must be ever cognizant of new developments in equipment and 


techniques. 


In many cases the industry has been obliged to ac- 
cept a new development on a large scale long before it had been 


_ thoroughly proved and accepted. Such was our company’s posi- 


tion when the decision was made to install gas-fired, turbine- 
_ driven, centrifugal compressors in the 1953 expansion program. 
‘This decision involved the purchase of over 34,000 hp to be in- 


stalled in two new stations to be located between existing re- 


ciprocating stations. To our knowledge, there were only two ex- 
perimental gas-fired, turbine-driven centrifugal compressors in 
operation prior to initial placement of our order for six turbines 


b>. in 1952. However, there was ore large-scale turbine-expansion 


program then under construction on another company’s transmis- 
sion system. The decision to install turbines in very critical points 


1 Superintendent, Compressor Stations and Processing Plants, 
Northern Natural Gas Company. 

Contributed by the Refining Committee of the Petroleum Division 
and presented at the Petroleum-Mechanical Engineering Conference, 
Dallas, Tex., September 23-26, 1956, of Tae American Society or 
MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 


the eo Manuscript received at ASME Headquarters, June 28, 
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_ Pipeline Compressors 


By A. L. VAUGHAN,' OMAHA, NEBR. 


in our transmission system was not one that could be made en- 
tirely on the basis of industry experience with the application. 
We were convinced that the basic design and principles were good 
and time must tell the rest. 


System-DeEsiIGN CONSIDERATIONS 


This paper is prepared primarily for the purpose of giving a 
résumé of operating experience with gas-fired-turbine prime 
movers driving centrifugal gas compressors. To evaluate this 
operating experience, it is essential to consider first some of the 
characteristics peculiar to our transmission system and its opera- 
tion along with some of the considerations leading to the selection 
of turbines and centrifugal compressors. 


In our opinion, there were three basic methods of increasing — ve 


capacity which were applicable to our transmission system: 


1 Additional compressor horsepower at presently existing _ 


stations. 

2 Increase existing pipeline volumetric capacity to decrease — 
the interstation pressure drop. 

3 Install additional compressor stations (usually at mid- 


points) between presently existing stations. a 


Engineering design in final form re- a 


In actual practice it is seldom feasible to increase the capacity 
of an entire transmission system by any one of these three 
methods alone. Such was the case in the 1953 expansion program 
when our company increased its salable capacity from 675 to 1007 
million cu ft of gas per day. 
quired 69,000 additional horsepower and 301 miles of parallel 
main-line piping in addition to the two new stations called Macks- 
ville and Tescott (Kansas). 
mid-points between existing reciprocating installations. Choice 
of locations was dictated by a requirement for a better horse- 
power pipeline balance. 

The next step was to select a prime mover-compressor combina- 
tion which would best fulfill the requirements of the current design 
and would be adaptable to needs in the foreseeable future. Ini- 


tially, the selected equipment must compress 835 million cu ft of < 


natural gas per day from 518 to 745 psig, a compression ratio of 
about 1.4. Also, the equipment must be adaptable to handle fu- 
ture volumes in excess of one billion cubic feet per day. It was 
desirable to provide economy of operating labor cost in antic?pa- 
tion of a seasonal fluctuating load factor. Finally, the installed 
cost was not to be excessive as compared with any other type. 
The equipment combinations considered are as follows: 


1 Gas engines and reciprocating compressors. 

2 Gas engines and centrifugal compressors. 

3 Steam turbines and centrifugal compressors. 

4 Gas-fired turbines and centrifugal compressors. 


The combination of gas-fired turbines and centrifugal compres- 
sors was selected for the following reasons: 
Centrifugal Compressors. Centrifugals were preferred to re- 
ciprocating compressors for operations at very low ratios. The 
pressure drop across the suction and discharge valves of a recipro- 


The stations were to be located at — : 


3 | 
: 


cating compressor is relatively unimportant at higher ratios; 
however, at low ratios these losses become significant in compres- 
sor efficiency. Inlet and outlet losses of a centrifugal compressor 
are negligible. There is, therefore, a saving in brake horsepower 
required to compress 1,000,000 cu ft of gas. The large through- 
put volumes also were factors in favor of centrifugals as the re- 
quired horsepower could be utilized in a small number of large- 
horsepower machines—in our case, three compressors. 

Ambient Temperature Versus Turbine Horsepower. A funda- 
- mental characteristic of gas-fired turbines is their ability to de- 
velop more horsepower at low ambient temperatures. This in- 
. _ crease in horsepower conforms very well to our load require- 
ments during winter months as is illustrated in F ig. 1. Our heat- 
ing is placed under heavy load only during those months when 
_ low ambient temperatures make extra horsepower available. 


Jon | Feb |Mor |Apr |May | Jun | Jul 


Aug |S Oct | Nov [Dec 


1 AVAILABLE TURBINE HorseEPOWER BY SEASON 


Personnel Requirements. The turbine stations proposed were to 
be designed for completely automatic operation. Although there 
has been much discussion relative to completely unattended sta- 
tions, it was the company’s decision that continuity of service is of 
paramount importance, therefore any consideration of unat- 
tended stations was abandoned. However, economic operation of 
these plants necessitated the use of as small a staff as possible. 
It was our opinion that a staff of three operating personnel per 
tour would meet these service requirements. This staffing is still 
considerably below what could at that time be anticipated for a 
reciprocating station. Operating labor is a fixed cost whether 
the plant is or is not in operation, 

Initial Plant Investment. As our company had no past experi- 
ence with equipment of this nature, it was necessary to make cost 
studies in much more detail than was our normal practice for 
preliminary estimates. Completion of these estimates placed the 
gas turbines in approximately the same relative cost position as 
the reciprocating plants, which position was later verified by 
actual cost figures. The three-unit turbine stations were built 
for $270 per rated brake horsepower while reciprocating station 
of similar size was built for $274 per rated brake horsepower. 


OPERATIONAL EXPERIENCE 


Since our first gas turbine was placed in operation in December, 
1953, there has been accumulated in excess of 52,000 operating 
hours as of March 1, 1956. These hours include two additional 
turbines installed in the 1954 expansion program. One of these 
units was installed at each station, making a total of eight tur- 
bines and 45,600 installed horsepower. 

During the first 27 months, the equipment was available for 
operation in excess of 90 per cent of the time. Considering that 
these units were not required for lower load-factor operations, 
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the turbine plants here are compared on a basis of availability 
rather than on a basis of hours operated. For comparison, simi- 
lar data have been compiled and summarized in Table 1 for a ver- 
tical and a horizontal reciprocating station which also has op- 
erated on a similar basis. Although the reciprocating station 
has a better availability record, it should be noted that the time 
considered for the turbine includes original station start-up and 
the early months of operation when the so-called “bugs’’ had to 
be worked out of the equipment. 


TABLE 1 STATION TIME RECORD 


Percent of Total Possible 
Operating Hours 


Vertical! 
Station 


2967 
68 76 


98.43 


Gos Turbine | Horizontal 
Station | Engine Station 
3778 
60.19 


97.97 


33.16 
5835 


915! 


Hours Operating 

* Dispatching Orders 
Total Availability 
Downtime 
Equipment Failure 
Qverhoul & inspection 
Total 


* Equipment is operable but not required 


450 030 O17 
399 1.73 140 


100.00 100 00 100 00 


‘a 


Today, we are confident that the over-all reliability of a turbine 
station will be comparable with our reciprocating stations. We 
have one station in which all four turbines have operated con- 
tinuously more than two months without a shutdown. This 
record might well have been extended had there been continued 
demand for the equipment. 

Operating cgsts are a prime consideration in the selection of any 
type of compressor-station installations. Fig. 2 is a summary of 
operating costs for turbine and reciprocating stations. The sta- 
tions considered are not a composite of all reciprocating stations 
on our transmission system but are specific ones which operate 
on a comparable load factor. These do not represent the costs 
which we would anticipate in a reciprocating station of today’s 
design with automatic controls and the consequent lower per- 
sonnel requirements. 

Fig. 2 illustrates that a major saving from the installation of 
turbines has been operating labor. Our turbine stations are cur- 
rently being operated with three men per tour. An engineer is 
responsible for operations and is headquartered in the control 
room which is separated from the turbine room. He is assisted 
by an auxiliary engineer and an oiler. The auxiliary engineer is 
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required since our company elected to install separate engine- 
driven generators for power. He is also responsible for attending 
heating boiler, air compressors, water-treating equipment, and 
other appurtenances. The oiler is primarily the engineers’ com- 
munications contact in the compressor building. He also partici- 
pates in general maintenance work and other utility service. 

A factor favoring turbines is the low oil consumption for that 
machine as compared with reciprocating engines. The average 
reciprocating engine on our system develops 5000 hphr for each 
galion of lubricating oil while the turbines develop 55,000 hphr 
per gal. Another factor favoring the turbine plant is the smaller 
requirement for water make-up and cooling facilities. It should 
be noted that some of the difference in the amount of cooling in- 
volved is not inherent in the two applications, but is because no 
gas cooling is required at the low compression ratios in the turbine 
stations. 

The fuel costs which are compared in Fig. 2 are total station 
costs including auxiliaries. The cost figures shown are on the 
basis of rated horsepower, and do not take into account the extra 
horsepower developed by the turbine at lower ambient tempera- 
tures. With this consideration, the turbine plant is actually in 
a more favorable position with presently installed reciprocating 
stations than the graph indicates. Averages throughout the 
system indicate a station fuel consumption including all auxiliaries 
as follows: 

10400 Btu/bhphr developed 


9200 Btu/bhphr developed 
10600 Btu/bhphr developed 


1 Gas-turbine stations 
2 Vertical gas-engine stations 
3 Horizontal gas-engine stations. . 


MAINTENANCE 


Turbine-plant maintenance requirements and costs are still a 
relatively unknown factor so far as the company is concerned. 
_ Currently one turbine has been inspected and overhauled at each 
of the two turbine stations. This, however, was not done be- 
- cause of the mechanical condition of the equipment, but we felt 
it was essential to obtain a basis for anticipating future overhaul 
requirements. Other considerations favoring this program were 
_ to prevent the necessity for overhauling all units the same year 
- and to have trained maintenance personnel when overhaul be- 
came a necessity. 

Essentially, we feel that the experience gained outweighed 
the early expenditure. At this time, we were able to use our 
own operating personnel to conduct the inspection. This af- 


| _ forded a twofold advantage in that we pursued this work without 


increasing our own staff and provided an opportunity for the op- 
erating personnel to improve their knowledge of the fundamental 
composition of the machine. The only additional help involved 
was a representative of the turbine manufacturer who was re- 
tained throughout the inspection in an advisory capacity. On 
the basis of the experience obtained at these two locations, we 
will again this year inspect and overhaul one unit per year at 
each plant which, if carried out, will make a 4-year overhaul cycle. 
So long as our fluctuating load factor remains as it is, this cycle 
will involve approximately 15,000 operating hours per unit be- 
tween major inspections. 

If the two turbines which we have inspected are indicative of 
what we may expect in the future, the maintenance picture is an 
encouraging one. The internals of both machines were found to 
= be generally in good condition with some relatively minor excep- 


Shown in Table 2 is a breakdown of the man-hours expended in 
major inspection on the No. 1 gas turbine at Tescott. We are 
convinced that the number of man-hours shown will be less asthe 
personnel become more familiar with inspection and overhaul pro- _ 
cedures. The man-hours for major turbine inspection as shown > 
in Table 2 are considerably less on a rated-horsepower basis than 
those we have experienced at our reciprocating stations. 


TABLE 2 MAN-HOURS EXPENDED TO OVERHAUL ONE 
5700-HP GAS TURBINE AT TESCOTT, KAN. 


Axial Flow Compressor 
Turbine Assembly 
Controls and Accessories 
Total Man—hours , Disassembly 
Cleaning of Ports 
Assembly 
Axial Flow Compressor oa 
Turbine Assembly 
Controls and Accessories 
Total Man—hours, Assembly 
Total Man—hours to Overhaul 
Mon-hours by Manufacturers’ Representative 


46:30 
185:30 
38:45 


When evaluating a maintenance program, a spare-parts stock 
must be maintained to assure efficient operation. The stock of 
parts to accomplish this is a very complex thing to define and 
varies considerably between transmission companies. Northern’s — 
spare-parts stock inventory is $5.70 per brake horsepower for 
turbines which is considerably higher than the $3.15 average for 
reciprocating stations having vertical gas-compressor engines. 


CONCLUSIONS 


The gas-fired turbines on our system have operated through | 
three heating seasons, in which time the turbines have proved _ 
themselves to be equally reliable with reciprocating-compressor 


stations. The projected operating and maintenance costs are 
difficult to predict since there has been a variable demand for the 
turbine facilities. However, the operating and maintenance ex- 
penses for the turbine stations were approximately $5.00 per brake 
horsepower, less fuel, per year as compared to approximately 
$13.50 for other reciprocating stations which operate on a com- 
parable load factor. The major part of this saving is in operat- 
ing labor. 

From a cost-of-operation standpoint, it is apparent that there 
is much to be gained by installing facilities with large-horsepower 
units and to provide sufficient controls and safety devices so that 
operating labor costs may be held as low as possible. Each in- 
stallation must be weighed individually to obtain a balance be- 
tween the cost of operating labor and the need for continuity of 
service and protection of equipment. We feel that we have 
satisfied our requirements for this continuity and protection and 
have still shown a very favorable saving in operating costs. 

Our gas-turbine expeFlence has left us convinced that the deci- 
sion to use gas turbines in this particular application was a good 
one. Our experience to date is such that gas turbines would be 
considered in any application in which they could be used. 
However, recent advances in automatic controls and operation 
of reciprocating engines have made them very strong contenders 
in most gas-transmission applications. 
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_ with proper limiting behavior. 
the plate was started initially from rest. 
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By SIN-I CHENG? anv DAVID ELLIOTT,* PRINCETON, N. J. 


x The problem of a semi-infinite flat plate started initially 
from rest in an incompressible fluid with an arbitrary veloc- 
ity without flow reversal is considered in this paper. In 
"reference (1)* the unsteady laminar boundary layer on a 
semi-infinite flat plate started to move with a velocity 
proportional to t", where n is positive, is analyzed in detail. 
It is shown that a solution, constructed from the leading 
_ edge and properly continued into the far downstream re- 


gion of the leading edge, possesses the proper limiting be- 


_ havior that either at small ¢ or in the far downstream re- 


_ gion the flow field is substantially independent of x and is 


given by the Rayleigh-type solution. This solution also 
_ possesses the proper behavior at very large times. In view 


7 _of the fact that serious difficulties have been encountered 
_ in trying to perturb the Rayleigh-type solution either to 
_ obtain solutions in the upstream region or to obtain 


solutions valid at large times, it is of interest to see whether 
the method of constructing the unsteady laminar bound- 


_ ary-layer solution as shown in reference (1) can be ap- 


plied to arbitrary plate velocity and still lead to solutions 
This is found to be so if 
In particular, 


> limiting form of the results for large ¢ produces a 


solution for the motion of an oscillating plate in a uniform 


stream. This is of interest at least in so far as the theoreti- 
cal results can be checked by experiment, not mentioning 
its connection with a number of practical problems. The 
effects of compressibility have been considered briefly with 
Howarth’s transformation in reference (2). Unfortunately, 
the simple energy integrals of Busemannand of Crocco when 
Pr = 1 cannot be extended to unsteady flow with physically 
sensible thermal condition on the plate. It seems that 
the temperature field would be better determined numeri- 
cally for each specific example in question and is omitted 


from the present paper. 


INTRODUCTION 


works on the boundary layer with time-de- 


pendent relative motion between the plate and air far 
' away from the plate are relatively few. Stewartson’s (3) 
work on the impulsive motion is discussed rather in detail in 
reference (1). (For more complete references on impulsive motion 


1 This work is condensed from reference (2) of this report under the 
same title and is supported by Air Force Office of O.S.R. under Con- 
tract No. AF 18(600) 498. 

? Assistant Professor, 
Princeton University. 

* Research Assistant, Aeronautical Engineering Department, 
Princeton University; now at N.P.L., England.r 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Heat Transfer Division of Taz American So- 
creTy OF MECHHNICAL ENGINEERS and presented at the Heat Transfer 
and Fluid Mechanics Institute, Stanford, Calif., June 21-23, 1956. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, May 
11, 1956. 
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problems, the reader is referred to reference 2). Lighthill’s (4) 
general linearized treatment is of special interest because it offers 
a check to the present result after being linearized with respect to 
the small amplitude of oscillation. Moore’s extensive investiga- 
tions (5) seem to be intended to give a general solution for a wide 
variety of unsteady laminar boundary-layer problems. His solu- 
tion was constructed with subtle physical arguments and agrees, 
at least formally, with the series solution around the leading edge 
in the present solution which is constructed only for a class of un- 
steady motions of considerably more restricted nature, and is 
valid only in a restricted region. The present paper is most con- 
cerned with a unified solution for an approximate description of 
the entire flow field and a discussion of its validity under different 
circumstances, 

It is first noted that in the case of an incompressible fluid, the 
problem of a flat plate moving with arbitrary velocity u,(t) into a 
fluid at rest is equivalent to the one with the plate at rest in an 
unsteady stream with velocity u,(t) = —u,(t). In view of the 
discussions in reference (1), it is not attempted to construct a 
solution upstream on the plate by perturbing on the known solu- 
tion at downstream infinity. Instead, a solution is constructed 
from the leading edge of the plate and working downstream. As 
indicated in reference (1), we cannot expect any reduction of the 
number of independent variables from (z, y, t) to two parameters 
only. But in order to take advantage of the previous solutions in 
reference (1), a characteristic series-expansion parameter is tenta- 


tively selected to be = x 


€ = 0. Analysis shows that all physical quantities must be ex- 
panded in ascending powers of & = £'/* with coefficients which 
are functions of {> and ¢. {> is found to be a generalization of 
the Blasius parameter, given by {> = y[u,(t)/vz]'/*. This solu- 
tion is expected to be valid for sufficiently small values of £ and is 
likely to diverge for sufficiently large values of £, say — > &;. 
order to establish some criterion of the region in which this series 
solution may apply, and to determine the flow field with — > &,, 
the continuation of the boundary-layer solution into the down- 
stream region from a given velocity profile at a given station is 
considered. It is found that the viscous-flow field in the vicinity of 
the plate and naturally the skin friction can be determined by 
regular perturbation on the known initial velocity profile, near the 
wall. The determination of the flow field away from the wall is 
complicated by the presence of a logarithmic singularity which 
fortunately exerts little influence on the flow field near the 
plate. This perturbation solution, as in the case of reference (1), 
enables us to investigate the downstream limiting behavior of the 
proper continuation of the solution already determined in the up- 
stream region. It is shown that the skin friction approaches the 
Rayleigh value monotonically as £ increases. This assures us that 
no greater error may be involved if we take the Rayleigh value for 
all the downstream stations with £ > &;. If better accuracy is 
required, one may either determine more terms in the series ex- 
pansion around the leading edge to increase the range of validity 
of the series approximation, or to carry out the perturbation 
scheme according to the continuation procedure starting from 
&=£;. Foranumber of practical problems such process does not 
seem to be required. 


x u,(t)dt for the solution around 


Unsteady Laminar Boundary Layer 
_ 
4 


The solution is so constructed from the Navier-Stokes equation 
under the boundary-layer approximation by enforcing the follow- 
ing conditions expressed in terms of the co-ordinates fixed on the 
leading edge of the plate: 


(i) The nonslip condition on the plate surface—the velocity 
component u parallel to the plate surface and the component v nor- 
mal to the plate must vanish on the surface y = 0, x > 0 for all 
times ¢ 2 0. 

(ii) The velocity component u must be continuous over the en- 
tire flow field; in particular, the boundary-layer solution must 
pass into the uniform incoming stream at all times t 7 0asz— 0. 

In addition, the following conditions must be satisfied by the 
solution, at least approximately: 

(iii) The u-component velocity must pass into u,(t) at large 
normal distances away from the plate, u(z, ©, 1) = u,(¢) for all z 
and t 2 0, and the v-component velocity must be a higher order 
small quantity. 

(iv) The solution must pass into the Rayleigh-type solution at 
any instant ¢ 0 in the flow region very far downstream of the 
leading edge or at very small ¢ > 0 over practically the entire flat 
plate; i.e., £>>1. The Rayleigh-type solution is the one pertain- 
ing to the corresponding problem with a doubly infinite flat plate 
with no z-dependence under the effect of vorticity diffusion only. 

(v) The solution for u(z, y, t) must pass into the steady-state 
boundary-layer solution when / approaches zero; i.e., the instant 
when unsteady motion begins to set in. If the plate started from 
rest, then it must approach a field of no flow. 


These conditions are probably as much as one can require with 
the boundary-layer approximation. With these conditions ful- 
filled, this solution may be considered as a nice approximate solu- 
tion of the complete Navier-Stokes equation except possibly for 
very small z or very small ¢. The solution obtained in the present 
paper is applicable only when u,(¢) satisfied the following re- 
strictions: 

1 u,(0) = O for all z and y to satisfy the condition (v) at ¢ = 0. 

2 u,(t) > Ofor all ¢ > Oso that the station — = 0 is always the 
leading edge of the development of the viscous layer where the 


upstream flow is uniform. 
3 u,(t) is differentiable indefinitely for all ¢ > 0 


Sotution ArounpD LEApING EDGE 


me Let us take the rectangular Cartesian co-ordinate axes fixed at 


the leading edge of the plate (cr = 0) with the plate surface de- 
fined by y = 0,2 > 0. The free-stream velocity u,(t) is parallel 
to the plate and is always positive and differentiable at all ¢ > 0 
and is equal to zero att = 0. A stream function Y(z, y, ¢) is in- 
troduced so that u = W, is the velocity component parallel to the 
plate and v = —y,, the velocity component normal to the plate. 
The equation of mass continuity is identically satisfied. The 
momentum equation according to the boundary-layer approxima- 
tion becomes 


where subscripts denote partial differentiation, and v is the 
kinematic-viscosity coefficient. The nonslip condition on the sur- 
face leads to the following two boundary conditions for 


= = Oat z > Oand y = 0 for all t > O... [2a] 


and the condition of continuity of u at the leading edge z = 0 
gives 


To find a solution for small § = x/ f‘tu,(0dt we define, follow- 
ing the procedure in reference (1) 7) 


by = 
and define 
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y= y(u,’/vu,)'?, So = 


Where s and § are undetermined constants; a(t) and @(¢) are 
undetermined functions of ¢. 

The quantity 7 as well as ao(t), defined in Equation [3], be- 
comes imaginary if u,’(t) < 0. This definition is adopted for 
convenience in preference to the ones defined in terms of the ab- 
solute value of u,’(f).5 Summation will extend from 0 to © if 
not otherwise specified. With this definition of y we have 


Thus the initial condition [2b] requires that 


way 


B=0, 0 = cto 


The constant s is found to be s = 2 in order to admit a nontrivial, 
consistent, downstream solution. For this initial approximation, 
Fo(fot), the transient effects do not enter with convective effects 
alone balancing the viscous effects, but the differential equation 
for Fo(€o, t) stands as 


even though the boundary conditions are all independent of ¢, 
given as 


oF, 
lim (fot) = 1...{6] 


OF, 
F.(0, = ©, =0, 
) Ofo 


Equation [5] admits Fo(fo, 4) as a separable function of {> and ¢. 
But to satisfy Equation [6], the time-dependent part can only 
be a constant in agreement with physical intuitions. Thus the 
only permissible form of a(t) is 


t 
a(t) = whut “se... 


except for a multiplying constant which is taken as unity for con- 
venience so that Fo({>) may be identical with the Blasius solution 
(6, 7). 

Summing up we have, for a solution around & = 0 


fo = = . [8] 


and 


The Boundary Conditions [2] then stand as 


a 1 oF, 


t) = im te 


“(0,t)=0 for t>0, 
ote ) 


where 6o,, is the Kronecker’s delta which is zero for r # 0 and is 
unity for r = 0. 

By substituting Series [8] into the Equation of Motion [1] and 
equating coefficients of like powers of £, a series of ordinary dif- 
ferential equations is obtained. Investigation of these equations 
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shows that all the F,({o, ¢) for r = odd integer vanish identically 
as a result of the behavior of the homogenous solution at large 
The asymptotic behavior of F2,({o, t) at large fo for r 2 1 
indicates that all the F2,({o, ¢) are sums of separable functions of 
¢) and t.?’ The separated functions of {> will be denoted by f with 
two subscripts; e.g., fez means the second function in F'e({o, ¢). 
Single subscript means it involves no sum. 

Investigation of the asymptotic behavior of the solutions of 
these equations shows that for the solution around the leading 
edge, the third boundary conditions of Equation [9] are identical 
with the condition that 


Thus, the solutions of these equations taken together will satisfy 
automatically the condition at the outer edge of the boundary 
layer u/u, = 1. A number of these equations have been inte- 
grated numerically. The following values of the initial second 
derivatives are obtained as 


fo"(0) = 0.33206 
fa"(0) = —0.46967 
fa"(0) = 0.36773 
fu"(0) = 0.37720 
fa"(O) = 0.84295 
fu"(O) = —1.68654 


f:"(0) = 0.84851 
fa"(0) = 0.27088 
fe"(0) = —0.70141 
fu"(0) = —0.26949 
= 0.28896 
fo"(0) = 0.80413 | 


For detailed results, the reader is referred to reference (2). 
We are particularly interested in the velocity profile u/u, and 


1 . 
the skin-friction coefficient c, = T,, 2 p,u,?. These are obtained 


from the previous series solution, valid for sufficiently small values 
of &, as 

u fo + fe u,? [u,u, fa + uy 


3 


+ + for” + 


4 

+ + u,"Fa"(0)] 


+4 u,'*fes’"(0)] 


C,R,,'”" =? 


fo'"(O) + = 


+ + u,u,"u,” 


_ It is seen that the final form of these Expressions [12] and [13] do 
t 
not involve f . u,(t)dt explicitly, a result which could not have 


been anticipated from the case when u, ~ ¢* as considered in ref- 
erence (1). 
It should be noted that the previous series solution could possi- 
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bly ‘“‘converge’’ over sufficiently small but finite values £ only 
when all the coefficients have a finite upper bound. Since all the 
f,'({o) have finite derivatives, it is clear that such series solution 
cannot be valid for any finite value of £ (or x) when u,(t) = 0 at 
some instant ¢, or when any of the timewise derivatives of u,(t) 
becomes infinite. An immediate inference from this is that this 
series solution will converge relatively more poorly in a decelerat- 
ing period than in an accelerating period, and is totally useless 
even for engineering purposes, during the period of time when a) 
u,(t) is decelerated to a very small value. 

oa fact that the Expressions [12] and [13] are independent of 


* alt indicates that they are the proper limiting forms for large - 


t 
tor f, u,dt provided that these series converge. While the pres- ! 


ent solution is valid only for unsteady motions started from rest _ ts Ne 


continuously (as will be shown later), it seems that this limiting 
form for large ¢ may be a valid approximation even for unsteady 
motions not started from rest, because the starting conditions 
would leave little effect on the flow field when the unsteady mo- 
tion has proceeded for sufficiently long periods of time. For ex- 
ample, the large time behavior of the flow field induced by a plate 
started impulsively from rest should be substantially the same as 
that induced by the motion of a plate described by u, = U[1 — 
exp(—kt)] where k is a positive constant. As an additional! ex- 
ample, the periodic flow over an oscillating plate in a uniform | 
stream may be considered as the large time behavior of the flow 
field induced by a plate motion u, = U[1 —exp(—ké)}[1 + asin 
wt] where a is some positive constant less than unity. Computa- 
tions of the two cases mentioned here have been carried out. The 
solution is valid (as will be seen later) for all time within the range 
of values of x as to have Equations [12] and [13] converge. The 
velocity profiles are plotted in Figs. 1 and 3 and the skin friction 
in Figs. 2 and 4. At a given time, the velocity profile is seen to 
approach the Rayleigh-type profile as — increases; the skin fric- 
tion also approaches the Rayleigh value as £ increases, but 
eventually, for sufficiently large values of £, the Series [12] and 
[13] (with the five terms determined so far) will diverge and are 
no longer applicable. In order to determine the flow field in the 
downstream region for practical engineering purposes and to in- 
vestigate its asymptotic behavior in the far dow nstream end wad 


to continue the previous series solutions into the downstream 
region. 


So.utions For £ > &; 


Let us now consider the continuation of the solution from an 
initial station = £; where the local velocity profile u/u, (7, ¢)is — 
known, into the region § > £;. The method of continuation is a 
natural extension of the method used in reference (1) and is 
divided into three parts. A series solution is determined from the 
known u/u, for small 7 and the nonslip condition on the surface 
n = 0 with the technique used near the leading edge. This series 
solution is valid only near the wall since the boundary condition 
at the outer edge of the boundary layer is no longer satisfied auto- _ 
matically as in the preceding section. For large values of 9 near _ 
the outer edge of the boundary layer, a perturbation solution 
over the initial profile as suggested by the solution for small 7 is bs 


constructed. This perturbation solution is found to have a 


local series solution about &; if the rearrangement of terms in the 
series is permitted. The solution in the vicinity of 7 ~ 7; is then 
constructed independently to join the solution for large and that 
for small 7. 3 
The series solution valid near the wall for § > £, is determined 


| 
| 
‘ 
bY 


> 


with the following series expansion as a result of an analysis 
similar to the one given in the preceding section. 


t 1/2 


with 


= Qu,’ fi udt/Eu,* 
and 
t 
= =y [ (2, utat) | 


where the initial velocity profile u/u,(7, ¢) is given as 


= On 
U, 


With the series expansion [14], the convective terms enter as 

higher order small terms so that the balance is primarily between 

the transient effects and the viscous effects, a situation to be ex- 

pected near the wall and quite different from the expansion [8]. 

, 7 It is natural to expect that Series [14] will take over the Series [8] 

eid a2 Qs GF as 6 ar at smaller values of £,, if the transient effects are relatively more 
Os significant as compared with convective effects. 

bro The coefficients C,(£;, t) are not all independent because u/u, 

must satisfy the Equation of Motion [1] with = u. The fol- 

Fic. 2 lowing relations must hold with Cp = and C; = 


Ug=!-e 


728 we TRANSACTIONS OF THE ASME 
% 
7 
Ue 
a 25 10 125 15 20 225 25 go) 30 
= 
te 1. 10 14] 
\ 
108 
\\ 
- 


MAY, 1957 


10 


8 
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0 
With the relations [16] the functions F,(¢;,¢) satisfying the bound- 
ary conditions 


t) = (0,t) = 0 
1 


ting 


Ral OC 


1 
Can r=1 


2r+2 


where [n/2] denotes the integral part of n/2. 

By substituting Equation [18] into [14] and differentiating 
with respect to y to obtain u = W,, we find that the resulting 
series for u/u, involves only even powers of £; in other words, it 
is a regular function at and about £;. This suggests that the 


profile in the vicinity downstream of an initial station £; can be one 


determined by regular perturbation procedure? provided, of 
course, the rearrangement of terms in the previous series solutions 


O02 O35 04 Q5 06 

sin at) 

k=1, a21/2, w= 9/6 

4 
| 

constructing the downstream solution by perturbing the known 
solution at &. Thus let 


= 9, t) 


This form of expansion is required by the joining of this solution 
with that for small n. For a fixed (7, t), and letting — + &,, we 
have 


which is a known function. This ensures that the velocity profiles = =—_—- 
match at £ = & The boundary condition at the outer edge of 
the boundary layer that u/u, = 1 is satisfied by 0g0./0n = las _ 
Therefore all the g,’s with k > 1 will be required a 


satisfy 


By substituting Equation [19] into Equation [1] and equating _ 
the like powers of & — &; we obtain a series of first-order in- 
homogeneous differential equations for g, which can be required | 
to satisfy one boundary condition at some value of 9 at our dis- 
posal. Consider the first-order perturbation g,(9, ¢) satisfying 7 


on? a= 1(&, n, t) 


(22 


where 1(&, t) =1— 


on 


L. 


can be carried out. Accordingly we look into the possibility of The solution is 


PTE 
on 
/ 
/ 
+ 
| 
im with k 20 


i 
) 


a similar expression can be obtained easily for g, withk > 1. The 
lower limit is taken as 7 = © to satisfy the boundary condition 


2 
) A 
4 
similar argument holds for all g.. Thus the boundary condition 
for large 7 is satisfied. It can be verified easily that this g-series 
formulation is simply the Taylor expansion of the velocity about 
u/u, at & = & provided that the order of summation can be re- 
versed without further justification. This indicates that the g- 
series, which is primarily constructed for large 4, may be valid 
also near the wall for small 7. Accordingly, Equations [22] and 
[23] can be written as 


gi(n, t) = 


lim dg:/0n = 0 with — 1 and ~ exp (- 


(n, t) = (2% 0, Ody 


It is verified that Equation [25] gives the same skin friction as 
does the previous series solution near the wall using the &, or f- 
series, Thus the g-series with g, and 0g,/0n determined by Ex- 
pressions [22] to [25] and similar expressions for g, and dg,/0n 
with k > 1 would complete the continuation of the solution into 
downstream regions if the integrals were proper for all values of 7. 
This would be the case when &; is sufficiently large. But, for prac- 
tical purposes, the continuation would have to start from &; < 1. 
Since dgo/d7 varies from 0 to 1 when 7 increases from 0 to ~, the 
integrals of Equations [23] and [25] for the determination of the 
velocity u are logarithmically singular when 7 = n; with dgo/dn 
(n;, t) = & Thus Equations [22] and [23] can only be valid for 
large 7 > 7;, and [24] and [25] for small 7 < 4;. Numerical evi- 
dence is that this logarithmic singularity is very “weak.’’ The 
profile as evaluated from Equation [25] is compared with the 
series solution around the leading edge when it is still valid and is 
found to be not distinguishable for practically all values of 7 < 7;. 
However, the distortion of u/u, due to the logarithmic singularity 
is quite significant when u/u, is evaluated from Equation [23] 
for say 2n; > » > ,;. Therefore, if one should be interested in 
the detailed profile of u/u,, a solution valid in the vicinity of 7 > 
n,; must be constructed. 
It can be deduced from Equation of Motion [1] that — 


[24] 


if yo is taken in the region » < ,, where a sufficiently accurate 
determination of u in the region downstream of £; has been ob- 
tained, the local value of du/dzx at any y (including the point 
where 7 = 7; and its neighborhood) can be obtained. When the 
local value of u at n; or rather some value of 7 slightly larger than 
n; is determined, it would be simple then to complete the entire 
profile. 

The process of step-by-step continuation is laborious, For- 
tunately, for the present purpose, such complete determination 
of the velocity profile is not necessary. What is important is 
that the g-series formulation is capable of determining the flow 
field in the vicinity of the plate despite the presence of a logarith- 
mic singularity somewhere in the stream. As will be seen in the 
next section, the validity of the g-series at least in the vicinity of 
the surface in the continuation process is of fundamental im- 
portance both in establishing a criterion of the validity of the 
series expansion around the leading edge and in the verification 
of the limiting behaviors of the present solution. 


RANGE oF VALIDITY AND LimITING BEHAVIORS OF THE SOLUTION 


The solution as given in the two preceding sections is con- 
structed, based upon the boundary conditions (i) and (ii) as out- 
lined in the “Introduction.’’ The condition (iii) is either auto- 
matically satisfied, or the solution is adjusted to satisfy it. It re- 
mains to be verified that conditions (iv) and (v) be satisfied. 

Consider first condition (iv) that for sufficiently large values of 
xz at any given time ¢ (large £) the solution must be substantially 
independent of & and is described by the Rayleigh-type solution 
G(n, t). By putting 0/d— = 0 in Equation [1] we obtain the fol- 
lowing partial differential equation for G(n, t) 


u, 


on? 


og 


2 on? 


Subject to the boundary conditions 


lim = =1 forallti>0 

@ on 


G(0, t) = ~ (0, t) ='0, 


The solution for velocity is (8) 


(57555) =) 
a) erf do + u,(0) erf (28] 


The shear stress at the wall is Cie 


ra) 
TR(O t) =f [2 up(y, t) 


t 


Our problem is to see if the present solution will approach G(1, t) 

as £ increases. mia 
Let us first note from Equation [19] that td atiaeo4 
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The sign of 0g:/d7 as given by Equation [25] will therefore de- 
termine whether the local velocity u/u, increases or decreases with 
increasing from £;. With J,(&,, 9, ¢) defined in Equation [21] it 
is immediately seen that if go(£;, 7, t) is identical with G(, t), 1; 
will vanish identically for all 7 and ¢; in other words, a70g,/0 = 
(0u/dE)¢ = g; vanish for all 7 and ¢, and the velocity profile will not 
undergo any change once the Rayleigh-type solution is reached. 
Moreover, the integral in Equation [25] isfrom y = Oto 7. Thus 
the skin friction will remain unchanged while proceeding down- 
stream once the local skin friction reaches the Rayleigh value 
given by Equation [29]. 

For sufficiently small values of 7, Equations [25] and [30] in- 
dicate that du/dé at small 7 and &; is proportional te —a,7J;. 
Therefore du/dE can vanish only when J, is zero; that is, only 
when the skin friction is given by the Rayleigh. Now in the re- 
gion with sufficiently small values of & where the series expansion 
about the leading edge is valid, a,*/; is positive and du/d& nega- 
tive with their values decreasing with increasing —& Therefore, 
the skin friction of the present solution, when properly continued, 
will approach monotonically the Rayleigh value from the positive 
side with increasing — and the solution will be substantially 
Rayleigh at sufficiently large values of &. 

The continuation process certainly should be valid at any small 
values of £ away from the leading-edge singularity. The previous 
result that du/dé is proportional to —a,*J;, which vanishes only 
when the Rayleigh solution is reached, leads to a criterion for the 
determination of the largest possible value of £&; within which range 
the f-series solution may serve as a valid approximation with a 
finite number of terms in the series. 

When the calculated skin friction reaches the Rayleigh value 
Tr With a finite slope d7/d£ or reaches a minimum where 07/d£ 
vanishes at a value of Tmis larger than Tp, the f-series representa- 
tion is already invalid. For a prescribed accuracy, one can de- 
termine the station £; where the f-series representation is still 
satisfactory by redetermining the profile or the skin friction at 
£, using the g-series starting from the profile at a slightly upstream 
station §;.. For the cases with u, ~ ¢ (reference 1) for dif- 
ferent positive values of n, the five-term representation is satis- 
factory up to &; = 0.4 where the skin friction is only 2 per cent 
above the Rayleigh value tg. For the cases with u, ~ 1 — exp 
(—Akt) the calculated results with five terms in Series [13] is given 
in Fig. 2. The value of &; is again ~0.4 with r at — = 0.4 about 
3 per cent above Tg. For the cases with u, ~ [1 — exp(—Akt)]- 
{1 — a sin wt] the situation is rather similar to the two previous 
examples when wt takes values in the accelerating range. When 
wt takes values in the decelerating range, the accuracy of Series 
{13] with five terms is considerably poorer, so that £; would 
have to be taken less than 0.4 with the local skin friction deviating 
more than a couple of per cent from rg. Under these cireum- 
stances, it probably would be necessary to carry out one or more 
steps of continuation process with g-series in order to bring the 
local skin friction r to within prescribed error from Tg for dif- 
ferent engineering purposes. The skin friction along the surface 
downstream of that station may as well be taken as Tz or with an 
arbitrarily faired-in value toward Tp. 

The calculated examples indicate that the Rayleigh-type solu- 
tion is in fact a very good engineering approximation, at least in 
so far as skin friction is concerned for £&; > 0.5. This rough over- 
all picture may be expected to be quite good for accelerating flow. 
When the flow is decelerating this rough estimate may not be so 
good and would better be investigated more carefully as just out- 
lined for each specific motion.* 


* For decelerating flow tz may reach very small magnitude which 


error, however, may not be very significant. 


iz 


Now we can investigate the behavior of the solution in the limit 
of very small time. Consider the limiting forms, Equations [12] 
and [13], of the series solution around the leading edge. The series 
can possibly converge only when z vanishes as u,'/*, if u,’, and so 
on, remain finite in the limit. Therefore, they will apply only toa 
vanishingly small region around the eg 7 edge, immediately 
followed by the continued solution; , by the Rayleigh-ty —_ - 
solution. Thus, at very small ¢ the ‘an field is practically =, 
Rayleigh over the entire plate, as expected physically when the — 
plate started to move from rest. It is now clear that the present 
solution certainly does not apply to unsteady motions of plate 
not started from rest, because at £ = 0 we would expect in this 

case the flow field to be Blasius all the way around the plate cor- 
responding to the steady-state velocity u,(0) in the limit of ¢ = 0. 7 

Of course, it should be borne in mind that the boundary-layer 
approximation cannot be relied upon for even an approximate de- — 
scription of the flow field too close to the leading edge where R,, is 
not >1. The result, Equation [12], does not imply that, for suf- 
ficiently small values of z, the local flow condition is actually 
quasisteady. 

As was pointed out in a previous section, the result, Equation 
{12}, may be a good approximation in the limit of large times, as 
physically appears necessary even if the unsteady motion does 
not start from rest. But Equation [12] cannot be expected to de- 
termine the deviation from the large time behavior at a given finite 
time when the unsteady motion did not start from rest. 

To sum up, the present solution consists of two parts, a series 
solution around the leading edge valid for small z so long as the f- 
series, Equations [12] and [13], converge. Beyond the range of 


validity of these series, the stepwise continuation procedure with 

the g-series, Equations [19] and [25], will determine the down- 
stream flow field, if ever required. The range of validity of the f- — 
series, Equations [12] and [13], can be established by ante 


the predicted profiles at the same station with the f-series and the 
g-series. From this station downstream, the skin friction must 
approach the Rayleigh value tz given by Equation [29] mono-— 
tonically. If, within the range of validity of the Series [12] and 
[13] 7 is sufficiently close to Tg one can take from this station _ 
downstream the skin friction to be given by the rg. For most of — 
accelerating unsteady flow, the error involved by taking r = Tz 

for £ > 0.5 is not more than 2 or 3 per cent. 


Comparison With Resutts or LIGHTHILL AND Moore 

Experimental data are as yet not available to check the results 
in this paper. Therefore, a comparison with analytic results of — 
other authors is attempted. ; 

Lighthill (4) has investigated unsteady flow over a general two- 
dimensional body when there is a small oscillation in the magni- 
tude of the external stream. Lighthill writes = + 
ae“) where |ja| <1. By an ingenious use of the momentum- 
integral technique the skin friction and the velocity profile were 
found. Under the further assumption of wi/U < 1 where l is 
some characteristic length, Lighthill gives the following general 
results 


= To. + Real Part of (3 To + U i) | [31] 


Where 7» and 6,* are the skin friction and the displacement thick- 
ness of the quasi-steady flow, respectively. In the particular case 
of the flat plate, this reduces to 


= {0.33206 +a E X 0.33206 cos wt 
wr 


results in large fractional deviation of r/rr from unity. The absolute 
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Now from the f-series solution around the leading edge r,, is given 
by Equation [13] for oscillating flows over a flat plate but not 
necessarily of small amplitudes. If we substitute u, = U(1 + 


ae) into Equation [13] and neglect terms of the order of a? with 
Lighthill’s assumption, we have 
U 
T. = pU {033200 
vx 


3 
+a ry X 0.33206 cos wt — 0.84851 aia sin wt 


2 3 
0.46967 cos wt + 0 ] + [33] 


It is surprising to find that Equations [32] and [33] agree re- 
markably not only in form but also in the numerical constants. 
This illustrates very well the potentiality of the intelligent use of 
the momentum-integral technique. 

Even more surprising is the deep physical insight of Lighthill’s 
proposal of joining his solution at low frequency w where wl/U< 
1 and the one at high frequency where wi/U > 1. He assumes 
that the boundary-layer solutions can be approximated by the 
“shear-wave’’ solution where the inertia terms are completely 
neglected at high frequencies. This is precisely what we call the 
Rayleigh-type solution in which the skin-friction fluctuation has 
a phase advance of 7/4 over the free-stream fluctuation for all 
values of w. Lighthill assumed that for all frequencies w greater 
than a critical frequency wo, the solution should be given by the 
shear-wave solution (or the Rayleigh-type solution). The critical 
frequency @» is determined from the low-frequency solution 
Equation [32] at which the skin-friction fluctuation leads the 
free-stream fluctuation by 7/4. From the point of view taken in 
this paper, Equation [13] is valid only for those values of wr/U 
less than a certain critical magnitude to be determined as ex- 
plained at the end of the preceding section. For wr/U larger than 
this critical value, the solution can be continued as described, or 
can be faired in arbitrarily or taken as the Rayleigh-type solution 
depending upon circumstances and the accuracy required. 
Lighthill’s assumption concerning the determination of wp is, in a 
sense, corresponding to the process of extrapolating the skin- 
friction curve as determined from Equation [33] to the Rayleigh 
value and of taking the Rayleigh value for all the downstream 
stations. 

Lighthill’s analysis is more general than the present one in the 
aspect that it considers various geometries of thin bodies but is 
more restricted in the aspects of being interested only in small per- 
turbations and in flow fields over bodies of finite lengths. It is 
the last two restrictions that enable him to define a critical fre- 
quency » for matching, which probably can be more accurately 
determined with the Series [33]. In the case of nonlinear oscilla- 
tions, the present analysis indicates that the parameter for deter- 
mining the matching station is wr/U rather than the frequency w 
only. The critical frequency wo in this case will depend very 
much on the relative amplitude of the oscillation, the distance x 
downstream of the leading edge as well as the instant ¢ under 
consideration. The extension of the present analysis to arbitrary 
thin bodies as considered by Lighthill does not seem to present 
any unexpected difficulty. 

Let us now consider the analysis of Moore (5). Based upon di- 
mensional arguments, he conceived an expansion of the stream 
function in terms of an infinite number of parameters defined by 
zu,’ /u,?, 2u,"/u,? , ete., which he arranged in a sequence of 
“descending magnitudes.’’ The series finally obtained is, in fact, 
identical with the f-series solution determined in the present pa- 
per for solutions around the leading edge except for a quite 
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thorough rearrangement of the terms. The coefficients of the 
three terms which Moore determined agree with the corresponding 
ones in this paper. He was not primarily interested in the ques- 
tion of validity of the solution, the investigation of the limiting 
behaviors, and the requirement of matching. He is more in- 
terested in applying his result to a variety of physical problems, 
some of which the present analysis does not seem to justify even 
though no positive statement can be made. Problems involving 
unsteady motions not started from rest and those involving flow 
reversal require more careful investigation. 


SUMMARY AND CONCLUSIONS 


The problem of a boundary layer on a flat plate moving with an 
arbitrary velocity into an incompressible fluid at rest is investi- 
gated. A solution is constructed when the plate velocity u,(t) 
is differentiable, without flow reversal, and started from rest. This 
solution satisfies the following conditions: 


(i) Nonslip condition of the plate surface. 

(ii) The condition of uniform flow at the leading edge. 

(iii) The condition of uniform stream far away from the sur- 
face. 

(iv) At very large distance downstream of the leading edge, the 
solution is substantially independent of z and is practically the 
“shear-wave’’ or the “‘Rayleigh-type’’ solution. 

(v) At very small time (the beginning of the unsteady motion), 
the entire flow field is nearly stagnant and the flow field in the 
vicinity of the plate is given by the Rayleigh-type or the shear- 
wave solution. 

The solution consists of two parts: 

(i) A series solution about the leading edge with the velocity 
and the skin friction given as Equations [12] and [13], respec- 
tively, valid for sufficiently small values of &. 

(ii) When the Series [12] and [13] tend to diverge or are not 
sufficiently accurate downstream of & = &,;, the solution can be 
continued with Series [19] using [23], [25], and [26] for the three 
subregicns in question. 


Investigation of the continuation reveals that the proper con- 
tinuation of the solution must approach the Rayleigh-type solu- 
tion monotonically. Thus & must be upstream of the station 
where Series [13] either gives a skin friction equal to the Rayleigh 
value Tz or reaches a minimum larger than tp. The range of 
validity of Series [12] and [13] may be more precisely determined 
for a prescribed accuracy by determining the skin friction and/or 
the velocity profile at £; by using the continuation scheme start- 
ing from a slightly upstream station and comparing with those ob- 
tained directly from Series [12] or [13]. This depends very much 
on the particular type of unsteady motion u,(t) and the particular 
instant ¢. The following engineering rule may be adopted: 

Series [13] may be used to determine the skin friction to or as 
far as it carries before the calculated skin friction either reaches 
the Rayleigh value or reaches a minimum. 


1 If it reaches rz one may take the skin friction over the 
downstream stations as Tp. 

2 If it reaches a minimum value Tmin which is substantially 
the same as Tp, one may fair the skin-friction curve, extrapolated 
to Tz and take Tp from this station downstream. 

3 If it reaches a minimum value which is still significantly 
larger than Tp and if the inaccuracy of fairing curves cannot be 
tolerated, then the process of continuation downstream as shown 
in the section, Solutions for > £;, becomes necessary until the 
required accuracy is obtained. 


Sample calculations show that, for accelerating unsteady mo- 
tion, Series [13] will lead to a minimum Tmin in the vicinity of § ~ 
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0.4 with Tmin only a couple of per cent above Tz and will be a good 
description of the flow field for most engineering purposes. For 
decelerating periods of unsteady motions no such simple rule can 
be given and each individual case must be investigated carefully. 
Comparison with Lighthill’s solution for oscillating bodies in 
free streams indicates that the critical frequency wo as defined by 
Lighthill may be generalized to (wx/U )p as the matching point of 
the upstream solution with the Rayleigh-type or the shear-wave 
solution. 
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The nucleation theory of Volmer and Fisher is extended 
to the superheating of liquids in contact with various solid 
boundaries. It is shown that nucleation in the bulk phase, 
at flat surfaces, at sharp projections, or in wetted cavities 
can be dismissed from consideration as possible explana- 
_ tions for experimentally observed superheats. Unwetted 
cavities are preferred nucleation points; but the difficul- 
_ ties of filling these completely with liquid are so great that 
_ it is probable that nucleation almost always occurs at a 
pre-existing gaseous phase in static stressing of the liquid. 
Nucleation in dynamic-stress phenomena, such as ebulli- 
tion, cavitation, or effervescence, always occurs at the 
boundaries of gas or vapor entrapped in surface cavities. 


The following nomenclature is used in the paper: P. ' 


NOMENCLATURE 


A area 

Court Rohsenow proportionality constant (1)* 
t(8) function defined by Equation [4] 
Afo* free energy of activation for evaporation of a single 

molecule (Equation [8}) 

Planck constant 
Boltzmann constant 
number of bubbles per mole of liquid 
Avogadro number 
pressure 
superheat-vapor-pressure difference 
radius 
gas constant 
time 
temperature, absolute 
molal volume 
volume 
isothermal reversible work of formation 
angles defined by Fig. 2 or Fig. 4 
contact angle measured through liquid 
molal latent heat of evaporation 
chemical potential 
density 
interfacial tension 
function defined by Equation [15] or [Equation [17] 


1 This work was done at Argonne National Laboratory, Lemont, III. 

2 Rose Polytechnic Institute. 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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= vapor embryo of critical radius (i.e, i in 2 equilibrium with the 
surrounding liquid) 


G= gas or vapor Bi 


S = solid 

When a superheated liquid nucleates to form vapor bubbles __ 
under essentially isopiestic conditions, this phenomenon is known 
as ebullition. If nucleation to form vapor bubbles occurs when 
the local pressure is reduced essentially isothermally below the 
normal vapor pressure of the liquid, this phenomenon is known as 
cavitation. In both cases nucleation is greatly facilitated if solid 
surfaces are present, to the extent that the nature and condition 
of these surfaces, in conjunction with the liquid-phase variables, 
usually control the nucleation process, Because of the complex 
geometry and surface chemistry of most actual surfaces, it has 
been quite difficult to predict the magnitude of the driving 
forces, either temperature or pressure, which are necessary for 
nucleation to occur in a specific solid-liquid combination. This 
complexity constitutes a major barrier to further advance in the 
fields of both ebullition and cavitation. For example, perhaps the ; 
most widely accepted correlation of nucleate boiling data, due to — 
Rohsenow (1), predicts the slope of a log-log plot of heat flux 
versus temperature excess quite satisfactorily, but contains a pro- 
portionality constant, C.:, which is an empirical function of the 
fluid-surface combination and which may vary over a six to ten- 
fold range. If it were possible to predict the temperature excess 
required to initiate nucleate boiling accurately, this would fix C,r. 


Superscripts 


INTRODUCTION 


_ Similar uncertainties exist in the field of cavitation. 


At the same time there exists a wide diversity of opinion con- 
cerning the conditions necessary for bubble nucleation from solid 
surfaces. A number of investigators (2, 3, 4) are of the opinion 
that nucleation occurs only at the surfaces of minute quanti- 
ties of vapor or gas entrapped by the solid. Jakob (5) considers 
that bubbles may form either at surface roughnesses or at 
entrapped gas surfaces. Larson (6) considers that the work of _ 
solid-liquid fracture, given by the Dupré expression in terms of 
the interfacial free energies and the contact angle 


Wis = + = + cos 8) 


determines the amount of superheat which a particular ebullator 
will support. If W,s = 0, no superheat is possible, and if Ws. < 
0, a negative superheat is theoretically possible. The latter 
statement is obviously incorrect, since no amount of catalytic 
activity by the ebullator can make the bulk-phase transformation 
proceed spontaneously in a direction which increases the total free 
energy of the system. 


2" Contributed by the Heat Transfer Division of Taz American 
> Society or MECHANICAL ENGINEERS and presented at the Heat 
Transfer and Fluid Mechanics Institute, Stanford, Calif., June 

21-23, 1956. 
‘Nore: Statements and opinions advanced in papers are to be 
i ral understood as individual expressions of their authors and not those of 
- the Society. Manuscript received at ASME Headquarters, July 2, 

1956. 
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Sarukhanian (7) assumes that bubble formation occurs at con- 
vex elements of surface roughness whose radius is given by the 
Gibbs equation 


2016 2016 

Pe’ — Pr 
where P,’ is the vapor pressure of the superheated liquid in the 
bubble of critical radius, and P, is the external pressure. Upon 
applying the Thomson correction, the right-hand equation is ob- 
tained, where AP is the superheat-vapor-pressure difference, and 
p, and pg are the average densities. 

It is apparent, therefore, that these hypothesized mechanisms 
for bubble nucleation must be considered as a necessary pre- 
liminary to the development of a kinetic theory of ebullition. In 
this paper the theories of heterogeneous nucleation of Volmer 
(8, 9), Fisher (10), and Turnbull (11) are extended to include 
consideration of ebullition nucleation from wetted and unwetted 
surface projections and cavities. It is shown that the initiation of 
ebullition almost always, and the continuation of ebullition al- 
ways proceeds from small quantities of vapor or gas trapped in 
cavities in the solid surface. 


NUCLEATION AT PLANE SURFACES 


Volmer (8) has calculated the work of nucleating a phase G in 
the transformation L — G, on a plane solid surface denoted by 
S. Let the contact angle between the G-embryo and S be @ as 
shown in Fig. 1. Then the free energy, or the reversible work re- 
quired to form an embryo having the shape of a spherical sector is 
given as 
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where 


+ 1g [3] 


2+ 3 cos 6 — cos* 
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pw is the free energy per mole in the phases of unlimited extent, 
and v is the molal volume. 

For a nucleus of critical size this becomes 
wilt 3(Me — Mr) 
This formula must be used with care since it is derived, in ac- 
cordance with the method of Gibbs (12), from the PV work and 


work of forming the interfaces. An exact expression is therefore 


= 

where P,’ and P,, are the pressures of the G-embryo and the L- 
phase. For an embryo to be a nucleus, the chemical potentials of 
the two phases must be equal, or 


= 


: TRANSACTIONS OF THE ASME 


where the prime here refers to the G-phase in the embryo. Then 

Pg’ 

Ue’ — = vgdP ~ vg( Pg’ — 

Hence, Equation [5] is allowable only if the embryonic phase is 
essentially incompressible, or if the ratio of the pressure within 
the embryo and the external pressure does not differ too greatly 
from unity. For our purposes, the use of chemical potentials 
offers no particular advantages, and the more exact expression, 
Equation [5a], will be used. 

Fisher (10) has applied the methods of nucleation theory (9, 13) 
to the nucleation of vapor bubbles in liquids under high hydro- 
static tension. In this case the pressure within the nucleus is 
negligible compared to the large negative pressures of the liquid. 
This theory can be applied to the superheating of liquids directly. 

The work of formation of a vapor nucleus of critical size is given 
by Equation [5a]. For homogeneous nucleation in the absence of 
a solid surface, f(@) = 1. The rate of formation of bubbles of 
vapor in a mole of superheated liquid is then 


dn NkT (Afe* + 
—— exp | — - 
dt a kT 


where N is the Avogadro number and Af * is the free energy of 
activation for the motion of an individual molecule of liquid past 
its neighbors into or away from the bubble surface. Combining 
Equations [2], [5a], and [8], this becomes 


dn NkT  f [ 
0 


— 
dt h P 
1670,,* 
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Fisher shows eit the error of neglecting Afo* is at most 5 or 10 
per cent, and also that the fracture pressure is remarkably insensi- 
tive to the waiting time for the first bubble. Based on these two 
observations, Equation [9] can be solved for the superheat-vapor- 
pressure difference 


For moderate degrees of superheat, 
relationship can be employed to give 


where A is the molal latent heat of evaporation. 

In Equation [10] it will be noted that the temperature has only 
a moderate influence. Hence AP for a pure liquid would be ex- 
pected to approximate the theoretical fracture pressure, which is 
in the neighborhood of hundreds to thousands of atmospheres. 
Experimentally it has been found very difficult to support super- 
heats corresponding to AP’s in excess of a few atmospheres. 
Nucleation from the homogeneous liquid therefore can be dis- 
missed from consideration. 

Similarly, the superheat-vapor-pressure difference at a plane 
solid | surface can be shown, using Equations [2], [5a], and [8] to 
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In Equation [4] it is seen that if @ = 180 deg, f(@) = 0, and no 
superheat is possible. Such a contact angle has never been re- 
corded, the largest found experimentally being about 140 deg. 
Paraffin, which is commonly considered not to be wetted by 
water, exhibits an average contact angle of about 95 deg if quite 
smooth. The theoretical AP for water in contact with a plane 
paraffin surface is about 60 per cent of that of the pure liquid, or 
about 800 atm. Hence nucleation from plane surfaces also can be 
dismissed from consideration in ebullition. 

Frenkel (13) states the work of rupturing the solid-liquid inter- 
face, given by Equation [1], should be substituted for the free 
interfacial energy o,¢ in the Volmer theory. This is difficult to 
justify, since the nucleus is not yet ready to grow spontaneously 
until it assumes the shape of a spherical section of critical radius 
of curvature. In any case, the calculated AP is reduced only by 
a factor of 2 if @ = 90 deg, and hence this question is unimportant 
for ebullition considerations. 

It is seen that the hypothesis (6), that no superheat should be 
possible when 6 = 90 deg, must be rejected. This hypothesis re- 
sults from a consideration of the relative values of ozs and @gg, 
but fails to take into account that the work of separation is still 
positive at a contact angle of 90 deg. reat lee 


NUCLEATION AT CURVED SURFACES © 
Nucleation from a surface projection, proposed by Jakob (5) 
and Sarukhanian (7), is now considered. Suppose the solid pro- 
jection to be spherical, of radius rs, and the vapor embryo, of 
critical radius r*, to have an included angle, 28, while the in- 
cluded angle of the gas-solid interface is 2a (Fig. 2). The work 
forming the vapor phase is 
W = + 


— — — Pz)Ve. [13] 


where A and V represent areas and volume, respectively. It can 


be shown that this reduces to 
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and 6, the contact angle = 180 — (8 — a). 
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The corresponding © 
_ expression for the superheat-vapor pressure difference, AP, may 


be found by substituting (a, 8) for f(@) in Equation [12]. In 
general, (a, 8) is of the same order of magnitude as f(@) for a 
vapor nucleus of critical radius of curvature. This can be shown 
by considering the special case of a hemispherical projection of 
critical radius r* on a flat surface (Sarukhanian’s case), with 0 = 
90 deg (Fig. 3). The last two terms of Equation [13] vanish, so 
that the work is simply the work of forming the liquid-vapor inter- 
face. This yields 


W = 

(Pe a= P,)? 
actually higher than the work of nucleation in the homogeneous — 
phase (Equation [5a], f(@) = 1) since no PV work is received by — 
the surroundings in this case. If the contact angle is greater than 
90 deg, the included angle, and hence the area, of the spherical 
projection can be reduced; but it is obvious that no fracture pres- 
sure or superheat approaching observed values can be obtained 
in this way. If the radius of the projection is less than critical, 
less work will be required to fracture the solid-liquid bonds, but 
the bubble must still grow to the critical radius before it can act 
as a nucleus. In the limiting case, as the radius of the projection 
approaches zero, the work of forming a nucleus approaches that 
of a plane surface, treated previously. If the radius is greater than 
critical, the work will be greater than given by Equation [15]. 
Hence, nucleation from surface projections also can be dismissed 
from consideration. 

At first glance, this may seem to be surprising, in view of the 
obvious analogy to the fracture of supercooled liquids, such as 
glasses, by nucleation from surface cracks. On second thought, 
it will be seen that the analogy is inexact. In the previous case _ 
nucleation proceeds by fracturing liquid-solid bonds, while nu-— 
cleation from surface cracks proceeds entirely by fracturing bonds 
within the homogeneous phase. It is actually more difficult for — 
the liquid to pull away from a surface projection than from the 
plane surface, and, correspondingly, less difficult for it to pull | 
away from a cavity in the solid surface, since it tends thereby to 
reduce the area of its boundaries. 

Hence if the foregoing analysis is extended to consider surface 
cavities, it is not unexpected that a more favorable situation for 
nucleation obtains (Fig. 4). It is now possible to increase the PV 
work which the surroundings receive to the point where the 
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net work approaches zero. Equations [14] and [15] can be 
applied, with the alteration of one sign 
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where now @ = 180 — a — B. 

If r* and 6 are fixed, the specification of one included angle will 
fix the system. It may be observed that in both Equations [15] 
and [17], @ and ¢’ vanish if 8 = 0; and it would seem superficially 
that the work of forming a nucleus can be made arbitrarily small 
by choosing a small enough cavity or projection. However, this 
cannot be correct; else no superheat or tensile stress could be sus- 
tained by liquids in contact with any solid surfaces. The fallacy 
lies in the fact that the work of nucleation must include the total 
work up to the point where the bubble is ready to grow spon- 
taneously. Hence, while it requires arbitrarily small work to tear 
the liquid away from an arbitrarily small portion of the surface, 
whether it be a projection, cavity, or a plane area, each case must 
be considered separately to determine whether nucleation of the 
vapor bubble will proceed spontaneously from this point. If two 
conditions are met, the bubble will grow spontaneously on a solid 
surface: 


1 The bubble must be of critical radius; i.e., r = r*. 

2 The radius of curvature of the vapor-liquid interface should 
not become less than the critical as the bubble grows; i.e., r 2 r*, 
V > V*. Note that this does not imply that (dr)/(dV) must 
always be positive. In certain cases, such as necked cavities, or 
highly nonwetted cavities, the latter point is especially pertinent. 
Referring to the cases of a flat plane or of a projection, it is seen 
that the application of these two conditions requires that the 
work of nucleus formation be given by Equations [5a] and [14]. 


W=— 


Returning now to the problem of nucleation in cavities, in the 
case of a conical cavity with rounded bottom (Fig. 5), the radius 
of curvature of the meniscus continuously increases as the bubble 
grows from the apex to a macroscopic size, provided the solid is 
well wetted. If the bubble is approximately spherical at critical 
radius, the work of formation will be given by Equation [5a], 
approximately, since for complete wetting (9 = 0 deg), ogg = 
Tre. If the cavity be elongated, in order to obtain more PV 
work, not much improvement is experienced. Thus, if a cylindri- 
cal section of unit length and critical radius be added to the 
bubble, the gain in PV work, (20,¢/r*)(mr*?) is exactly offset by 
the added interfacial energy, 24r*osg. Hence, it appears that a 
well-wetted cavity will not lead to superheats much lower than 
predicted by Equation [10]. 

If, however, the cavity is poorly wet (Fig. 6) (say, 0 = 90 deg), 
the situation is entirely different. The radius of curvature of the 
meniscus begins at a very small value at the apex, but rapidly be- 
comes large, and may approach infinity, or a negative value after 
it has climbed a short distance up the walls. Hence the cavity 
will rapidly fill with vapor. In order for the vapor to expand past 
the cavity, however, it is necessary for it first to form a hemi- 
spherical cap at the mouth of the cavity. The radius of this cap is 
approximately the radius of the cavity mouth (exactly if 6 = 
90 deg). Hence, the cavity will nucleate bubble growth if its 
radius at the mouth is equal to or greater than the critical radius. 
This emphasizes the importance of well-wetted container walls 
found by Harvey, et al. (14), Kenrick, Gilbert, and Wismer (15), 
Mead, Romie, and Guibert (4), and many other investigators in 


mating static determinations of maximum superheat or 
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stress. At the same time, it confirms the necessity of having the 
walls as smooth as possible, as indicated by the superiority of glass 
over metallic surfaces (17, 18), in attempting to obtain large 
values of static tensile stress or superheat. A good review of the 
extensive literature on this subject is given by Blake (18). 

Nucleation in a wedge-shaped crevice may now be discussed. 
If the walls of the crevice are well wetted, approximately the same 
considerations will apply as in a cavity, and the theoretical super- 
heats and fracture pressures will be far in excess of experimental 
values. If the walls are nonwetted, the liquid can be torn away 
from an arbitrarily small area of apex with very little expenditure 
of work, but the resulting vapor phase cannot grow until the 
liquid-solid bond has been fractured along the entire length of the 
crevice. Hence, nucleation in the absence of a pre-existing vapor 
phase will normally take place at nonwetted cavities rather than 
crevices. This distinction is important, since most newly formed 
metallic surfaces are covered predominantly with grooves rather 
than cavities, owing to the gouging or cutting action used in pro- 
ducing surface finishes, or in forming the dies or molds which 
shape the surface. On the other hand, sand-castings; oxidized, 
such as weathered or anodized, surfaces; or chemically etched 
surfaces, such as produced by phosphate or chromate treat- 
ments, all would be expected to have a predominance of cavities 
on the surfaces. 

One other possibility may be mentioned. If a well-wetted 
crevice contains a short section which is not wetted, the vapor 
embryo need not extend past the unwetted portion, and the 
crevice will act essentially as an unwetted cavity. Such con- 
tamination may occur through the deposit of minute quantities 
of grease and other organic materials from the air, as evidenced 
by the well-known fact that a clean glass:slide will no longer sup- 
port a continuous film of water once it has been dried in air. 

Fisher (10) points out that if the unwetted cavity or crevice 
has a truly sharp apex, no finite pressure can force the liquid all 
the way into the depression. Hence j it noe — that, in 
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almost all cases of initiation of bubble formation from nonwetted 
surfaces, nucleation proceeds from a pre-existing vapor phase, 
rather than by tearing the liquid from a portion of the solid 
boundary. If the liquid is saturated with air, it will have no 
tendency to rise into the unwetted capillaries, and essentially no 
superheat or tensile stress can be maintained. If the liquid has 
been partially or almost completely deaerated, it will tend to rise 
into the capillaries until the partial pressure of air in the capillary 
vapor space is in equilibrium with the dissolved air content. 
Since this is a diffusional process, this may require hours, or even 
days. If the liquid is deaerated, at one atmosphere pressure, and 
has negligible vapor pressure at room temperature, the vapor 
embryo pressure eventually will drop practically to zero, corre- 
sponding to a radius of curvature of about 10~‘ cm in the steep- 
walled unwetted cavities. The vapor embryos will collapse com- 
pletely in the wetted cavities; and if the meniscus cannot attain 
this critical radius of curvature as it advances in an unwetted 
cavity, the vapor phase also will disappear. If the cavity having 
a sharp apex is well wetted, the vapor phase will collapse until its 
radius of curvature is within an order of magnitude of the spacing 
between molecules in the liquid, so that the cavity is effectively 
nullified as a nucleation center. Hence, it appears that a large 
contact angle is essential for the retention of effective vapor- 
phase nuclei on the solid surface. 

If the surface is not wetted, or not wetted in spota, almost 
certainly there will be present some steep-walled cavities which 
will retain a vapor phase. If the liquid is now subjected to the 
slightest increase in temperature or decrease in pressure, 
the nucleus will begin to grow spontaneously, but cannot leave the 
cavity unless the mouth of the cavity is equal to or greater than 
the critical radius, as noted previously. Hence, the radius of the 
largest unwetted cavity will determine the static superheat or 
tensile stress; in dynamic phenomena, such as cavitation and 


_ ebullition, the superheat or tensile stress is determined by the 


cavity size-distribution function. Dynamic phenomena are more 


- complex, in that wetted cavities also can function effectively as 


vapor traps. 
If the system is subjected to pre-pressurization at, say, 1000 
atmospheres, the radius of curvature of the meniscus in an un- 


wetted cavity with a truly sharp apex would theoretically reach a 
_ value of about 10~7 em, if the surface tension did not change with 


_ the radius of curvature, as noted by Tolman (19). 


The definitions 
of the various terms become imprecise when dealing with such 
small aggregations of molecules; but there seems to be no reason 
why the vapor phase should not spontaneously grow again as 


- soon as the pressure is released, providing a concave meniscus 
_ (viewed from the liquid phase) of 10-* to 10~7 em can be at- 


tained. 


Hence, one might expect pre-pressurization not to be 
particularly useful in increasing static superheats or tensile 
stresses with unwetted surfaces, which was, in fact, observed by 
Harvey, et al. (14). 

If the surface is well wetted, all vapor phases eventually should 
disappear, if the liquid is not saturated with dissolved gas. Thus, 
Dean (16) found that large tensile stresses, induced by striking 
the side of the tube, could be sustained if various surfaces were 
simply allowed to stand in contact with partially deaerated water 
for some time. The increase in tensile strength or superheat 
upon prolonged cavitation (4, 14, 17) indicates that, in most 
static experiments, the diffusional process controls. Hence, it 
appears likely that the chief advantage of the pre-pressurization 


_ treatment is to increase the driving force for diffusion of the en- 


trapped air into the liquid. Another undeniable advantage of 
pre-pressurization is that vapor embryos in partially wetted cavi- 
ties will be collapsed, since a contact angle of at least 90 deg is 
almost a prerequisite to the attainment of concave menisci of 10-* 
to 10~7 cm radius of curvature. However, such partially wetted 


' 


cavities will require lower superheats or tensile stresses to initiate 
nucleation, as given by Equation [17]. As @ increases, @’(a, 8) 
decreases for constant r = r*. This can be shown more readily 
for a cylindrical cavity, for which the work of formation of a 
vapor embryo which fills the cavity is 


W = — sin 0) 


The work of filling the cavity can therefore be made to approach 
zero as closely as desired by letting @ approach 90 deg. The 
superheat or tensile stress, in this case, depends on the radius of 
the mouth of the cavity, as shown in the foregoing. 

It is interesting to note that Dean (16) was able to wet his 
paraffin surfaces by allowing them to remain in contact with 
partially deaerated water for a day or more, and that thereafter 
they did not promote bubble formation when the tube was struck 
a sharp blow. Apparently, the adsorbed air layer was eventually 
dissolved, after which the paraffin appeared to be wetted. It 
seems probable, therefore, that bubble nucleation always begins 
at a pre-existing vapor phase, either as an adsorbed gas layer on a 
nonwet surface, or as a bubble entrapped in a cavity or groove. 


SuMMARY AND CONCLUSIONS 


The nucleation theory of Volmer and Fisher has been extended to 
the superheating of liquids. It is shown that nucleation of bubbles 
within the homogeneous of liquid, or at flat or projecting solid sur- 
faces, requires superheat-vapor-pressure differences of the order 
of magnitude of hundreds of atmospheres, within the range 
of observed contact angles. This is so much larger than experi- 
mentally observed superheats that these possibilities can be dis- 
missed from consideration. Well-wetted cavities also are re- 
jected, since the work of forming a vapor embryo is of the same 
order of magnitude, irrespective of the depth of the cavity, as the 
work of forming a critical nucleus of the same radius of curvature 
in the bulk phase. If, however, the wetted cavities contain air, 
or other gas, sufficient time must be allowed to allow the gas to 
dissolve completely. Otherwise, the superheat or tensile stress 
obtainable will be determined by the radius of curvature of the 
largest remaining air bubble. Since this is a diffusional process, 
hours or days may be required; pre-pressurization is useful as a 
means of accelerating the process. If any nonwetted cavities 
exist, however, nucleation will preferentially occur there, since it 
requires only a small amount of work to tear the liquid away 
from the apex of the cavity. After this the cavity rapidly and 
spontaneously fills with vapor, so that the superheat is deter- 
mined, in this event, by the radius of curvature of the mouth of 
the unwetted cavity. If the unwetted cavity has a truly sharp 
apex, no finite pressure can force the liquid to occupy the cavity 
completely. However, pre-pressurization is useful in filling up 
partially wetted cavities. Nucleation will require less work in 
unwetted cavities than in unwetted grooves, unless only,a small 
portion of the groove is unwetted. These observations apply 
equally well to static determinations of superheat, tensile strength, 
or supersaturation. In the dynamic phenomena of ebullition, 
cavitation, and effervescence, either wetted or unwetted cavities 
may contain a vapor or gas phase; and nucleation always occurs 
preferentially at these boundaries. It is probable that even in 
static determinations, unless the most rigorous precautions are 
taken to achieve complete wetting of all cavities, and to dissolve 


all gas from the cavities, nucleation will occur at a pre-existing — 


vapor or gas-phase boundary. 
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Natural-Convection Heat Transfer From a 
Horizontal Cylinder Rotating in Air 


By DAVID DROPKIN' 


This paper presents the results of experimental investi- 
_. gation of convection heat transfer from horizontal rotating 
cylinders to ambient air. Two hollow copper cylinders 
were used, one 4.5 in. and another 3.25 in. outside diameter. 
These cylinders were nickel plated to minimize the heat 
transfer by radiation and were internally heated by electric 
cartridge heaters. The surface temperatures were deter- 
mined by thermocouples peened to the inside surface. 
The experimental procedure was to investigate systemati- 
cally each dimensionless parameter which was previously 
determined by dimensional analysis. The results indicate 
that, up to a certain value of Reynolds number, rotation 
has no effect on the heat-transfer coefficient. Above this 
critical value the heat-transfer coefficient increases as the 
speed of rotation increases. In the region where the data 
overlap, the experimental results reported in this paper 
are in close agreement with those of other investigators. 
The flow pattern around the cylinder was also investigated. 
Titanium tetrachloride smoke was used for this study. 


NOMENCLATURE 
The following nomenclature is used in the paper: 
cp = specific heat of air at constant pressure, Btu/(Ib)(F) 
constants 


outside diameter of test cylinder, ft 
= acceleration of gravity, 4.17 & 108 ft/(hr)? 
Grashof number, dimensionless, 
convective heat-transfer coefficient, Btu/(hr)(sq ft) 
(F) 
thermal conductivity, Btu/(hr)(ft)(F) 
exponent 
Nusselt number, dimensionless, hD/k 
Prandtl number, dimensionless, c,u/k 
Reynolds number, dimensionless, DV 
bulk temperature of air, deg F 
film temperature = (¢, + t,)/2, deg F 
temperature of test cylinder surface, deg F 
test cylinder surface velocity, fph 
exponents 
= coefficient of volumetric expansion, 1/F 
= temperature difference between cylinder surface 
temperature and bulk air temperature, ¢, — ¢,, 


tome 


AnD ARIEH CARMI? 


Subscript a indicates that the property was determined at bulk air | 
temperature. 

Subscript f indicates that the property was determined at film | 
temperature. 


p = air density, pef 
@ = function 


INTRODUCTION 


The research project reported in this paper was started in Se 
tember, 1952 (1). At that time there were no reliable mathe- 
matical relationships from which heat-transfer coefficients by — 
convection, for rotating cylinders, could be determined. Since 
then two papers have been presented on this subject; one by An- 
derson and Saunders (2) and the other by Etemad (3). These 
two papers covered a range of Reynolds numbers from 0 to 65,400. — 
The present paper greatly extends this range; the data presented 
here cover a range of Reynolds numbers from 0 to 433,000. 

The main purpose of this investigation was to obtain data and, 
if possible, develop a relationship from which heat-transfer co- 
efficients for rotating cylinders could be predicted. The best ap- 
proach to the solution of this problem seemed to be dimensional 
analysis in conjunction with experimentation. 


PROCEDURE 


It appeared that factors which are generally assumed to in- — 
fluence free and forced convection should be included in the new 
relationship. In that case 


and without much difficulty we may derive the relationship 


For the range of air temperatures investigated, the Prandtl 


number is practically constant and may be included in the con- — 
stant, thus simplifying the equation as a 


hD D*p*g z/y:\y z 


To determine the constant C; and the exponents z, y, and z the 
following procedure was used: 
Two of the parameters on the right-hand side of Equation [3] 


(1) 


deg F 


were held constant while the third was varied and its effect on the 7 
absolute viscosity, lb/(ft)(hr) 


Nusselt number determined. This procedure was repeated for _ 
each one of the three dimensionless groups. 


actually used were 
No 


The relationships 
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The exponents z, y, and z were then determined from the plots 
of log Nu versus log (D*p*g/yu?), log Nu versus log (V?/Dg), and 
log Nu versus log (48), respectively. The constant C, was evalu- 
ated from Equation [3] after the exponents were established. 

For Equations [4] and [6], the parameters were varied by vary- 
ing the air and cylinder surface temperatures while the cylinder 
diameter and rotational velocity were kept constant. The tem- 
peratures, however, had to be so selected that when (D*p*g/yu?) 
was varied (A$) remained constant, and when (4) was varied 
(D*p*¢/u?) was constant. 

For Equation [5] the parameter was varied by varying the rota- 
tional speed of the cylinder, while both the cylinder surface tem- 
perature and air temperature were kept constant. 

The experiments were arranged carefully so that sufficient data 
were taken to evaluate Equations [4], [5], and [6] at both bulk air 
temperatures and film temperatures. 

All data were taken when steady-state conditions were estab- 
lished. It was assumed that steady state was attained when two 


consecutive readings taken at I-hr intervals gave the same results. 
For each run, the temperature of the surface of the cylinder, the 
ambient temperature, the rotational speed, and the electrical in- 


put to the cylinder were measured. 


The following experimental range was covered: ie 

Reynolds number from 0 to 433,000 Te sie 

Nusselt number from 19.1 to 591 

Grashof number from 9.5(10)5 to 2.27(10)" 

Cylinder surface temperature from 91.0 to 325.6 F : 

Ambient temperature from 52.5 to 110.0 F 

Rotational speed from 0 to 10,150 rpm 

Temperature difference between cylinder surface and ambient 
air from 6.3 to 230.9 F 


APPARATUS 


The test apparatus consisted of two hollow copper cylinders 21 
in. in length and 4.5 in. OD and 3.25 in. OD, respectively. The 
larger diameter cylinder was used for most test runs, while the 
smaller cylinder was used mainly to check the effect of cylinder 
diameter on the heat-transfer coefficient. Both cylinders had 
their outer surface nickel plated and polished to minimize heat 
transfer by radiation. The emissivity of each surface was care- 
fully determined and found to be equal to 0.07. As shown in Fig. 
1, the ends of the cylinders were insulated to reduce the end heat 
losses. 

A cartridge-type electric heater, placed at the center of the 
cylinder, supplied the required heat to the cylinder. The electri- 
cal input was measured by a voltmeter and ammeter. 

The surface temperatures of the test cylinders were measured 
by three copper-constantan thermocouples. These couples were 
placed */, in., 4 in., and 10'/: in., measured from one end of the 
test cylinder, respectively. The couples were attached to the 
surface by peening them to the inside surface of the cylinder. 

The test cylinder was rotated by an adjustable-speed, electric- 
motor drive, which in combination with pulleys was capable of 
producing cylinder speeds up to 12,000 rpm. 


TEMPERATURE-MEASURING SysTEM 


A great deal of time was devoted to the evaluation of different 
possible systems that could be used in measuring the surface tem- 
perature of the rotating cylinder (4,5). The study led to the con- 
clusion that a copper-constantan thermocouple system when 
properly designed should give the best results. 

This system, as schematically indicated in Fig. 2, consists of 
copper slip rings and copper brushes in both sides of the thermo- 
couple circuit. As shown on the diagram and in Figs. 3 and 4, the 
junctions of the interrupted constantan line were placed in a uni- 


THerRMocouPLe Pickup 


Unrrorm TEMPERATURE CHAMBER OPENED TO SHow 


CoMPENSATING JUNCTIONS 


form-temperature chamber so that the rotating junction and the 
stationary junction were almost touching each other. This 
method exposed the opposing junctions to the same ambient tem- 
perature and thus no net electromotive force was developed due 
to these junctions. To minimize overheating and scoring, the 
copper brushes were brought into contact with the copper rings 
only when measurements were taken. At all other times the 
brushes were disengaged. The slip rings also were lubricated 
lightly to reduce brush and slip-ring wear further. 

All thermocouples were connected to precision potentiometers 
to indicate the temperatures at the measuring junctions. 


OTHER PRECAUTIONS 


All rotating parts of the experimental apparatus were dy- 
namically balanced to minimize radial movement of the test 
cylinder. To eliminate the influence of stray air currents due to 
the rotating couplings, two guard plates, one at each end of the 
cylinder, were provided. Special care was taken to assure that 
no forced-convection air currents were present within the test 
room especially in the vicinity of the apparatus (6). 

To assure that proper air temperatures were determined, the 
thermocouples were placed some distance away from the cylinder 


but at the same height as the cylinder. 
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RESULTS AND DiscussION 


The results of tests on the rotating cylinders are shown in Figs. 
5 through 15. 

Figs. 5 and 6 give the plots of Nusselt number against the 
product of AS, with (D*p*g)/u? and V2/Dg kept constant. For 
each different constant value of (D*%p*g)/u? and V*/Dg there re- 
sults a different value of Nusselt number. The family of hori- 
zontal, parallel lines thus obtained indicate that A has no effect 
on Nusselt number. This is shown to be true when the physical 
properties are obtained by using the film temperatures as well as 
the bulk-air temperatures. 
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Figs. 7 and 8 are plots of Nusselt number versus (D*p*g)/,3, 
with V?/Dg and A@ kept constant. A family of parallel, straight 
lines is indicated when plots are made for different constant values 
of V?/Dg and Af. The slope of these lines is equal to 0.35 and 
the relationship between Nusselt’s number and the parameter 
(D*p*g)/u?, for both film and bulk temperatures, may be ex- 
pressed by equation 

Nu = 

Nusselt number is plotted against the parameter V*/Dg, with 
the other parameters kept constant, in Figs. 9 and 10. The re- 
sulting curves indicate that the slope of the lines is not constant 
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throughout the range. It increases as the rotational speed in- hD ( V2 
creases, but at a certain critical value of V2/Dg the slope stabil- al pu? Dg 
izes and becomes constant and equal to 0.35. 

For the major portion of the curves, and for both film and bulk and combining the two parameters on the right-hand side of the 
properties, the relationship between Nusselt number and V*/Dg foregoing equation, we get 
may be expressed by 

Nu CL V2/Dgy-* = 

Thus for rotational speeds above the critical V?/Dg, Equation Nusselt number is plotted against Reynolds number in Figs. 11 

8) may be rewritten as A and 12. These curves indicate that up to a certain value of 
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Reynolds number the Nusselt number is constant and approxi- 
mates the value of a stationary cylinder. As the Reynolds num- 
ber increases the Nusselt number increases. Up to a Reynolds 
number of approximately 15,000, both free convection and the con- 
vection due to rotation influence the value of the Nusselt number. 
Above this number, free convection becomes relatively unimpor- 
tant and only the speed of rotation affects the Nusselt number. 
For Reynolds numbers above 15,000, within the range of tem- 
peratures used in these experiments, Nusselt number may be 
computed from the equation 


Nu = 0.073(Re)-”................. [10] 


This relationship applies equally well to both film and bulk 
properties. Consistency must be observed, however, when the 
equation is used. 

In the region where the curves overlap, the present curve, as in- 
dicated in Fig. 11, agrees closely with the theoretical curve of An- 
derson and Saunders and the experimental curve of Etemad. 

A straight-line plot for the region in which Nusselt number is 
influenced by rotation is given in Figs. 13 and 14. In this plot 
Nusselt number is drawn against the empirical parameter (0.5 
Re? + Gr). It should be noted that this parameter includes the 
effect of rotation as well as free convection. For both film and 
bulk properties, Nusselt number may be computed from 


Nu = 0.095(0.5 Re* + Gr)-* 


The region of Reynolds numbers between 0 and 2500 was in- 
vestigated by the use of titanium tetrachloride. Fig. 15 shows 
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the smoke pattern for four different Reynolds numbers. In Fig. 
15(a) the smoke pattern of a stationary, heated cylinder is indi- 
cated. It is noted that the smoke rises in a normally expected 
manner. Fig. 15(b, c, and d) were taken when the cylinder 
was rotating in a clockwise direction. It is seen, that, as the speed 


in 


of rotation increases, the breakaway point shifts in the direction _ 


of rotation until a tangential point is reached. These photographs — 
indicate that the rotating cylinder opposes the free-convection © 


currents on the downward moving side and aids on the upward 


moving side. The net effect of this, in the low regions of Reynolds 
numbers, is to keep the heat-transfer coefficient the same as for 
the stationary cylinder. Above the critical value of Reynolds 
number, turbulence is indicated around the cylinder and an in- 
crease in rotation increases the coefficient. eal ie 


CONCLUSIONS 


the following conclusions: 


1 When a heated cylinder is rotated in air, the heat-transfer 
(a) in 
a region where its value does not change with speed of rotation; (6) 


coefficient may be located in one of three distinct regions: 


is influenced by both speed and free convection; and (c) a region — 
where its value is proportional only to the speed of rotation. : 
2 Within the limits of temperatures used in the tests and for 


The results of the investigation reported in this p: wer er lead to 


Reynolds numbers larger than 15,000, the heat-transfer coeffi- a. 


cients may be computed from 
Nu = 0.073(Re).? 
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3 The entire region in which the heat-transfer coefficient is in- 
fluenced by rotation may be expressed by equation 
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Experimental Study ot the Velocity and 


Temperature Distribution in a High- 
Velocity Vortex-Type Flow 


le 
The vortex tube represents a simple device in which a 
laboratory in an attempt to obtain a better undertstanding 
of such flows. Such an investigation has been pursued in 
sota. The present paper summarizes the major results of 

this vortex-tube investigation. 

INTRODUCTION 
T IS well known that a high-velocity gas flow over a flat 4 
separates the flow into a region of low total temperature 
the free stream. Other rectilinear motions also demonstrate 
such a separation of the flow into regions of low and high total 
be much more pronounced in vortex motion than in rectilinear 
flows. Evidence of the marked separating effect of vortex flow is 
on the rear portion of a cylinder in a high-velocity air flow normal 
_ to the cylinder axis (3, 5).‘ 
~ effect of vortex flow is the so-called vortex tube, first patented by 
George Ranque in 1931, and introduced into the United States 
Fig. 1, in which compressed air is introduced and expanded in 
nozzles which are directed tangentially to the tube surface 
a 4 tube; the opening at the nozzle cross section removes the air from 
the central region, while at the far end of the tube the air is dis- 


particular type of vortex motion may be studied in the 
the Heat Transfer Laboratory of the University of Minne- 

] near the surface and a high total temperature out toward 
temperatures. Such an energy separation has been found to 
found in experiments showing very low recovery temperature 
Another device which vividly demonstrates this separation 
in 1945. This device consists of a simple tube, such as shown in 
This air is then discharged through openings on both ends of the 
: charged from the outer layers. The air leaving the central 


orifice is found to be at a considerably lower total temperature 


than the air entering the tube, while the air leaving the far end 
of the tube is at a higher total temperature than the inlet air. 


Test AyPARATUS AND PROCEDURE 


The primary consideration in the design of the vortex tube was 
the establishment of a well-defined vortex in a tube of sufficient 
diameter to allow the insertion of probes without causing a major 
disturbance of the flow. In addition, it was felt that the tube 
should be transparent to allow flow-visualization studies. As a 
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consequence, a 3-in-diam plexiglas tube of 30-in. length was 
selected, Figs. 1 and 2. The manifold section, into which the 
compressed air flows, is fabricated of transparent plastic. Eight 
nozzles of #/s-in. diam equally spaced around the circumference 
of the tube and rounded at their entrance direct this compressed 
air tangentially into the main vortex tube. Adjacent to this | 
nozzle cross section fhe so-called “cold-end’’ orifice section is 
located and is so constructed that various size orifices can be 
inserted from 0 in. (completely closed) up to 1 in. diam. For 
the experiments described in this paper the “cold end’’ was com- 
pletely closed by a diaphragm, as shown in Fig. 2. At the other 
end of the 30-in-long tube a 60-deg cone-shaped valve is located. 
This geometry was chosen to preserve flow symmetry, and with 
the noted exceptions this is the valve used throughout the test 
program reported herein. The only structural] parts penetrating 
the air stream as it leaves the vortex tube are the rectangular 
cross sections which are part of the valve holder. In all tests the 
valve was opened to a position indicated in Fig. 2. 
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The objective of the research program was to obtaih a de- See AORN 


tailed knowledge of the temperature and flow fields in a vortex- 
type flow. The study was restricted to a vortex which is gener- 
ated at the nozzle cross section and proceeds in one main direc- 
tion down the tube to be discharged through the exit at the far 
end of the tube. To express it another way, the cold-end orifice 
was completely closed during the present study. After collecting 
extensive data with the cone-valve-exit geometry, other exit 
configurations were investigated to determine the influence of this 
boundary condition on the flow field. 

The measurement of the temperature and pressure distribution 
in a vortex-type flow presents many experimental difficulties. 
These have been discussed, and the resulting probes for measuring 
static and total pressures, total temperatures, and flow angles 
have been described in detail (1, 2). As shown in Fig. 1, open- 
ing ports for inserting such measuring probes are located at 
five axial positions along the tube. The vortex-flow measure- 
ments were made at the Rosemount Aeronautical Laboratories 
of the University of Minnesota where large quantities of clean 
dry compressed air are available. A calibrated venturi meter 
arranged upstream of the vortex tube measured the flow rates of 
the air. After leaving the venturi meter, the air then passed 
through the vortex tube to be finally discharged into a room 
with 70 to 80 F temperature. 

The experimental program was initiated by flow-visualization 
studies using wool tufts supported on a fine wire. These studies x 
indicated a negligible radial-velocity component throughout * VELOCITY 
the entire tube. Quantitative measurements were then obtained e Bt 7 
for an inlet pressure of 10 psig maintaining the same exit-valve ate ve 000 025 050 075 100 125 =o 
opening as shown in Fig. 2. The yaw probe was first inserted _ 
into the tube and measurements of the velocity-vector orienta- Be rte DISTANCE FROM CENTER (iNCHES) 
tion were made at various radial positions and at the axial planes Fig. 5 Cancutarep VeLocity AND STATIC TEMPERATURES FOR 20- 
noted in Fig. 3. The calibrated temperature and pressure probes Psic InLet Pressures (Section A) 
could then be aligned properly in the flow field when making their 
respective readings. maintaining the same exit opening shown in Fig. 2. To complete 

On completion of the runs with 10 psig inlet pressure, addi- the program, measurements were made at 10 psig inlet pressure 
tional data were obtained for inlet pressures of 15 and 20 psig, with two other exit geometries. One geometry was an orifice 


Fic. 4 Pressures anpD TEMPERATURES FOR 20-Psic INLET 
Pressure (Section A) 


TEMPERATURE - DEGREES RANKINE 


VELOCITY ( FISEC) 


(T,-T,) 


* 


| 
& wi 
19 
- 
it 
7 


as the cone-shaped valve. 


MAY, 1957 © 


46 


44 


TOTAL PRI R 
42 OTAL ESSURE 


STATIC PRESSURE 


40 


OLUTE) 


38 


36 


34 


MERCURY AB 


32 


30 


28+ 


26 


24 


(Ty-T,) TEMPERATURE - DEGREES RANKINE 


PRESSURE (INCHES OF 


22 


° 


20 


18 


-~20 
125 150 


(INCHES) 


O75 
FROM 


100 
CENTER 


000 
DISTANCE 


Fic. 6 Pressures anp Tota, TEMPERATURES FOR 20-Psic INLET 
Pressure (Section C) 
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7 VeLocity anp Sratic TemMPERATURES FOR 20- 
Pressure (Section C) 


opening of 1.5 in. diam which gives approximately the same area 
The third geometry was a 60-deg 
nozzle with a 1.5-in-diam exit. 


REsULTS 


Experimental results were obtained with the geometry shown 
in Fig. 2 for inlet pressures of 10, 15, and 20 psig. Measured 
quantities obtained at several cross sections along the tube are 
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flow angle, total pressures, static pressures, and total temper- 
atures. The flow angle, or more specifically the velocity vector, 
is shown in Fig. 3 and is found to be quite insensitive to changes 
in inlet pressure over the range tested. The figure shows that 
the flow moves in an axial direction toward the discharge value 
(flow angle less than 90 deg) in the outer regions of the flow near 
the tube wall. In the flow region in the vicinity of 0.75 in. 
radius the measurements indicate a flow in the reverse direction, 
moving from the cone-valve end of the tube toward the nozzle 
cross section. Inside a radius of 0.5 in. no data are shown since 
the indication of the probe in this region where it is essentially 
positioned in its own wake is very erratic. As will be demon- 
strated, however, the region of principal interest lies outside this 
inner core. 

The local measurements of total pressure P,, static pressure P,, 
and total temperature 7',, obtained with the appropriate probes 
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presented in Figs. 4, 6, and 8 for an inlet pressure of 20 psig. The i i 
measurements were made at three cross sections along the tube SECTION A 
identified in Fig. 1 as sections A, C, and E. The major por- | a : a 
- tion of the measurements is again outside the radius of 0.5 in. 1 
_ where the data are considered to be reliable. In these figures it is ean! i 
apparent that the larger velocities and temperature gradients 
occur in the outer regions of the flow. The separation of the flow 
into regions of high energy (high total temperature) and low 
energy is obvious in these figures which demonstrate that the 
total temperature is a minimum in the central region. At section 
A the central region shows a total temperature approximately 
75 F lower than the entrance value. (The figures present 
_ the temperature depression expressed as the difference between 
the manifold temperature and the local temperature 7',, — T',, 
and this is a maximum at the center.) It is of interest that the 
entire flow, with the exception of a small outer annular ring, is at 
a total temperature lower than the inlet temperature, 7. It is 
obvious from an energy-balance standpoint that the deficiency 
of total temperature must be balanced by an excess of total tem- 
perature and this excess is found to be concentrated in a narrow 
annulus adjacent to the tube wall. As the flow moves down the 
- tube from section A to section E, it is noteworthy that the ‘‘sepa- 
 ration’’ effect decreases from a deficiency of 75 F at section A to 
65 F at section C, and finally to 40 F at the test station E. 

The velocity and static temperature 7, may be calculated 
from the measured results and these are shown in Figs. 5, 7, and 
9. The static-temperature variation across the tube is seen to be 
considerably smaller than that found for the total temperature, CaucuLaTep VELOcITY FOR 20-Psic INLET Pressure 
being approximately 50 F at section A as compared with 
80 F difference in total temperature. The static-temperature 
difference across the tube is seen to decrease as the exit is 
approached. 

The velocity shown in Figs. 5, 7, and 9 represents the magni- 
tude of the velocity vector. With the information contained in 
Fig. 3 it is possible to resolve the velocity into axial and tangen- 
tial-velocity components, arriving at the result shown in Figs. 
10 and 11. The significant information found in Fig. 10 is the 
fact that the predominant axial velocity is concentrated in an 
annular region adjacent to the wall, while in the interior of the 
flow the axial velocities are small. In fact at a radius of approxi- 
mately 0.75 in. a small reverse flow is indicated. 

With the axial and tangential velocities several checks on the 
consistency of the experimental data are possible. The local 
values of the density p as determined by the local static pressures 
and temperatures may be used in conjunction with the axial 
velocity to determine by integration the mass-flow rate down _ © a 
the tube and these values may be compared with the values ss * CALCULATED FROM >> 
measured at the venturi meter (Table 1). he * CALCULATED FROM R,R.,T, 
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TABLE 1 MASS-FLOW BALANCE 
Section Venturi, lbu/sec Integrated lbm/sec Error, per cent DISTANCE FROM CENTER (INCHES) 


10 Psig Inlet Pressure Fic. 11 VeLocrry ror 20-Psic 
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TABLE 2 ENERGY BALANCE 

i 300 Section Venturi, Btu/see Integrated, Btu/sec Error, per cent 
10 Psig Inlet Pressure 

20 Psig Inlet Pressure 2. 


@eucn 


Nan 


The integrated profiles generally agree within 5 per cent with 
the measured values with a maximum departure of 8.7 per cent. 
Similarly an energy-flow balance may be performed in which 
the product of the venturi measured flow rate, the — heat, 


> 
a 
Par 
ys 
0.294 
0.369 
0.366 
0.381 
0.471 
0.471 
0.503 
48.3 45.1 —6.6 
48.3 51.1 5.8 
20 Psig Inlet Pressure 
60.1 
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_ and the manifold temperature 7’,, is compared with the integrated 
energy flow at the several cross sections of the tube (Table 2). 
The energy balances agree within 7.8 per cent. One further 
check on the results can be obtained from a force balance on a 
fluid particle which relates the static pressure to the tangential 
velocity by the expression els. 
or p r 


- ‘The tangential velocity » may thus be calculated from the 
static-pressure distribution by the relationship 


v = V [(r/p) (aP,/dr)] 


The results of such a calculation are shown in Fig. 11 for 20-psig 
inlet pressure, where it is apparent that such a calculation agrees 
with the tangential velocity calculated from the pressures, tem- 
peratures, and flow angle. Similar calculations have been carried 
out for other pressures and location and good agreement also 
was found. In the interest of space economy they will not be 
shown here. 
An interesting result is obtained by comparing the maximum 
_ difference in total temperature encountered at 20-psig inlet 
pressure with the difference in total temperature encountered in a 
boundary layer on a flat plate in a flow with a velocity equal to 
the maximum velocity within the vortex tube. At section A the 
largest difference in total temperature is 80 F. In a laminar 
_ boundary layer in an air stream of 800 fps and 80 F temperature 
over a flat plate the largest total temperature difference is 11 deg 
F, and in a turbulent boundary layer 7 F. The energy sep- 
aration in a boundary layer is apparently much smaller than in 
vortex flow. On the other hand, experiments (3, 5) on a cylinder 
jn cross flow indicated wall temperatures in the downstream 
_ portion which were lower than the static temperature in the 
- oncoming stream. In this case, the separation effect is of the 
game order as in the vortex tube. 
7 The exit geometry was found to have considerable effect on the 
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flow conditions within the tube and some evidence of this will be 
discussed shortly. In light of this it is felt that more detailed 
information on the conditions along the cone-valve surface would 
be of value. Accordingly, several pressure taps were installed 
along the cone surface yielding the results shown in Fig. 12 for the 
20-psig inlet pressure. The pressure rises along the surface of the 
cone valve, starting from the low pressures at the center line 
and ultimately attaining the outside ambient pressure. It is 
expected from this figure that backward flow occurs within the 
boundary layer on the cone surface due to the existence of a pres- 
sure that increases along the surface. 

The effect of varying the exit conditions on the flow distribution 
may be seen in Fig. 13 where pressure and temperature distribu- 
tion for the 60-deg nozzle and the 60-Jeg cone valve are com- — 
pared. 
decreased from a value of 0.294 lby/sec with the cone valve to 
0.250 Ibu /sec with the 60 deg nozzle with the same inlet pressure. _ 
This is obviously due to the contraction at the nozzle exit. The | 
measured pressures are higher near the wall and throughout 
the entire cross section for the nozzle exit. The total temperature 
is seen to reach a much lower value in the central region for the 
cone valve. Although not shown, the axial-velocity distribution 
is quite similar for the two exit geometries, but a marked difference _ 
in the tangential velocities is apparent. 

Limited data were obtained with a simple orifice opening at the 
exit (1). The static and total pressure distribution somewhat 
resemble those described for the 60-deg nozzle, but the total | 
temperature profile is quite different. It is therefore apparent 
that the influence of the exit boundary condition is felt through- 


out the entire flow field. 
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ANALYTICAL CONSIDERATION OF ENERGY nok 


In the steady flow of a fluid without viscosity and heat con- 
ductivity there is obviously no possibility for an energy transfer 
from one stream tube to another since the pressure forces can 
deliver no work. Consequently, the total energy, or in gases the 
total temperature, remains constant when initially constant. 
The situation is different in fluids with viscosity and conductivity 
even when there is no energy flow through walls. For example, 
in the boundary layer on an insulated flat plate in a high-velocity 
gas flow the gas near the wall will have a lower total temperature 
(lower total energy) than the oncoming free stream, while the 
flow out away from the wall will be at a higher total temperature 
than the free stream. Many other rectilinear motions exhibit 
such an energy separation. It is felt that a study of this energy 
separation in such flows may well throw some light on the results 
observed in the vortex tube. For this reason a few examples 
will be presented herein, assuming incompressible flow: 


ENERGY SEPARATION 


COUETTE FLOW: |CHANNEL FLOW: SOLID ROTATION 


LAMINAR 

2c, 

TURBULENT (IN GAS): 


Te 


2c, 


2c, 


Fie. 14 Exampies or ENeRGY SEPARATION IN FLows 

1 Couette Flow. A simple type of rectilinear motion is that 

exhibited in Couette flow, as shown in Fig. 14. Straightforward 

- integration of the energy equation is possible for the case where the 

wall at y = 0 is kept adiabatic and that at y = L is held ata 

temperature 7. The resulting total temperature distribution 
(T, = T + u*/2c,) may be expressed as follows 


ui? /2c, 
Therefore in such a Couette flow, the total temperature would 
be constant if the Prandtl number is unity, but for any other 
value an energy “‘separation’’ occurs. 
2 Laminar Flow in a Tube, Poiseuille Flow. The total tem- 
perature distribution for a fluid in laminar flow in a circular 
tube with the walls adiabatic may be obtained on solution of the 


energy equation 
kd ( oT 
= — — r — 
r Or or 


After inserting the parabolic-velocity-distribution expression 
‘for u the following static temperature distribution results 


The final result for the total temperature may be given in terms 
of the center-line velocity u, 


We again find that for Pr = 1 the total temperature is con- 
stant across the tube. The same expression results for the case 
of laminar flow between parallel walls. 

3 Solid-Body Rotation. A simple example of rotating flow is 
laminar solid-body rotation. The velocity distribution varies 
in this case linearly with the radius 


Since there are no shearing stresses present in the assumed 
flow, the energy equation becomes 


: ( 
r 
or 
Imposing the following boundary conditions 


at 


oT 
at 


r=R ) 


we obtain the solution that 7 = 7, everywhere in the flow. 
Therefore there is no heat flow across the wall surface. The re- 


Here we find an important difference from the cases of recti- 
linear flows, namely, that the “separation’’ effect is independent 
of the Prandtl modulus, i.e., we get a variation in total tempera- 
ture even for a Prandtl number of unity. Thus, for gases with a 
Prandtl number close to unity, such a “separation”’ is expected to 
be small for rectilinear flows; but if a rotation is superimposed, it 
would appear that considerable variation in total temperature 
could be established. It is obvious that the central total tem- 
peratures are the lowest in the tube, a situation analogous to that 
found in the vortex tube. This occurrence of low total temper- 
atures in the core region for the solid-rotation case differs from 
the channel and tube-flow cases, where the highest total tem- 
perature occurs in the central region for flow of air (Pr = 0.72). 

4 Poiseuille Flow With Rotation Superimposed. Consider the 
established laminar incompressible flow of a fluid through a 
cylindrical tube, but with the tube being rotated with a velocity 
»,. This is essentially a superposition of Cases 2 and 3. For 

avier-Stokes equations reduce to 


where v is the tangential velocity and wu is the axial velocity in the 
direction z. The boundary conditions imposed on v and u are 


‘om 4 
| 
> — = I hen re 
| to the wall becomes 
op 
or 
(+ ) 2] - dr? + r dr ox 
e 


5 Turbulent Flow, Vortex Motion. It is hypothesized (4, 6, 
7) that the equilibrium temperature distribution in a highly 
turbulent gas flow in which pressure gradients exist normal to 
u = 2u,,(1 — (r/R)?] ) the flow direction should correspond to an isentropic variation 
with pressure; that is, if a small mass of fluid at temperature 
v = v,(r/R) > 
by —T; and pressure P,, moves to a new position where the pressure is 
: : P.2 the small mass will take up a temperature 7, which is given by 


The following boundary conditions may be imposed — : ~ 
the temperature of the fluid already at the new position corre- 
T sa sponds to this temperature’ 72, no heat transfer will occur; but if 
a ling 0 at r=0 it is different, then a heat transfer will result and tend to establish 
a, te [13] the temperature 72. This is essentially the condition existing 
in the atmosphere with strong turbulent mixing. 
or — If we accept this hypothesis and consider a turbulent rotating 


an flow with solid-body rotation satisfying the necessary force bal- 
a ance, we arrive at the following expression for the total tem- 


Suu ( “2 uC, r \? ]2 perature difference between the center line and the wall positions 
pe, ht? 2c, k 


. 


The energy equation for this case is 


or r Or 


or 


‘The solution is precisely that given for pipe flow, Case 2 


7: 2/ 
If the static temperature 7’ is converted to the total temper- v,?/2c, 
‘ature and is made dimensionless, using the center-line axial ve- 
locity u,, the following equation results 


Even when it is realized that the foregoing model makes some 
; severe assumptions it is felt that it throws light on the vortex- 
T.— E ( r\2 tube study. Equation [16] indicates a greater separation effect 


aa = [1 — Pr] : - in turbulent rotational flow than in laminar rotating flow. The 
value of the dimensionless parameter on the left-hand side of Equa- 


an — tion [16], if »:? is taken to be the maximum velocity in the vortex 

tube, turns out to be from 1.3 to 1.8 in the experimental investi- 

hap gation, a value higher than predicted for laminar flow, but lower 

than predicted in turbulent flow. The axial velocity apparently 

_ keeps the value below the maximum attainable, as was mentioned 

earlier. Another point of correspondence between the turbulent- 

flow model and experimental investigation is the experimental 

evidence of a static temperature gradient across the flow in the 

outer regions which more closely approximates that assumed in 
the turbulent case than in the laminar calculation. 
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DIMENSIONLESS RATIO~r/R 


Fie. 15 Torat Temperature Disrripution Porsevitte FLow 
a Rotatine Circutar TuBe (PR = 0.7) 


specific heat at constant pressure, Btu/lbu deg F 

thermal conductivity, Btu/hr ft deg F 

characteristic length, ft, identified in Fig. 14 

static pressure, lbr/ft? 

total pressure, Ibr/ft* 

local radius, ft 

total radius of tube, ft 

static temperature, deg R 

total temperature in inlet manifold, deg 
total temperature, deg R \ pare : 
total temperature at radius R, deg R, ide »ntified in Fig. 14 
total temperature at center, deg R, identified in Fig. 14 ; 
total temperature at the wall, deg R, identified in Fig. 14 7 : 
local velocity in the x direction, ft/sec 7 


The result is shown in Fig. 15 for several values of the parameter 
-(v,/u,) and for a Prandtl number of 0.7. Here it is plainly indi- 
cated that the superimposing of a rotational velocity on the nor- 
‘mal Poiseuille flow creates lower total temperatures in the core 
of the flow, the effect becoming larger with increasing rotation. 
Since extremely large ratios of circumferential to axial velocity 
occur within the vortex tube, one would predict very low total 
temperatures in the core regions. The axial component of ve- 
locity prevents this separation from ever reaching the value ob- 
tainable with pure rotation. 


. 


mean velocity in the z direction, ft/sec 
velocity in the z direction calculated at the centerline 
position, ft/sec 
velocity in the tangential direction, ft/sec 
tangential velocity at the radius R, ft/sec, identified in 
Fig. 14 
co-ordinate in main flow direction, ft 
co-ordinate normal to main flow direction, ft 7 
mass density, lbw /ft® 
viscosity, by /hr ft = 
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Electric Analogy to Heat Conduction 


he 


The one-dimensional, heat-conduction equation with 
melting at one boundary is transformed to a form suitable 
for simulation on an analog computer. The transformed 
equation is identical with the heat-conduction equation 
with internal heat generation and a nonmelting bound- 
ary. This allows simulation of the melting process con- 
tinuously with time rather than stepwise, and the number 
of “cells” in the heat-conduction-circuit analog remains 

- constant throughout the solution. 


By D. R. OTIS,' SAN DIEGO, CALIF. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


slab thickness, ft 

length of electric wire, ft 

specific heat, Btu/lb deg F 

capacitance per cell, microfarads 

capacitance per foot, microfarads/ft 

defined by Equation [37], volts 

potential in the ideal electrical system, volts 

E/E wax, dimensionless 

defined by Equation [32], volts 

potential of nth cell, volis 

defined by Equation [31], volts 

current leakage from nth cell, microamps 

current leakage per foot, microamps/ft 

thermal conductivity, Btu ft/sq ft sec deg F 

heat of fusion, Btu/lb 

designates the nth cell (n = 0,1,....1 N) 7 

b/Ay, dimensionless 

heat flux at z = a, Btu/sq ft sec 

heat flux at z = s, Btu/sq ft sec 

resistance per cell, megohms 

scaling resistance, megohms 

scaling resistance, megohms 

scaling resistance (n = 0, 1,.. 

scaling resistance 

resistance per foot, megohms/ft 

position of the melting surface, s(t), ft 

time in thermal system, sec 

defined by Equation [9], dimensionless 

temperature, deg F 

melting temperature, deg F 

initial temperature, deg F 

defined by Equation [10], dimensionless 

length co-ordinate, ft 

defined by Equation [7], dimensionless 
= length co-ordinate, ft v 

y = y/b, dimensionless sol 
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_ mony to the difficulty of the melting problem. 


referred to as the ‘‘active network” and the ‘“‘passive network.” 


ing the Melting Problem Using the mn 


me: 


= thermal diffusivity, sq ft/sec 
density, pef 
variable of integration, sec b 


computing time, sec 


. a 
= T/Tmax, dimensionless 7 


incremental length, ft 
A, /b, dimensionless 
The subscript “‘max” is associated with constant scaling factors 
which are chosen arbitrarily to suit the physical problem and the 
computing equipment. 


INTRODUCTION 


The scarcity of solutions reported in the literature lends testi- 
Several rather 
restricted solutions are presented by Carslaw and Jaeger (1).? 


_ The equations were formulated in a very general form by Landau 


(2) who gave analytic solutions for several limiting cases and a 
numerical solution for the case of a semi-infinite slab heated by 
a constant heat flux. The assumptions required in these solu- 
tions often proved to be too restrictive, and the need for a more 
general method of solution became evident. A circuit was de- 
veloped at Convair, San Diego, for simulating the melting prob- 


lem using the analogy between the flow of heat and the flow of 
electric current. 


The circuit simulated a slab of finite thickness 
with variable thermal properties, and melting could occur at one 
surface. The boundary conditions were completely general 
being limited only by the equipment available to simulate them. 
The system used to simulate the variation in thermal properties 
has been reported elsewhere (3), and this paper is concerned 
with the method of handling the melting-boundary condition. 
There are two distinct methods for simulating heat-conduction 
problems, and these methods utilize circuits which are sometimes 


With the active network, the heat-conduction equation is ap- 


_ proximated by a set of ordinary differential equations which are 


solved using an electronic differential analyzer (4). With the 
passive network, use is made of the analogy between the flow of 
electric current and the conduction of heat (5). This paper is 
concerned with a “passive network.” 

Usually when one thinks of simulating the melting problem 
by electric analogy, it is thought that the electric circuit must 


. consist of many “cells” (each cell corresponding to some thick- 
ness of the heated material) in which the melting is represented 


by removing cells from the circuit as the melting proceeds. This 


- would require a system of relays and associated equipment, 
and would result in a stepwise approximation to the melting proc- 


ess. The method presented in this paper solves the melting 
problem not by removing cells, but by mathematically shrinking 
the co-ordinate system as melting occurs during the solution to 
the problem. The advantages of this method are twofold: 
(a) A minimum number of cells is required since their number 
will be constant throughout the solution; and (b) the melting 
process is represented continuously with time rather than step- 
wise. 


2 Numbers in parent cece refer 8 refer to the the Bibliography at the end of 


the paper. 
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a ANALYSIS : heat removal). With the moving boundary eliminated from 


the boundary conditions, the problem is reduced to that of solv- 
ing the heat-conduction equation for a nonmelting solid with 
internal heat absorption. 

The Electrical-Circuit Equation. Imagine an electric wire 
with a series resistance of R’ megohms per foot, a shunt-current 
leakage of I’ microamperes per foot and a shunt capacitance of | 
C’ microfarads per foot. For such a system, an equation can 
_ The boundary conditions considered in this paper are be derived for the potential at any point along the wire, and at 

usd T=T, s(t) = 0.. any time, by applying Kirchoff’s first law to an infinitesimal seg- 
ment of the wire. This is nothing more than a special case of 
“the telegrapher’s equation’ (6) where the series inductance 
of the wire is zero, and the equation can be written as follows 


oE 


The Heat-Conduction Equation. The heat-conduction equation 
for one-dimensional heat flow in rectangular co-ordinates with 
constant thermal properties and no heat source is 


Aste 


_ The functions q, and q, represent the heat fluxes at the boundaries, |The analog circuit is arranged to satisfy the following boundary 
and no restrictions will be imposed upon these quantities. The conditions 
position of the heated surface is represented by s(¢) and can only Fas a 
pe determined with the following specification ie a 


ds 
wh T,, 
dt en r=8 


“ >0 when 7,-,=T, 
By introducing the dimensionless variables 
_ The temperature of the melting surface cannot exceed 7. 
Following a procedure similar to that of Landau (2), the moving 
boundary can be eliminated by introducing a new dimensionless 
variable defined by 


Equation [15] and the Boundary Conditions [16], [17], and [18] 
become 


ot (a—s)? Ox? a—s dt Ox 
In order that the variable coefficient be eliminated from the first 7 Tmax OF Tmax Pig 


term on the right-hand side of Equation [8], a new dimensionless 7  BR’C’ os? 
variable is introduced which is defined by 


a’ t d 
0 (a — 8) 


1 
bR’ 

Conditions of Similarity. It is easily seen that Equations [11] 
and [22] are of identical form, and so are their corresponding 
boundary conditions. The two equations can be related by 


OT _ 
ol ox? 


ds 
di 
Emax 


The foregoing conditions require that the boundary conditions be 
related as follows 


__ where the last term represents a distributed heat sink (since the 
temperature gradient is negative the last term corresponds to 


: 
- 
Or q 
= () R’ ou = R. + 
OE E, E = 
a 
Equation [1] becomes 
4 for So that the dependent variable also will be dimensionless, the 
following equation defines a new temperature variable 
Equation [1] « tten as follows 
Tn—T. 2 a’? 
cit. _ Now Equation [11] is simply the equation for heat conduction 
| 


— To) Ltmax(a — 8)? 


a—s 


k(T,, — Te) 


Using Equations [26] through [33], a solution to Equation [22] 
can be interpreted as a soiution to Equation [11]. Therefore, 
the problem is now resolved to one of finding a means for solving 
Equation [22]. 


Tue ANALOG CircuiT 


The equation for the idealized electrical system can be instru- 
mented approximately using the so-called “lumped constant” 
circuit which is shown in Fig. 1. The wire is divided into sec- 
tions of length Ay; the resistance, capacitance, and shunt-current 
leakage for these sections are “lumped” such that 


The circuitry associated with each section of wire is called a “cell.” 
~The number of cells in the circuit is given by N + 1. 


Now the question arises as to how one can supply all the 
necessary voltages and choose the circuit constants for this 
lumped constant circuit, and this will be discussed in the follow- 
; ing sections. 
Definition of Rand C. R and C are determined by combining 
Equations [29], [34], and [35] obtaining 


The choice of 2 and C is somewhat arbitrary, since it is only neces- 
sary that the product satisfy Equation [37]. 

The Boundary Conditions. The condition for zero time is 
easily satisfied by requiring that all capacitors be discharged 
initially. This requires some sort of switching system to dis- 
charge the capacitors after each run. 

; The voltages EF, and E, (which correspond to the heat fluxes) 
are obtained from Equations [31] and [33] with the aid of Equa- 
tion [34] 
Ra 8) 
NRkK(T,, — 
— s) 

+ — Te) 


Let it be that the voltages will be supplied 
for E,and £, 


where the subscript ‘“‘max”’ refers to arbitrarily chosen constants. 
These two equations then define R, and R, for, by substitution of 
Equation [40] into [38] and Equation [41] into [39], one obtains 
NRKT,, — To) 

smax 


_ NRKT, 


R, = 


The instrumentation of Equation [40] is shown in Fig. 2.2 The 
function generator generates the arbitrary heat-flux function, 
and the input to the function generator can be driven by a voltage 
which is a function of time, or surface temperature, or both. 
The output of the function generator is then multiplied by the 
factor (a — s)/a (which is yet to be discussed) and added to 
Es = 0 giving the desired voltage for application to the lumped 
constant circuit. The same procedure is used in obtaining Z,. 

Relating Real Time and Machine Time. Real time is related 


to the transformed time by Equation [9] which can be rewritten 


as 


tm tue ( 


The transformed time is related to machine time by Equations 
{20} and [27], and this relationship is 


POTENTIOMETER 


MULTIPLIER 


In order to obtain real time from machine time an integration 
is required, and the circuit is shown in Fig. 3. The output of this 
circuit is used to drive the X-co-ordinate of the plotting board so 
that the results can be plotted directly as a function of real time. 
It also is used to drive function generators for time-dependent 
boundary conditions. 

Definition of Ey. The voltage EF, is related to the rate of melt- 
ing and to the position of the melting surface. These are both 


3 Analog computing techniques are described in reference (7). 
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unknowns. In fact, it is the rate of melting and the position of 
the melting surface that are desired as the solution to the problem. 
E, is fixed by the requirement that the temperature can never 
exceed the melting temperature. A voltage limiter is connected 
to the first cell of the circuit to limit the maximum voltage to a 
value corresponding to the melting temperature (E = 1). This 
circuit is shown in Fig. 4. 

At this point, it would be well to point out a difference between 
Figs. 1 and 4. In Fig. 1, one terminal of each capacitor is con- 
nected to ground. In Fig. 4, one end of the capacitor for the first 
cell is connected to the grid of a high gain d-c amplifier. The 
feedback on the amplifier is a capacitor equal in size to the one 
in the circuit shown in Fig. 1. This simply provides a means of 
obtaining the voltages at each cell without influencing the be- 
havior of the cell. The grid of the amplifier is effectively at 
ground potential (within a few millivolts), so for all practical pur- 
poses the lower end of the capacitor is grounded. The output 
of the amplifier then reads the negative of the voltage of the first 
cell. This same system is used for all of the cells. 

Returning to Fig. 4, so long as Ey < Emax then EF, is equal to 
E, and no current flows through R;. When Eo = Emax the limiter 
circuit regulates the value of EZ, so that Ep will not exceed Emax. 
The effectiveness of this circuit is determined by the sharpness 
of the limit on amplifier 1 and the gain of amplifier 2. The higher 
the gain of the regulating amplifier the better is the regulation, 
but it was found that for gains greater than 100 the circuit tended 
to become unstable. 

The output of the regulating amplifier is quite important since 
it is a measure of the rate of melting. Also, the integral of 
the rate of melting with respect to time gives the position of the 
melting surface. From Equations [19], [32], and [34] the out- 
put of the regulating amplifier is an 


—E, + E5=<0 = —E,+ 


WR acy 


NR Tm~To) ax 


CINITAL CONDITION 


Fie. 5 


R yal Tmax a 
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hack The circuit shown in Fig. 5 solves this equation for (a — s)/a 


which is the fraction of the slab that is unmelted. This output 
is plotted versus real time and represents part of the problem 
solution, and it is also used simultaneously as an input to the 
circuit shown in Fig. 2. 

Current Sources. The voltages e, e:, .... ey are determined 
from Equations [30] and [36] where 


e, — E, 


1 (n/N) ds 
max 1 — (n/N) ds 
RN max di oF 


First of all, it is necessary to make some approximation for the 
potential gradient (0£/d9). The following approximations were 


— 
2A5 


N 
= > (Bon — (52) 


It would be difficult to defend the approximation for n = 0, 
and no attempt will be made to do so. It was always intended 
that this would be improved; however, the pressing nature of 
the problem and the agreement with the check solutions dis- 
couraged further refinement. 

Using the foregoing approximations for the gradients, the 

For n = 0 tas 


Then 
e, — E, 
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Forn = 1,2,....N—1 
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For n = N’ 


Equation [56] means that no current source is required on the 
last cell. 


Now let it be required that the following ‘voltages will be 
supplied for e,,: 
Forn = 0 


+ Eo) — Ep) 


Forn = 1,2,....N—1 


4 (—E, + Ey)(E ati — E,-) 


e, = E, + wee 
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—— 7. COMPUTER SOLUTION 


COMPUTER SOLUTION 
——=—— (9-s)/a,; NUMERICAL SOLUTION, 
(REF. 2) 


0.2 03 


the only comparison that was made with a numerical solution was 
for the case of a constant heat flux applied at one surface. The 
other surface was insulated. This was compared with the work 
of Landau for a constant heat flux at the surface of a semi-infinite 
slab. The two cases are not exactly the same, and good agree- 
ment could only be expected in the early stages of melting while 
the insulated surface of the analog solution is not affected appre- 
ciably. That is, as long as the case simulated on the computer 
is acting like a semi-infinite slab, it should agree with Landau’s 
solution. Fig. 7 shows a comparison of a typical solution ob- 
tained from the computer with the numerical solution. The 
temperature variation for several positions in the slab, and the 
percentage of unmelted material are plotted as functions of time. 
The dotted lines represent Landau’s solution. They show good 
agreement in the early stages of melting, and deviate, as one would 
expect, as the insulated wall begins to influence the solution. 


. ais In order for Equations [57] and [58] to be consistent with Equa- 
tions [54] and [55], 2, must be defined as follows: 
For n = 0 


The solution was not carried to complete melting, because this 
would require an infinite amount of computing time which can 
be understood by reference to Equation [9]. In practice the 
solution can be run sufficiently close to complete melting in 1 or 2 
min, and the end point can be obtained by extrapolation. 


CONCLUSIONS 


A method has been presented for solving the heat-conduction 

- equation with a melting boundary condition. The advantages — 

of this method are (a) the melting process is represented con- 
tinuously with time, and (b) a minimum number of cells is re- 
quired since their number is constant throughout the solution. 

- The circuit has been used with a wide variety of boundary con- __ 
_ ditions over a period of several months. It has been found to 
be quite versatile and was relatively trouble-free after an initial 

period of “debugging.”” There has been little mention of the 


R, 


The circuit for Equation [58] is shown in Fig. 6. 
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7 The circuit described in the preceding section was used in con- ; 
junction with a wide variety of boundary conditions; however, 


actual results obtained in solving this problem, no presentation of 
generalized solutions, and little detail of the actual circuit dia- 
gram. It is not these things, but it is the method that deserves 
emphasis; it provides a tool for solving a type of problem that 
often cannot be solved analytically nor be generalized easily. 
The details of the circuit depend so greatly upon the particular 
computer installation that it seemed of little value to include 
them. 
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Effect of Axial Fluid Conduction on Heat 


Transfer in the Entrance Regions 


of Parallel Plates and Tubes 


By P. J. SCHNEIDER,? MINNEAPOLIS, MINN. 


The laminar heat transfer in thermal-entry regions of 
parallel plates and tubes is investigated for special con- 
_ ditions under which the contribution of axial fluid conduc- 
tion is comparable to or greater than the axial convection 
(low Peclet numbers). Zero and finite axial-conduction 
solutions for the local and mean fluid temperature and 
the local total Nusselt number are presented for uniform- 
velocity flow, finite wall resistance, and for both a uniform 
ambient temperature and step discontinuity in the am- 
bient temperature. Calculated mean fluid temperatures, 
local total Nusselt numbers, and thermal-entry lengths are 
compared with corresponding predictions for the conven- 
tional case of zero axial conduction. 1A ele 

NOMENCLATURE & 

The following nomenclature is used in the paper: 
uniform thermal capacity of fluid 
inside tube diameter 
defined by Equation [10] 
defined by Equation [15] 
defined by Equation [22] 
defined by Equation [26] 

Graetz number (Pe/&) 

ambient-side unit surface conductance 
nth-order Bessel function of first kind 
uniform thermal conductivity of fluid 
uniform thermal conductivity of wall material 
local total Nusselt number (U6/k or UD/k) 
ambient-side Nusselt number (U,6/k,, or U,.D/k,,) 
Peclet number (ué/a@ or uD/a) 
Prandtl number of fluid (pev/k) 
Reynolds number (ué/v or uD/v) 
local fluid temperature 

local mean fluid temperature 
ambient temperature 

uniform upstream fluid temperature 
uniform fluid velocity 


over-all thermal transmittance 
wall thermal transmittance 


co-ordinates parallel and perpendicular to flow direction 
thermal diffusivity of fluid (k/pc) 

inside distance between plates 

dimensionless transverse co-ordinate (y/d or y/D) 
Nu,/2 
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(t — t,)/(te — t,) 
(i — t. te — ta) 
eigenvalues determined by Equation [11] or [27] 
kinematic viscosity of fluid 
dimensionless axial co-ordinate (x/6 or x/D) 
thermal-entry length 
mass density of fluid 
thickness of plate or tube wall 
Subscripts 
= ambient side 
entry 
successive positive integers 
wall 
downstream (£ > 0) 
upstream < 0) 
fully developed 


INTRODUCTION 


The original Graetz problem (1)* of is d, hydrodynami- 
cally developed, laminar heat transfer to a uniform-property fluid — 


in the thermal-entry region of a uniform wall-temperature tube 
has, in the intervening years, been extended in a variety of ways. 
The corresponding problem of steady flow between flat parallel 


plates has been studied (2), and consideration has been given to - 


such additional effects as wall and external surface resistance 


_ (3, 4), nonuniform inlet temperature (5), nonsymmetrical bound- 


ary conditions (6), uniform heat-input boundary conditions (7), 
nonuniform boundary conditions (8), power velocity profiles (9), 
rectangular duct geometry (10), hydrodynamically undeveloped 
flow (11, 12), dissipative flow (13, 14), nonuniform properties 
(14, 15), and so on. 

One of the fundamental assumptions on which the solution of the 
Graetz problem and all its extensions rest, however, is the neglect 
of fluid conduction in the axial (longitudinal) direction of flow. 
While this assumption of zero axial thermal conductivity is 
clearly permissible in many practical cases of nonisothermal con- 
duit flow, it can lead to a significant error for the special case of a 
low Reynolds-number flow of a low Prandtl-number fluid. It is 
the purpose of the present study to direct attention to the role of 
axial fluid conduction under these special conditions for flow be- 
tween infinite parallel plates and in long tubes. The results should 
therefore bear on the theory of liquid-metal heat transfer (low 
Prandtl number) and, in general, have practical significance for 


conduit flow characterized by a low Peclet number (product of — 
the Reynolds and Prandtl numbers) in which an accurate estimate _ 


of the entry-region heat transfer and the thermal-entry length is 
required. 


The over-all effects of axial conduction are concentrated in the — ; 


thermal-entry region of the conduit, and as such it does not in- 
fluence the local heat transfer in the downstream region of ther- 
mally established flow. In other words the local asymptotic Nus- 
selt, numbers are the same either in the presence of or in the ab- 


8’ Numbers in parentheses refer to Bibliography at end of paper. 
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sence of axial fluid conduction. But since the axial conduction 
does affect the local heat transfer in the entrance region, the in- 
tegrated or average heat exchange is distinctly different if one 
takes this effect into account. 

Now the possibility of an axial-conduction thermal-entry effect 
occurring at low Peclet numbers is apparent as soon as one 
recognizes that without axial conduction the fluid temperature 
approaches the wall or ambient temperature as the Peclet number 
tends to zero. But in the presence of axial conduction the fluid 
and ambient temperatures are evidently not the same for the pure- 
conduction case of zero Peclet number. 

The approximate order of magnitude of the Peclet number at 
which this conduction effect becomes important can be estimated 
from the relative magnitudes of the longitudinal conduction and 
convection terms (3). The axial conduction is kd*%/dzr* and the 
axial convection is pcudt/dz, where k, p, and ¢ represent the uni- 
form thermal conductivity, mass density, and thermal capacity of 
the fluid, u the uniform flow velocity, ¢ the fluid temperature, and 
z the axial co-ordinate in the direction of flow. The orders of 
magnitude of thtse two terms are k/L? and pcu/L, where L is a 
characteristic order-of-magnitude length such as plate spacing or 
tube diameter, and hence their ratio is of the order 


Axial conduction/axial convection = 1/Pe 


This suggests that the effect of axial conduction is generally negli- 
gible for Peclet numbers exceeding, say, 100. The axial-conduc- 
tion effect therefore should be examined in the approximate range 


0 < Re Pr < 100 


An analysis of this problem for a fully developed parabolic 
velocity profile (Poiseuille flow) leads to a Whittaker differential 
equation and a general solution for which the eigenfunctions are 
not orthogonse! (6). Hence the constants for the series solution can- 
not be obtained in the usual analytical way. On the other hand, 
if one assumes a uniform velocity profile (slug flow), then the 
eigenfunctions are orthogonal and many of the required eigen- 
values are already known from solutions within the field of pure 
conduction. It therefore appears that until these eigenvalues for 
the general problem with parabolic velocity become available, the 
results for slug flow may be useful in indicating the relative mag- 
nitude of the conduction effects to anticipate in the case of 
Poiseuille flow.‘ 

The assumption of uniform velocity yields an upper limit for 
the calculated heat transfer. This assumption may be a reasona- 
ble one if the Prandtl number is sufficiently low, since under 
these conditions the entry-region temperature profile develops at 
a more rapid rate than the velocity profile. This suggests, in 
turn, the possibility of a low Peclet number for which the effect of 
axial fluid conduction is important. The results for uniform 
velocity also may indicate the gross effects to be expected in the 
case of turbulent flow at low Peclet numbers. 

DirrerentTiaL Equations Bounpary ConpITIONS 
ba _ The various cases analyzed are classified for both parallel plates 
and tubes according as to whether the effect of axial conduction is 
excluded or included, and according to the boundary conditions 
(abbreviated BC) assumed: : 


Case I—Without axial conduction 
Case II—With axial conduction 

BC.1—Uniform ambient temperature 

BC.2—Uniform step ambient temperature 


4 Approximate solutions for Poiseuille flow can be obtained readily 
by numerical means (11), since by this method the shape of the 
velocity profile is relatively saticneeee in so far as it affects the labor 
of the numerical solution. 
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Let the longitudinal axis of a pair of infinite parallel plates or a 
tube be denoted by z and the transverse or radial axis be denoted 
by y. The orientation of the co-ordinate system is shown in Fig. 
1 with dimensionless co-ordinates § = 2/5 = z/Dand{ = y/6 = 
y/D where 4 is the inside transverse distance between the plates 


Dimensiontess Co-OrpinaTes AND FOR PARALLEL 
PLATES AND TUBES 


Fie. 1 


and D is the inside diameter of the tube. In addition let a dimen- 
sionless excess temperature be defined as 


HE, = (t— — 


where t = ¢(£, {) is the nonuniform temperature of the fluid, ¢, is 
the uniform ambient temperature, and & is the uniform tempera- 
ture of the upstream fluid. The flow is from left to right, and is 
assumed to be fully established (transverse or radial components 
of velocity are zero) and uniform across the duct as u. The prop- 
erties of the fluid are assumed to be uniform, and conversion of 
mechanical into thermal energy is considered negligible since only 
smal] Peclet numbers (low velocities) are considered. Under 
these conditions, the partial-differential equations to be satisfied 
by 8 for steady nondissipative flow between parallel plates and in 
tubes are, respectively 


00 


and 
2 

120 

og OF og 
where the dimensionless Peclet number is given by Pe = Re Pr = 
ub/a = uD/a, u being the uniform velocity of flow and a@ the 
thermal diffusivity (k/pc) of the fluid. In these equations the 
first term represents axial conduction, the middle term(s) ac- 
count for transverse conduction, and the last term represents 
axial convection. For Case II the axial-conduction term is 
present, while for Case I 090/d&? = 0. 

The first set of boundary conditions considered is, for both 

infinite parallel plates and long tubes 


(a) =1 
1 1 


(c) Ho, f) +0 

fe) 

— 6 0) = 0 * 

The first condition (a) suggests that the heating or cooling begins 
at the axial station § = 0, where the fluid temperature is a uni- 
form t. Condition (b) describes the heat loss (or gain) through 
the duct walls. The uniform conductance of the walls is given by 
a wall or “ambient-side” Nusselt number Nu, = U,6/k = 
U,,D/k, where k is the thermal conductivity of the fluid and U,, is 
a wall thermal transmittance which combines the resistance of 
the wall and the ambient-side surface resistance. 


(d) 
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sidering a plate thickness of 7 and a uniform unit surface con- 
ductance on the ambient side as h,, then U,, = (r/k, + 1/h,)~*. 
If Nu, is finite, then a temperature rise (or drop) occurs at the ex- 
ternal surface and/or through the wall, while if Nu, = © the 
wall and external surface resistances are zero which means that 
the ambient and wall temperatures are uniform and equal. For 


the completely insulated case in which either the wall or external : 


surface resistance is infinite, Nu, = 0. The third condition (c) 
fixes the asymptotic behavior of 0 (t — t, at large &) and the 
- fourth condition (d) implies temperature symmetry about [ = 0 

The second set of boundary conditions considered are, for both 
parallel plates and tubes 


6,(0, = 4,(0, $) 
¢ = (26:/2)o, 


fe) 
0) = 0 


a(—s, ;) =1 


6(—, 1 


> 


where 6, = 9(&, ¢) to the right (downstream) of the origin — = 0, 
and 0, = @(—&, [) to the left (upstream) of the origin. The first 
and second conditions (a) and (b) express continuity of the tem- 
_ perature and heat flux for the two solutions 6, and 6, at the plane 
€ = 0. Boundary conditions (c) and (f) are the same as in BC.1, 
where now the ambient-side Nusselt number Nu, is assumed to 
be the same for both § > 0 and £ <0. The asymptotic and sym- 
metry conditions (d), (e), (g), and (A) are the same as in BC.1. 
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ANALYTICAL RESULTS 


_ Solutions for Cases I and TT are presented here for the local fluid 

temperature 6(£, ¢), mean fluid temperature, 6(£), and local total 
Nusselt number, Nu(£), for parallel plates and tubes with BC.1 
and BC.2. For each of the solutions the mean fluid temperature 


for parallel plates and tubes, respectively, and the local total Nus- 
selt number which determiner the local heat exchange between 


calculated as 


and 


the fluid and duct environment is calculated according to 


— In Equation [6] Nu = U6/k or UD/k, where U is the over-all 
thermal transmittance between the fluid and external duct en- 
vironment. 


PARALLEL PLATES 


1 Case I, BC.1. The particular solution satisfying Equation _ 
[1] with 099/d£* = 0 and the boundary conditions in Equation 
[3] is found to be 


so that, by 


0 


4 
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(7], [8], and [9] the Z, are abbreviations for 


sin? u, ) 


1 
( 
kw Ka 
and the y, are eigenvalues satisfying 


_ The first six roots (16) of Equation [11] are given in Table 1 for 
seven values of 7 = Nu,/2. 


Results for the special case of zero wall resistance also are con- 


tained in Equations [7], [8], and [9], but will not be explicitly 


written down here. For that case 7 = © and the roots of Equa- 
tion [11] are simply u, = (2n + 1)r/2,n = 0,1, 2,...(Table 1), 
and £, = 1/,?. 

The solutions for Case I are all expressed in terms of a single 
parameter Pe/é, which is the familiar dimensionless Graetz num- 
ber Gz = Re Pr/£. Such is not possible for the following solutions 


of Case II in which the influence of axial-fluid conduction is taken 


into account. 
2 Case II, BC.1. The corresponding with 0 
is 


Extn 
>: sin 


whereby 


In Equations [12], [13], and [14] the Z, and wu, are again given in 
Equation [10] and Table 1, and the F, are defined as 
F, = [(Pe/2)? + 4y,*]'/* — Pe/2.......... [15] 


Thus, the solutions including axial fluid conduction cannot be ex- 
pressed in terms of the usual Graetz number Gz. Again, Equa- 


TABLE 1 FIRST SIX ROOTS ua OF EQUATION [11] 


| — 
Equations (5) and (6) 
7 
tk 
BC.2 
“a 
| 
| 
1 
6 ar [ ] 
0.25 0.4773 3.2190 6.3226 9.4512 12.5863 15.7239 
0.50 0.6533 3.2923 6.3616 9.4775 12.6060 15.7397 
1.4289 4.3058 7.2281 10. 2003 13.2142 16.2504 
a 50 1.5400 4.6202 7.7012 10.7832 13. 8666 16.9519 


tions [12], [13], and [14] include as a special case the results for 
Nu, = &. Also note by Equations [12] and [15] that for Case 
II, 6 # Ofor Pe = 0. Thus, these and all subsequent results for 
Case II contain the well-known pure-conduction solutions (17) 
for which Pe = 0. 

3 Case I, BC.2. By matching solutions 6; and 4, satisfying 
Equation [1] with 06/o 


in Equation [4], one finds 


E 
—E>0; 4 = e~ cos 
sin 


.. [16] 


E, 
> ,Auntt/Pe cos 


Thus, for the downstream region 


E> 0; 


E,e —4yun%/Pe 
0 


which is one half that given by Equation [8] for BC.1, and 


2 @ 
E, 4un%t/Pe 


which is the same as Equation [9] for BC.1. 
4 Case II, BC.2.5 The corresponding solutions with 0°6/d£? 
~ Oare 


Nu, = - 


nbn é 
= > u, + 1) 08 


whereby 


E, 


+1) 


e~ [21] 


and 


In Equations [19], [20], and [21] the 7, are given by Equation 
[15] and the F,,’ are defined as 


F,’ = [(Pe/2)? + 4u,2]' + Pe/2 


fe 
TuBEs 


5 CaselI, BC.1. The particular solution satisfying Equation 
[2] with 0790/0¢? = O and the boundary conditions in Equation [3] 
is found to be 


Ji( 


6 A solution for this case with Nug = © was originally obtained by 


Wilson (18). 


TABLE 2 


e~ 4un%t/Pe Jo(2u,0) 


Ma 
3.8963 
3.9594 
4.0795 
4.7131 
5.0332 
5.4112 
5.5 


= 0 and the boundary conditions 
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so that by Equations [5] and [6] 


af 


re) 


= 


In a [23], [24], and [25] the G, are abbreviations for 


and the u, are now eigenvalues satisfying 


= 9; =n = 1,2,3,..........[27] 
The first six roots (16) of Equation [27] are given in Table 2 for 
seven values of » = Nu,/2. 

For the special case of Nu, = ©, the eigenvalues yu, in Equation 
[27] become the consecutive roots of Jo(un) = 0, n = 1,2,3,... 
(Table 2), and G, = 1/y,2. 

6 Case II, BC.1. The corresponding solution with d°0/d£? + 
0 is 

é 


6 


whereby 


and 


we 


=2 ¢ 
2 


4 
Nu = 3 
u 


In Equations [28], [29], and [30], the F,, G,, and u, are again 
given in Equations [15] and [26] and in Table 2. 

7 Case I, BC.2. The corresponding solutions 6, and satis- 
fying Equation [2] with 076/d0& = 0 and the boundary conditions 
in Equation [4] are 


Gin 7 2 
of 


Thus, for the downstream region 


etun%t/Pe 
Tu.) 


E<0; @&=1— 


E>0; [32] 
and 


E> 0; Nu = 


eit 


FIRST SIX ROOTS yu, OF EQUATION [27] 


[24] 
re, 
| 
c 
.. [31] 
an 
0.2: 0.6818 7.0511 10.1980 13.3425 16.4858 
4 0.50 0.9408 7.0864 10.2225 13.3611 16.5010 
1 1. 2558 7.1558 10.2710 13 3984 16.5312 
( : 5 1.9890 7.6177 10.6223 13.6786 16.7630 ——— 


8 Case Il, BC.2. 


The solutions with 0°6/0& # 0 are 


0; = tee 


JA 2u,0) 


whereby 


F./F,’ +1) +1)° 


ic 
+1) 
in which the F’,,’ are again given in Equation [22]. 
Resutts or CALCULATION 


Mean Temperature. 
with axial fluid conduction (Case II) are shown in Fig. 2 for Pe = 
1. The first (upper) set of isotherms was calculated by Equation 
[28] for zero resistance [uniform wall temperature, Jo(u,) = 0]. 
The second set of isotherms, Equation [28], shows the influence 
of wall and external surface resistance (uniform ambient tempera- 
ture) with Nu, = 1. The third temperature field was calculated 
by Equations [34] for zero resistance [step wall temperature, 
Jolin) = 0), and the last (lower) set of isotherms, Equations 
[34], illustrates the effect of wall and surface resistance (step am- 
bient temperature) with Nu, = 1. Under this set of conditions, 
the effect of wall resistance on the temperature conformation in 

‘ the fluid is somewhat more pronounced for BC.1 than for BC.2. 


2 


Tubes (CoseI) 


Fie. 2 Temperature Frevps @ a Tuse Wits 
ConpvuctTIon ror BC.1 anp BC.2 


Some typical temperature fields in a tube 


A comparison of mean fluid temperatures 6 for BC.1 and Cases 
I and II is shown in Fig. 3 for parallel plates, Equations [8] and 
[13], and in Fig. 4 for tubes, Equations [24] and [29]. The re- 
sults suggest that neglecting axial fluid conduction tends to under- 
estimate the mean fluid temperature at all axial stations —. The 
error becomes more pronounced as the Peclet number decreases, 
and is a maximum for the pure-conduction case (Pe = 0) in 
which there is no contribution to the heat transfer by axial con-— 
vection. In that case 6 for Case II and Pe = 0 is even well above — 
6 for Case I and Pe = 1. Thiseffect, on the other hand, is almost 
completely absent for both parallel plates and tubes for Re Pr >| 
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Fic. 4 Errect or Axiat Fiuin Conpuction on Mean FL vip 
TEMPERATURE 6 IN TUBES 


100. A further comparison of Cases I and IT in Figs. 3 and 4 sug- 
gests that an increase in wall conductance Nu, tends to increase 
the percentage error in estimating the mean fluid temperature by 
Case I. In general, the over-all effects of axial conduction appear 
to be somewhat stronger in tubes than in parallel plates. 

Heat Transfer. A comparison of calculated local Nusselt num- 
bers Nu for BC.1 and Cases I and II is given in Fig. 5 for parallel 
plates, Equations [9] and [14], and in Fig. 6 for tubes, Equations 
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---- Case I;8C.1 


i 


— Case 8C1 


----Case I; BC. / 
— Case | 


— 
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Fie. 5 Errect or Axia, Fiuip Conpuction on Locat Toray 
NusseL_t NumMBerR Nu For PaRALLeL PLATES 


[25] and [30]. Since for zero Reynolds number and zero axial 
conduction the mean fluid temperature is zero, the heat transfer 
is likewise zero for Case I and this limiting value of Pe = 0. 
Here, again, there is a considerable axial-conduction effect at the 
lower Peclet numbers, and very little effect for Pe > 100. This 
effect shows up more strongly in the Nusselt numbers than in the 
mean temperatures for both parallel plates and tubes. For ex- 
ample, one notes that while § for Case I and Pe = 10 is greater 
than 6 for Case II and Pe = 1, the reverse is true for the Nusselt 
numbers. 

The same results for a tube are shown on more familiar co- 
ordinates in Fig. 7. Here the ordinate represents the ratio of local 
Nusselt number Nu to its fully developed value Nua, and the 
abscissa represents the conventional Graetz number Gz. The 
case of zero axial conduction gives, of course, a single curve for all 
Peclet numbers, while in the case of axial conduction included 
there is a separate curve for each Peclet number. 

Mean Nusselt numbers for a given length of duct are evaluated 
by an integration of the local Nusselt numbers over a finite 
length & Since these mean values will be lower in Case I than in 
Case II, one concludes that the effect of neglecting axial fluid 
conduction for Pe < 100 is to underestimate the total heat ex- 
change for the duct. 

After a certain thermal-entry length the downstream Nusselt 
numbers approach a limiting value Nu, which is dependent on 
the wall Nusselt number but independent of the Peclet number. 
These fully developed Nusselt numbers are those for which the 
second and succeeding terms in the series for Nu are negligibly 
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Fic. 6 Errect or Axtat Conpuction on Locat Tora. 
NusseL_t NuMBER Nv ror TuBEs 


small. Since axial conduction affects only the exponential terms 
in the series, it is apparent that these asymptotic values will be 
the same for both Cases I and II. Thus, by Equations [8] and [9] 
for parallel plates Nue = 2%, and by Equations [24] and [25] 
for tubes Nue = yy2. Referring to Tables 1 and 2 one finds for 
plates (Fig. 5) Nuew = 3.452 and 4.935 for Nu, = 10 and , and 
for tubes (Fig. 6) Nue = 3.959 and 5.783 for Nu, = 10 and ~. 
A large range of asymptotic Nusselt numbers is given in Fig. 8 for 
interpolation between Nu, = 0.1 and 100. The curves approach 
each other at the lower values of the wall Nusselt number Nu,, 
since under these conditions the influence of duct shape disap- 
pears and the heat transfer is predominantly controlled by the re- 
sistance of the duct wall. Also shown for comparison in Fig. 8 are 
the corresponding asymptotic Nusselt numbers for a fully de- 
veloped parabolic velocity profile (3). Although the growth of 
these asymptotic values with decreasing resistance is analogous 
for both velocity distributions, the influence of a parabolic ve- 
locity is seen to decrease the predicted values of Nua and to 
diminish the influence of duct shape. The effect of duct shape is 
also seen to be opposite for the two velocity profiles. 

Thermal-Entry Length. As a criterion for estimating the 
thermal-entry length £, (value of £ for which the Nusselt number 
is fully developed as Nu), Berry (19) has suggested that in the 
thermally established flow the second term in the series for Nu 
should not contribute more than 1 per cent of the first. An in- 
terpretation of this in terms of Equations [9] and [14] for parallel 
plates (BC 1) gives 
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CaseI: £,/Pe = 


4( 41? — bo 
In (100 


(F, — Fo) 
in which the yu,’s are given in Table 1, and the Z,’s and F,’s by 
Equations [10] and [15]. The corresponding results for tubes 
(BC.1) are, according to Equations [25] and [30] 


Case II: = 


1 a? Gs 
Cael: = In (100 
F, — F,) 


i (100 ) 


in which the u,’s are given in Table 2 and the G,’s by Equation 
[26]. Thus, only in Case I is the thermal-entry length propor- 
tional to the Peclet number; in this case one defines a reciprocal 
thermal-entry Graetz number Gz, = Pe/£, which is a function 


of the wall Nusselt number Nu, only. 
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TABLE 3 THERMAL-ENTRY LENGTHS & FOR BC.1 


0.5 1 
0.0404 0.0556 
0.2982 0.4390 


0.0213 0.0331 
0.1946 0.3243 
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‘Although this definition of thermal-entry length is admittedly 
arbitrary, it nevertheless gives a simple analytical relationship 
which yields results in correct magnitude. The definition is also 
mathematically unjustified, since it is based on only the first two 
terms of the series for Nu. However, it is possible to investigate 
in each case the contribution of the third and succeeding terms. 
To do this one first calculates the thermal-entry length for each 
Nu,, assuming by definition that the second term is only 1 per cent 
of the first and that the third and succeeding terms are negligible. 
On the basis of this estimated entry length one then calculates the 
third and remaining terms and compares their sum with the magni- 
tude of the second term. An informal calculation of this sort for 
Case I and Nu, = 1, 4, 10, 60, and @ shows that the average 
contribution of this sum for parallel plates is only 0.01 per cent of 
the second term. A recalculation of these sums based on a longer 
or shorter entry length decreases or increases their contribution; 
however, in each case one finds that the chosen entry length fails 
to satisfy the modified definition that the sum of the second and 
succeeding terms is 1 per cent of the first. Hence, in the absence 
of a less arbitrary and more rigorous description of the thermal- 
entry length, the present definition is considered adequate. 

Some results of calculation are given in Table 3 and in Fig. 9, 
The thermal-entry length in Case I is seen to be considerably 
shorter for tubes than for parallel plates at all values of Nu,. The 
effect of increasing wall conductance in Case I for both parallel 
plates and tubes is to first increase the thermal-entry length to a 
maximum value; beyond this the entry length decreases slightly 
to a limiting value for zero wall resistance. This behavior can be 
seen by close inspection of Figs. 5 and. Also shown in Fig. 9 are 
the thermal-entry lengths for Case II and Pe = 0. The same 
general trends ‘persist in the presence of axial conduction except 
that now the entry lengths for the parallel plates exceed those for 
the tube only up to their maximum values, while beyond these the 
plate entry lengths decrease to a slightly lower limit than that for 
the tube. However, for Pe = 1 the asymptotic value of the 
plates and tube are nearly identical, and for Pe > 1 the limiting 
entry lengths for the plate all exceed those for the tube as in 


60 100 
0.0620 0.0606 
0.7539 0.7463 


0.0495 0.0484 
0.7596 0.7524 


The effect of axial fluid conduction on the calculated thermal- 
entry length is shown in Figs. 10 and 11 for parallel plates and 
tubes, respectively. According toe these results, neglecting axial 
conduction tends to underestimate the thermal-entry length at all 
Peclet numbers (Figs. 5 and 6) below approximately 100. The 
error increases with decreasing Peclet number and is, as expected 
from previous results, a maximum for the pure-conduction case 
Pe = 0. Fig. 12 illustrates this in terms of a flow Reynolds num- 
ber Re and the particular fluids; water (Pr ~ 7.3), air (Pr ~ 0.73), 
and mercury (Pr ~ 0.01). The largest error in the thermal-entry 
length is near the inlet and is always less than one plate spacing 
or one tube diameter. This error disappears completely about 
three or four tube diameters downstream depending somewhat on 
the value of the wall resistance. 
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An example of calculated downstream thermal-entry lengths for 
BC.2 is shown in Figs. 13 and 14 for parallel plates and tubes, re- 
spectively. These results are for Case II (axial conduction in- 
cluded) and are compared here with the corresponding results for 
Case IT, BC.1 from Figs. 10 and 11. For pure conduction (Pe = 
0) the thermal-entry lengths are the same for both boundary con- 
ditions. However, in the case of BC.2 the minimum entry length 
does not occur, as it does for BC.1, at Pe = 0. That this minimum 
occurs at a rather low Peclet number is suggested in Fig. 2 wherein 
one notes that for Pe = 1 the downstream temperature is more 
established for BC.2 than for BC.1. Except for this small dip, 
the growth of the downstream thermal-entry lengths for the two 
boundary conditions is substantially the same at Peclet numbers 
of roughly 20 and above. 
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On the Changing Size Spectrum of Pastiele. 


Clouds Undergoing Evaporation, —_—© 


Combustion, or Acceleration 


By A. H. SHAPIRO? anv A. J. ERICKSON,? CAMBRIDGE, MASS. 


A theoretical treatment is given showing how the size 
distribution of a cloud of particles changes as the result of 
evaporation, combustion, or acceleration. The general 
differential equation governing the concentration of par- 
ticles as a function of size, position, and time is formulated 
for one-dimensional duct-type flows. Solutions to the 
differential equation are then obtained for a number of 
special problems of interest to evaporation and combus- 
tion. When molecular transfers control, the equivalent 
mean diameter for evaporation or combustion of drops is 
found to be approximately constant with time. This sug- 
gests that the conventional model of a constant number of 
uniform drops of varying size be replaced by a new model 


having a varying number of uniform drops of constant — 


size. The new model predicts a lower rate of evaporation 


or combustion than the conventional model. © 


The following nomenclature is used in the paper: 


A = cross-sectional area of duct 
C1, C2, Ca constants of integration 


NOMENCLATURE 


Cp specific heat at constant pressure of surrounding me- _ 


dium 
© = diameter of particle 
constant reference diameter equal to D at the point 
[0G/OD = 
= dimensionless diameter, D/D* 


= signifies ‘‘substantial’’ differentiation with respect to — 


time; i.e., while following a particle of fixed 
identity 

a constant, LpVo/m,cpTo 

see Equation [13a] 

see Equation [13a] 

dn/dXD, number of particles of size D per unit volume 
of space and per unit interval of diameter 

dimensionless form of G, G = D*G/no 

coefficient of heat transfer; coefficient of mass trans- 
fer 
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signifies an arbitrary function of the indicated argu- 
ment 

a function of diameter, —/dD/f,(D) 

constant in molecular growth rate law, R = —K/D 

constant in growth rate law for radiant heat transfer, 
R Ky 

constant in Stokes’ law for terminal velocity, u = 
K,D? 

latent heat per unit mass of evaporating substance 

mass of gas per unit volume of space 

total number of particles per unit volume at time { 

number of particles per unit volume lying within the 
diameter interval from D to D + dD 

see Equation [25b] 

rate of evaporation or combustion 

growth rate of particle, DD/Dt 

longitudinal distance along duct 

see Equation [25b] 

time 

temperature of particle 

temperature of surrounding medium ‘aol Dawe 

velocity of particle 

total volume of particles in unit volume of space : 

mass fraction of particle cloud which has disappeared 

see Equation [3] 

see Equation [3] 

exponent in R ~ D7 

dimensionless time variable, Ai/D*? 

dimensionless time variable, K,t/D* 

= thermal conductivity; mass diffusivity 
= mass density of particles 

transformed distance for observer moving with cloud, 
g¢=s—ul 

temperature difference, 7 = T, — T 

signifies quantities pertaining to appropriate mean 
size for same total mass and same rate of change of 2 
mass 

signifies quantities for conventional model having - 
fixed number of particles of uniform but varying _ 
size with correct initial mass and correct initial  —__ 
rate of change of mass 

signifies quantities att = 0 it: 
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InTRopUCTION 

The Problem. Many industrial processes require that a cloud 
of solid particles or liquid droplets interact with the gaseous (or, _ 
sometimes, liquid) phase in which they are dispersed. In certain — 
of these processes, there is a spectrum of particle sizes, and, more- _ 
over, the particles change in size by reason of the interaction. — 
Examples include (a) evaporation of a cloud of liquid droplets, (b) _ 
growth of a liquid cloud by condensation, (c) combustion of either - = 
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growth (taken of course in an algebraic sense) of each particle will 
depend on, among other things, the diameter of the particle itself. 
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Under such conditions, the shape of the particle spectrum will 
change as time proceeds, and this naturally introduees consider- 
able difficulty into the analysis of the problem. Even when there 
is no change in particle size, the spectral distribution of sizes may 
change; for example, if the cloud is accelerated, different sizes of 
particles will accelerate at different rates, and the differences in 
particle speeds will alter the relative concentrations per unit vol- 
ume of the several particle sizes. 

Object and Plan of Investigation. It is the purpose of this paper 
to develop some understanding of how the existence of a spectrum 
of particle sizes, coupled with a size-dependent growth rate, in- 
fluences the processes described. 

We shall investigate in what way a given initial spectrum 
changes shape. This requires formulation and solution of the 
governing differential equation. Then we shall look into the 
question of whether processes of the type considered can indeed 
be treated by means of a simple model comprising a cloud of par- 
ticles of uniform ‘‘equivalent”’ size. 

Most of the examples will refer to evaporation or combustion, 
with molecular transfer rates controlling. However, it is to be 
understood that the concepts and methods are equally applicable 
to other processes. 

Previous Work. In virtually all theoretical investigations of 
evaporation, combustion, and so on, the actual cloud of particles 
is replaced by a simple model comprising a constant number of 
drops of uniform but changing size. 

The actual size distribution in the combustion of pulverized 
coal was considered by Hottel and Stewart (1),* but their treat- 
ment of the problem, being essentially numerical, was rather 
cumbersome and not adapted to general use. 

Probert (2) treated the size spectrum during combustion by 
accounting for current drops within a certain size interval as the 
remains of larger drops existing at the beginning of combustion. 
Although not specifically stated by Probert, one interesting 
result obtainable from the calculations was that the mean size 
of all droplets present in the combustion chamber in the steady 
state may, depending on circumstances, be either greater or 
smaller than the mean size of the injected droplets. 

In the present paper, the governing equation of the particle 
spectrum is formulated in differential rather than integral form. 
Fortunately the equation is such that the general form of the solu- 
tion for some cases may be found. The resulting analysis is there- 
fore not only simple and straightforward, but applicable to a 
broad variety of practical problems. 

2 Basic Concepts AND DEFINITIONS 

The Particle-Size Spectrum. Assuming that the actual histo- 
gram of the size distribution of particles may for purposes of 
analysis be replaced by a continuous curve, we define the particle 
concentration (or spectrum ordinate) G as G = dn/dD, where dn 
is the number of particles per unit volume of space lying within 
the infinitesimal range of diameters between D and D + dD. 
Then a graph of G versus 9, Fig. 1(a), illustrates the size distribu- 
tion in the cloud. The area under a narrow vertical strip, GdD, 
represents dn, the number of particles per unit volume having 
diameters within the size range of the strip. 

Dimensionless Representation. When the shape of the spectrum, 
rather than the actual values, is of interest, it is convenient to em- 
ploy the dimensionless co-ordinates, D*G/np = G and D/D* =D, 
where D* is any convenient but fixed value of D (for example, the 
value of D corresponding to the initial value of G). These 
normalized co-ordinates are shown in brackets in Fig. l(a). 

Total Number of Particles per Unit Volume. To find the total 
number of particles per unit volume of space, we take the total 
area under the curve of Fig. 1(a), inasmuch as 


4 Numbers in parentheses refer to Bibliography at end of paper. 
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Total Volume of Particles. Similarly, the total volume of par- 
ticles per unit volume of space, is given by 


and is therefore found by integrating under the spectrum curve 
after the ordinates of the latter have been weighted by the factor 
D*. 
The Growth Rate. The most important feature of the present 
analysis is the changing size of the particles. This is described by 


the growth rate 


iw de 


= D%/Dt 


where the operator D/Dt signifies “substantial’’ differentiation, 
i.e., R is the rate of increase of particle diameter for a particle of 
fixed identity. For evaporation or combustion, R would have the 
negative values. 

The value of R depends on the type of process (evaporation, 
combustion, ete.); on the physical properties of the particles and 
surrounding medium (velocity, density, viscosity, thermal con- 
ductivity, temperature difference, etc.); and, most important 
for our present purpose, on the diameter D of the particular par- 
ticle concerned. 

Mean Particle Size. One may define any number of mean sizes 
(3) through the general formula 
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where @ and @ are arbitrary numbers, and D,/g is the correspond- 
ing mean diameter. For example, with a = 3 and 8 = 2, the 
value of D:/, thus obtained is the so-called volume-surface mean 
diameter; i.e., the particle diameter whose ratio of volume to sur- 
face is the same as that of the actual particle cloud. 

Equivalent Mean Size for Evaporation or Combustion. More 
pragmatically, we restrict the definition of mean size to one which 
is of some use. Our real aim is to treat the actual particle cloud 
as though it were composed of uniformly sized particles. For the 
processes under consideration, it is evident that the actual cloud 
and the model cloud must agree in two respects; they must, in- 
stantaneously, have (a) the same total mass and (b) the same rate 
of change of total mass. Using bars to denote quantities referring 
to the model cloud of uniform drops, these requirements may be 
expressed as 


— 
These may be solved simultaneously for D and n to give 
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(Shaded zone shows number of droplets which, during the time dt, have 
grown from sizes smaller than 4) to sizes larger than 


At each instant, the model cloud containing 7% particles of uni- _ 


form diameter D will have the same mass and the same rate of 
evaporation or combustion as the actual cloud. Here it is impor- 
tant to note, however, that n is not equal to the number of par- 
ticles in the actual cloud; nor does it remain constant with the 
passage of time. 

Examples of Practically Significant Mean Sizes. Often the de- 
pendence of R on ® may be approximated by R~D~7. The 
constant y is zero when radiant heat transfer is controlling; it is 
equal to unity when molecular transfers control; and it is equal 
approximately to 0.2 when turbulent transfers control. 

From Equation [4], the mean size is then 


= 
The two limiting values of y may be anticipated briefly as follows: 
1 If R is independent of D, as would be the case when the 
process depends on radiant heat transfer, then y = 0, and the 
appropriate mean is the volume-surface mean 


D*'GdD 


j, 

f 
0 

2 If the process depends primarily on molecular transfers 


(i.e., the relative Reynolds number is very small), then y = 1, 
reference (4), and the appropriate mean size is the 3/1 mean 
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DirreERENTIAL Equation GoveRNING History oF PARTICLE 
SPeEcTRUM 

Description of Model of Process. We consider here the flow of a 
discrete particle cloud in a duct or stream tube (the latter re- 
ferring to the particle flow) of variable cross-sectional area A. 
The flow is considered one-dimensional to the extent that, 
over each cross-sectional area, the particle concentration G, the 
particle speed u, and the particle growth rate R are all uniform 
for each particle diameter D. G, u, and R are all considered to 
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u +(3u/as)ds 


A+ (aA/as)ds 
G+ (aG/as)ds 


Fic. 2 Contrrot Space ror ForMULATION OF DIFFERENTIAL 
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depend on particle size, longitudinal location, and time; e.g. u = 
u(D, s, t). 
The Growth Fluz. 


flux rate at which, as a consequence of growth, particles cross 
from sizes smaller than D to sizes larger than D. 

Consider all the particles smaller than D in a unit volume of © 
space at time ¢. ; 
have grown at their appropriate growth rates. 


the number of particles grown larger than D is therefore GRdt | 
(see Fig. 1b). Dividing this expression by dt, we obtain an expres- _ 
sion for the growth flux 


J Number of particles per unit time and 


| per unit volume becoming larger than D 


Governing Differential Equation. We shall make a numerical = 


accounting of only those droplets lying within the size range D to 
® + d® in the control space of Fig. 2. At the location s, let the = 
area be A and let the properties corresponding to D be denoted by — 
u, G, and so on; at the exit location s + ds, each will at the same — 
instant be larger by differential increments (dA /ds)ds, (Ou/ds)ds, 
(0G/ds)ds, and so on. 

The numerical accounting of droplets in the size range from D to 


D + dD requires a consideration of the convective fluxes into and 


During the time interval dé, all the particles will : 
The increase of __ 
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out of the control space, of the growth fluxes into and out of the 
size interval, and of the rate of change of particle number within 
the control space and size interval. 

Convective Fluxes. At location s the number per unit volume of 
droplets in the size range D to D + dDis GdD. Multiplying this 
by uA, i.e., by the volume of space swept out per unit time by 
droplets of this size, we get an expression for the convective flux 
entering, a corresponding one for the instantaneous flux leaving 


Rate of entry into control space = uAGdD 
Rate of exit from control space = uAGdD 


(uAGdD)ds [7b] 
ds 
Growth Fluzes. Particles smaller than D grow into the size range 
under consideration, and may, for our present purpose, be said to 
be created. Likewise, particles larger than D + dD grow out of 
the size range and may be said to be destroyed. Taking note of 
Equation [6], we may accordingly write 


Birth rate within control space = GRAds 


Death rate within control space = GRAds 
— (GRAds 
+ ( dD 


Numerical Accounting. The instantaneous number of particles 
within the considered size range and lying inside the control space 
is equal to (GdD)(Ads). By setting the time rate of change of this 
quantity equal to the net rate of entry into the control space 
(Equation [7a] minus Equation [7b]), plus the net rate of creation 
within the control space (Equation [8a] minus Equation [8d]), 
and simplifying, we obtain the differential equation governing the 
time and space histories of the particle spectrum 


ra) re) 
= — > (uAG) — A [9a] 


; Now, since G = G(t, s, D), we may write 
oG ds 


ds dt 


Specializing this for a group of particles of fixed identity, for which 
ds/dt = u, and dD/dt = R, we obtain an expression for the rate of 
change of concentration of particles of fixed identity, identified by 
the substantial derivative notation, in the form 


ae 


A ds 


where the second equality is found by reference to Equation [9b). 

Equation [9c] shows mathematically what might be deduced as 
well from purely physical considerations; i.e., that the spatial 
concentration of a certain group of particles of fixed identity (a) is 
decreased when the particles accelerate; (b) is decreased when the 
particles pass to a section of greater cross-sectional area; and (c) 
is decreased when the growth rate increases algebraically with 


diameter. 
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General Form of Solution. To determine the time and space 
histories of the size spectrum, it is necessary to find the solution 
of Equation [9], subject to the appropriate initial conditions of 
the problem. 

Equation [9] is a linear partial differential equation of first 
order. The theory of such equations (5) shows that the general 
solution of this equation is of the form 


V2, 03) = 0 


where 1;(t, s, D, = 1, ve(t, 8, D, G) = ce and s, D, G) = cs 
(in which ¢;, c2, and ¢3, arbitrary constants of integration) are in- 
dependent solutions of the associated ordinary differential equa- 
tions 
—dG 
R ou uG dA oR 


[10d] 


In practice, the solutions of Equations [10b] may be trouble- 
some, and may indeed not be possible except in special cases 
where the variables may be separated readily. 

We therefore proceed to the consideration of some special cases 
with the aim of discovering typical facts concerning the behavior- 
particle spectra. 


4 Tue Unirormiy Movine CLoup Wits Size CHancs 


Specification of Model.’ Consider the case where all the par- 
ticles move at the same constant speed in a duct of constant area. 
Such might occur when the particles were carried along in a fluid 
stream and all particles had settled down to the constant fluid 
velocity. The particle spectrum, however, changes as the result 
of evaporation, combustion, and soon. Then we have the simpli- 
fications that dA/ds = 0, du/ds = 0, and du/dD = 0. 

Simplified Differential Equation. With the foregoing assump- 
tions, Equation [9] now becomes 

~ ag 


ot ds 


Transformation to Observer Moving With Cloud. If we consider 
an observer moving with the particle cloud at the speed of the 
stream, the stream and the imbedded particle cloud will all ap- 
pear stationary. Therefore, it is convenient to define a distance 


co-ordinate 


which is the relation between distance s in the fixed reference 
frame and distance o in the moving observer’s reference frame. 
Applying the usual procedure for interchange of variables from 
the t, s, D system to the t, ¢, D system, we transform Equation 


{11] into 
(2 
at 


In fact, we may drop the subscript o altogether if we remember 
that Equation [12] is valid only when the observer moves with the 
cloud and that the resulting equation applies to a group of par- 
ticles of fixed identity. 

Steady-Flow Case. It may be noted that Equation [12] includes 
the special case in which the process is steady in the stationary 
reference frame (i.e., [0G/2t]s, = 0), but of course nonsteady in 
the reference frame of the moving observer. 

Motionless Cloud in Stationary Medium. Also covered by 
Equation [12] is another case of particular interest, that in which 
the particle cloud is motionless in a fixed space, the particles either 
growing or diminishing in size as time proceeds. The distance 
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co-ordinate o is then evidently irrelevant, and may be struck 
from Equation [12]; this also may be seen more directly by setting 
u = Oin Equation [11]. 

Growth Rate Considerations. Equations [10b] are indeed 
simplified, as we have seen, by dropping the terms du/ds an@ 
dA/ds. To obtain the solution even to simplified cases, however, 
we must know how the growth rate R depends on D and?. Now 
R depends on ¢ to the extent that the physical properties of the 
fluid medium (such as the temperature, concentration, thermal 
conductivity, and so on), and of the particles, partly govern the 
rates of evaporation, combustion, and the like, and these proper- 
ties may all be functions of time. For example, the temperature 
difference forcing heat transfer depends on how much has already 
been evaporated or combusted. 

Since the form of the R — ? relationship is not known in ad- 
vance, it must be found by simultaneously solving the spectrum 


stoichiometric equations, heat-transfer relationships, etc., inas- 
much as these enter into the determination of the rates of interac- 
tion between the cloud and the fluid medium as well as of the 
properties of the fluid medium. 

Case for Which R = f,(D)f:(t). Although the solution for G as 7 
a function of t and D cannot be found for the general case until 
the R — t relationship is known, we can avoid the simultaneous 
solution of the spectrum and fluid-medium equations by assuming 
that the growth rate can be written as 

DD 
R = fi(D)frlt) 
wherein the function f; depends on D alone and f; on ¢ alone. 

With this assumption we are now able to first solve the spec- 
trum equations and then determine the complete relationships 
for the interaction between the particle cloud and the medium. 
The physical situation to which Equation [13a] applies is the 
case of a uniformly moving cloud and medium in which (i) all 
particle properties are the same except the size, and (ii) the prop- 
erties of the fluid medium appear the same to each particle. Many 
real problems are approximately of this type; see, for instance, 
the example given in Section 6. 

General Form of Solution for Uniformly Moving Cloud. Refer- 
ring to Equation [10b] again, the solution to the dt, ds equation is 
now 


the de dt, dD equation h has the solution 


= 
and the dD, dG equation integrates to 
Gh; = Cs 


Therefore, from Equation [10a], the complete solution to the 
problem must be of the form 
J 


where H is an arbitrary function of the arguments indicated. 
Method of Determining Form of Arbitrary Function. To deter- 


mine the precise form of the function H in a particular case, we | 
must have f; and fe expressed algebraically in terms of D and 1, ‘ 


equations and the equations governing the changes in properties _ 
of the fluid medium and of the particles. Consequently, the solu- — 


tion must involve such auxiliary relations as the energy equation, =— 


& 


respectively, and the relationship between G, D, and o must be © 


known at some time, say¢ = 0. Putting this latter relationship 
into the form indicated by Equation [14], one obtains the solu- 
tion at any other time merely through replacing J at t = 0 by 


at any other time. 

Graphical Interpretation of Solution. The solution represented 
by Equation [14] has a simple graphical interpretation. Focus- 
ing attention on a particular part of the cloud, i.e., ¢ = const, we 
suppose that the spectral curve G(D) is known at time t = 0. 
Let this function be plotted (see dashed curve in Fig. 3) in the 
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form Gf, versus J. At any later time t,, the corresponding curve. 


will be displaced without change of shape, as indicated by the 
solid curve of Fig. 3. According to Equation [14], the value of 
Gf, for a given value of J at time ¢, must be equal to the value 
of Gf; at t = 0 corresponding to a value of 


Jtmo = Jt, + f, fedt 


Hence the curve for time t; is simply displaced leftwards from that 


for t = 0 precisely by the magnitude 


Propagative Character of Solution. The foregoing features indi- 
cate a propagative behavior to the solution. 


binations of D and ¢ corresponding to a constant value 
function 
f, 
By separating variables and integrating between the limits ¢ = 
0, D = Dymo, and = t, D = OD, we find from Equation [13a], fora 
particle of fixed identity 


fe = Jp(t=0) 


where J is the value of J at time ¢, and Jp(¢=0) is the value of J 
for the same particle att = 0. In other words, particles of fixed 
identity have a D, ¢ history specified by a constant value of 


For a given por- — 
tion of the cloud, the product Gf, is seen to be constant for com- © 
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which, by Equation [13c], is the value JQ (7 =) associated with the 
particle at time zero. Then Equation {14] may be interpreted as 
meaning that the product Gf, remains constant for particles of fixed 
identity. 

Thus the propagative behavior noted in the foregoing is asso- 
ciated with the fact that the initial concentration of particles in a 
certain size range controls the concentration of the same particles, 
but in successively different size ranges, at all later times. 

Alternative Derivation of Solution by Physical Considerations. 
The propagative behavior also may be brought out by a derivation 
of Equation [14] based on more physical considerations. Consider 
a group of particles initially (¢ = 0) lying within a certain narrow 
size range, dD;=09. Since the number of such particles at time ¢ is 
equal to the number at ¢ = 0, we may write 


780 


dn = Gp =0)dD: =0 = Gp 


where dD;=o and dQ, are, respectively, the initial and final widths 
of the size interval, and Gp ;=0) and Gp t) are the concentrations 
corresponding to particles of size D; =9 at time t = O and of size D, 
at time /, respectively. By the definition of J (Equation [13)]) 


dDi=0 = ID, = —Sf/i(D,)d/ 


But, for particles of fixed identity, Equation [13c] holds. Dif- 
ferentiating this at constant time, we have dJg = dJq 1 =0). 
Now, assembling the foregoing equations, we get 


= =0) 


which states that the product Gf,, associated with particles of size 
D at time ¢ is equal to the product Gf, associated with the size D; =o 
belonging to the same particles at 4 = 0. But we already have 
seen that the identity of a certain group of particles is marked by 
a D, ¢t relationship given by Equation [13c]. Consequently, we 
may conclude that the product Gf, is a function only of 


t 
fi, 


which is exactly what is claimed by Equation [14]. 

Case of Constant and Uniform Grewth Rate. If the growth rate 
is the same, and constant, for all drops, the integral J of Equation 
[13] is simply J = —®/R, and the general solution to Equa- 
tion [15] is GR = H(®— Rt), which may be expressed alterna- 
tively asG = H,(D— Rt). This states exactly what the assump- 
tion of constant growth rate for all particles implies, namely, 
that the distribution curve of G versus D marches across the 
graph with unchanged form, the displacement at any instant 
being Rt. 

A possible application of this result is to problems in which the 
growth rate is controlled by radiant heat transfer. An energy 
balance in that case shows that R is independent of particle size. 

Methed of Treating Formation of New Drops. When the growth 
rate is positive, as in condensation, attention must be given to 
the fact that new drops may constantly be born. The type of 
solution already discussed applies only to those drops already 
present at time zero. Assuming that, at each instant, the birth 
rate of new drops per unit volume of space is known, we may 
equate this to the instantaneous value of GR corresponding to 
® = 0. This in turn yields Gp =0 as a function of time. Conse- 
quently, in respect to the new drops, the form of the arbitrary 
function in Equation [14] may be determined from a knowledge 
of its variation with ¢ for the value of J corresponding to D = 0, 
and thus the general sohution for the spectral history of the new 
drops may be found, 


5 EVAPORATION OR CoMBUSTION OF A CLoup IN A VERY LARGE 
MepiIum 


Description of Process. To illustrate more completely the 
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method outlined, and also to obtain some practical results of 
value to an understanding of evaporation and combustion, we 
now take up the special case of a stationary cloud evaporating 
into, or burning in, a very large, stationary, gaseous medium. As 
fhdicated by the preceding section, the results also are applicable 
to each portion of fixed identity of a uniformly moving cloud. In 
this section we shall assume that the mass of the medium, relative 
to that of the cloud, is so large that the process does not alter the 
properties of the medium materially. 

With this assumption, the growth rate for any portion of the 
cloud (i.e., for fixed 7) will depend only on diameter, and we may 
at once set fx/) = 1. Then, remembering that FR is now only a 
function of D, Equation [14] becomes 


where H is an arbitrary function of the indicated argument. Al- 
ternatively, for any fixed portion of the cloud, Equation [15] 
states that the product GR (which varies only with D) depends only 
on the combined function of D and t denoted by (J + t). As be- 
fore, the precise form of this dependency may be found by ex- 
pressing G(D) at ¢ = 0 in the form of Equation [15], and then re- 
placing J(D) where it appears by [.J(D) + ¢]. 

The Molecular Growth-Rate Law. After the particles have 
reached a quasi-steady temperature, both evaporation and com- 
bustion are controlled by the processes of heat transfer and mass 
diffusion. If we assume no relative motion between the particles 
and the medium (or, more generally, that the Reynolds number 
based on the relative speed is small) dimensional considerations 
require that the coefficients of heat transfer and mass transfer fol- 
low the law hD/A = const, where h is, respectively, the coefficient 
of heat transfer or mass transfer, and X is, respectively, the ther- 
mal conductivity or mass diffusivity (4). 

Since the rate of the process, and, consequently, the rate of 
disappearance of mass from each particle, is proportional to the 
coefficient h, to the surface area, and to differences in temperature 
and concentration, we may write that D{DD/Dt) ~ hD*. Then 
noting that AD is constant, we find that 


R = DD/Dt = —K/D = fr 


where K is a positive constant containing such quantities as pure 
numbers, the density and latent heat of the particles, the tempera- 
ture difference, and the thermal conductivity and mass dif- 
fusivity of the medium. Thus we may evaluate 


Moreover, integration of Equation [16] for a particle of fixed 
identity yields 


D t 
f = ff. di; Dyno = 2Kt... [18] 
0 


where it is to be understood that D;=0 is the diameter at t = 0 of 
a particle having the diameter D at time ¢. 

General Solution. According to Equation [15], the general 
solution to the problem considered here is 


G = DH[D* + 2Kt) 
Rearranging this in dimensionless form, we have 


G = D*G/m = (D/D*)H [(D/D*)? + 26] 


= DH[D* + 26) [195] 


where 6 = Ki/D**. The advantage of the form shown in Equa- 
tion [195] is that it removes the results from any particular scale 
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of time, size, or K, and expresses them in their most general form 
in terms of the dimensionless time, 8. 

Graphical Method of Solution. A simple and rapid method of 
graphical solution is suggested by Equation [19b]. At time? = 0, 
the size distribution is plotted in the form of G/D versus D?. 
Then, for any other time ¢ = ¢,, the corresponding curve may be 
found merely by sliding the original curve leftwards by the 
amount 20 = 2Kit,/D*?, as illustrated by Fig. 4. Then it is a 


D 
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simple matter to regraph the new curve for time ¢, in the con- 
ventional form of G versus D or G versus D. 

Analytic Solution of Typical Case. These are several types of 
size distribution which may represent atomized sprays or milled 
solid particles (6). All have the features that the curve of G versus 
® starts from zero, increases with D and then, after reaching a 
maximum, approaches zero again asymptotieally. 

Initial Size Distribution. We consider now a specific type of dis- 
tribution at 4 = 0 that embodies the foregoing features and that 
allows us to draw significant conclusions by simple calculations. 
The distribution postulated at ¢ = 0 is represented by 


D*G = n(D/D*)e_ G = De~*/2. [20a] 


For very small values of D this gives a linear distribution, while 
for large values the concentration approaches zero very rapidly. 
The constants in the equation are chosen so that the initially most 
populous particles (i.e., those of maximum G) are of size D*, and 
the total number of particles initially is mo. For the process con- 
sidered, the instantaneous appropriate mean size is given by Equa- 
tion [4c]. When the latter is evaluated for the distribution of 
Equation [20a], we get 


where it is understood that D means, for this case, D:,,. 
Size Distribution at Any Time. Comparison of Equation [20a] 
with Equation [19b] shows that the form of H att = 0 is 


Hi=0 = e~b*/2 

Consequently, at any other time ¢, the spectrum is given by 
i 

G = De e~ "De 


This remarkable result shows that the size distribution con- 
sidered remains unchanged in form, the concentrations of par- 
ticles of all sizes being reduced by the constant factor e~®. 

Variation of Equivalent Mean Size. Performing the integrations 


of Equation [4c], we get the striking result that D = 1/3 at any 
time; that is, the appropriate mean size does not change, even 
though all particles are becoming smaller. The explanation of this 
seeming paradox is that the small particles grow smaller more 
rapidly than the large ones, and ultimately disappear entirely; 
as time proceeds, therefore, a relatively greater proportion of large 
particles remains. 

Variation of Total Number of Particles. From Equations [1] 
and [20b], we find that the total number of particles decreases 
exponentially with time, i.e. 


Variation of Fraction of Mass Disappeared. The fraction of the 
total volume of all particles lost, which is a measure of how much 
mass has disappeared through evaporation or combustion, is 
found from Equations [2] and [20b] as 
Vv 
— 


[20d] 
Vi=0 


x = fraction disappeared = 1 — 
Variation of Rate of Evaporation or Combustion. The rate of 
evaporation or combustion is proportional to the rate of dis- 
appearance of total volume of all particles; i.e., gq ~ —dV/dt. 
From Equations |1] and [20d], therefore, we find that this rate 
also varies exponentially with time 


Calculations for Conventional Model Containing Fixed Number of 
Particles of Uniform but Variable Size. In calculations of 
evaporation and combustion it is usual to assume a model in 
which there is a constant aumber of particles of uniform size, the 
initial uniform size being set equal to the appropriate mean size of 
the initial spectrum. To see how this model eompares with the 
true state of affairs, we shall determine, for this model, the ex- 
pressions corresponding to those of Equations [20d] and [20e] for 
the spectrum of Equation [20a]. Let D, and n, denote, respec- 
tively, the uniform but variable particle size and the constant 
numberof particles for thismodel. Then, by definition, D,, ;=9 ‘D* 
= 4/3. Furthermore, from Equation [18] 


(3:)' - (3) —20 = 3—20 [21a] 
D* D* / 


The fraction of the total volume of all particles which has dis- 
appeared at time ¢ is given by 


V (D,/D*)* 
Vi=o u 


and the rate of evaporation or combustion (since g ~ —dV /dt) is, 
in proportion to the initial rate re i 


(¢/qo)u = (: 


Comparison of Conventional Model With Actual Cloud. Equa- 


tions [20d], [20e], [216], and [21c] are graphed in Fig. 5. Since 
by definition, the initial mass and initial rate of loss of mass are 
identical for the spectrum and model, Fig. 5 shows directly the in- 
accuracies in the model. At the beginning of the process the two 
rates are equal and consequently the slopes of the z-curves are the 
same. As the process proceeds, however, the rate calculated for 
the model is at first greater than the true rate; this occurs be- 
cause, in the true spectrum, the instantaneous mean size does not 
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change, whereas in the simple model, all particles grow smaller 
and consequently acquire a larger growth rate (in the absolute 
sense). After about 75 per cent of the mass has disappeared (ac- 
cording to spectrum calculations) the rate calculated for the model 
becomes smaller than that for the spectrum; this happens be- 
cause the excessively high rate at early times so reduces the par- 
ticle diameter (and the surface area) of the model that ultimately 
a point must be reached where the rate becomes less than that of 
the spectrum. Notwithstanding the latter remark, at any in- 
stant the fraction disappeared is greater for the model than for the 
spectrum. Indeed, at @ = 1.5 the particles of the model have 
entirely vanished, while in the spectrum they never entirely 
vanish. To summarize, the model of evaporation or combustion 
in which the spectrum is represented by a constant number of 
particles of uniform but variable size yields too high an estimate 
of how much mass will have disappeared at any given time. Table 
1 gives some significant comparisons. 

Proposed New Model of Particle Cloud. It is evident that the 
conventional model incorporates an unwarranted optimism con- 
cerning the time required for the process to occur. A more ac- 
curate model is suggested by the fact that the instantaneous D:/, 
corresponding to Equation [20b] is constant. That is, the actual 
spectrum may be replaced by a cloud of particles of variable num- 
ber but of uniform and constant size, with the number of such par- 
ticles decreasing at a rate proportional to the rate of evaporation 
or combustion. Such a model, for the initial spectrum of Equa- 
tion [20a] would give rates identical with those of the true spec- 
trum. At first it may seem peculiar to imagine particles vanish- 
ing one by one, without diminution of diameter; but when it is 
recalled that the model is in any case a fiction to enable easy cal- 
culations, and that the number of particles in the model cloud has 
no physical association with the number in the true cloud, the 
seeming strangeness disappears. 

It cannot be claimed that the model suggested in the foregoing 
is identically correct for other particle-size distributions, or for 
cases where FR is not inversely proportional to D. However, 
since the spectral curve of Equation [20a] is at least typical in 
shape, and since R generally varies with D to a power lying be- 
tween 0 and —1, it seems safe to say that the conventional model 
incorporating a constant number of drops is generally over- 
optimistic in its estimate of rates, and that the new model pro- 
posed is often more realistic. 

Resulis for Nukiyama-Tanasawa Distribution. To investigate 
the two points mentioned in the preceding paragraph, we now 
examine the Nukiyama-Tanasawa distribution, accepted as best 
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TABLE 1 COMPARISON OF MODEL AND SPECTRUM 
Model Spectrum 


Per cent disappearance for @ = 0.555 

Per cent disappearance for @ = 0.905 

@ for 50 per cent disappeared 

@ for 75 per cent disappeared........ : 
@ for 100 per cent disappeared.......... 


representing that of liquid sprays atomized by air jets (6). The 
distribution equation att = 0 is 


D*G = )* or G = 4D%—20 | [22a] 


where the constants are so chosen that no is the total number of 
droplets and G is a maximum when D = 1, all at ¢ = 0. 
Results for R = —K/®D. Referring to Equation [196], the 


solution for the size distribution at any time ¢ is given by 


G = 4D(D* + 20)'/te—2(D* +20)! 


Inasmuch as the terms in # cannot be brought out in a single fac- 
tor, it follows that the shape of the spectrum changes with time. 
A few of the spectral curves are plotted in Fig. 6(a), which shows 
that the value of D for which G is a maximum increases slightly 
with time. 

Evaluation of Equations [2] and [4c] for the size distribution of 
Equation [22] is somewhat lengthy, but the results can be ex- 
pressed in terms of the second, fourth, and sixth derivatives of the 
modified Bessel function of the second kind of order zero. The 
results of these calculations are plotted in Fig. 6(b), which shows 
that the appropriate mean diameter for this distribution actually 
increases with time. This result is perhaps not too surprising 
after having seen the curves in Fig. 6(@). This increase in mean 
diameter, however, is not very large (about 17 per cent when the 
cloud is 75 per cent evaporated ). 

Fig. 6(c) shows the fraction of mass disappeared versus time for 
the spectrum as well as the corresponding curves for the conven- 
tional model with a constant number of drops of uniform but 
variable size, and for the new model of constant diameter but 
varying number. The curves illustrate clearly the error in using 
the conventional model for evaporating drops. The proposed 
new model does not give results that coincide exactly with the 
spectrum calculations; they are in error in the same direction as 
the conventional model. This is expected because D actually in- 
creases somewhat during evaporation and therefore the rate of 
change of mass is less for the spectrum. However, the fraction 
evaporated predicted by the proposed model is better than the 
conventional model both qualitatively and quantitatively. 

Results for R = Const. The results shown in Fig. 6 are for the 
case R ~ D-'. To see what effect the nature of the growth-rate 
law has on the results, Fig. 7 shows curves analogous to those of 
Fig. 6, for the same initial spectrum, but with R = const = — K. 
The two cases comprise the two extreme forms of the growth-rate 
law, for in the general relationship R ~ D~7, ¥ lies between zero 
(radiant heat transfer controlling) and unity (molecular condition 
and diffusion controlling). Note that the appropriate mean 
diameter for y = 0 is Dz,,. 

Fig. 7(a) shows the Nukiyama-Tanasawa spectrum as a whole 
moving horizontally towards the origin. This result was pre- 
viously derived for any spectrum if the growth rate is constant 
and uniform. In Fig. 7(b), the mean diameter Ds/, is shown as a 
function of z. In this case the mean diameter decreases as the 
drops evaporate. Finally, in comparing the fraction evaporated 
curves versus 6, in Fig. 7(c), we see that once more the conven- 
tional model is overoptimistic about evaporation rates. The 
proposed model is also in error, but the magnitude of the error is 
smaller, and in the opposite direction. The proposed model again 
matches the spectrum result qualitatively over the entire range. 

Spectrum With Finite-Diameter Range. In the preceding ex- 
amples the diameter range for each spectrum ranged from zero to 
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Fic.6 ror NuKryAMA-TANASAWA SPECTRUM EQuATION 


{22a], Wira R = —K/D 


infinity. As a consequence, an infinite amount of time is required 
to evaporate all the droplets. Since the upper diameter limit is 
finite in any actual case, we now investigate this effect using the 
molecular growth-rate law of Equation [16] and the initial drop- 
let spectrum of Equation [20a]. Thus at ¢ = 0 we have 


G= { 0 < D < Dinax(t=0) 
0 D> Dmax(t=0) 


The correct mean diameter is given by 
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where Dax is not constant but can be expressed as 
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The results of these calculations as well as the results of using the 
conventional model are shown in Fig. 8. 

Choice of Initial Spectrum. The initial particle distribution G 
for any case is usually obtained by fitting a curve to experimental 
data. This procedure suggests trying to fit a curve of certain alge- 
braic form such that later calculations for D yield the result D = 
const. This objective can be achieved for the case of f,\(D) ~ 
—D~7 if we fit the data to the form 


= 


where a and } are arbitrary constants. Equation [20a] is a 
specific example of this for the case of y = 1. 

Conclusions of Droplet-Evaporation Study. The general results 
obtained from study of Figs. 6, 7, and 8 are that: 


1 The conventional model is optimistic about evaporation 
rates of the spectrum. 

2 The proposed model is more accurate in predicting evapora- 
tion rates, at least for De~©* and D’e—° spectra, for the range of 
growth rates from radiation controlling (y = 0) to molecular 
phenomena controlling (y = 1) the process. 

3 If only a small part of the mass of the droplet spectrum is to 
be evaporated, it is immaterial which model is used because the 
diameter variation is so small (D ~ cube root of mass remaining). 

4 For evaporation of the last remnants of a droplet spectrum 
with Dnax = @, the results of the conventional model differ 
radically from those of the spectrum and of the proposed model. 
The latter two indicate that 100 per cent evaporation is reached 
only ast approaches . If, however, Dmax is finite, the spectrum 
analysis shows 100 per cent evaporation is reached in finite time 
while the proposed model still requires infinite time. Except for 
this question of time for 100 per cent evaporation, the difference 
between the results of the proposed model and of the spectrum 
analysis is small if Dmax(:=0) > 3. The physical reason for this be- 
havior is that very little of the mass in the droplet spectrum we 
are considering is in the range from D = 3toD = ~. If the ques- 
tion of time for 100 per cent evaporation is of importance, the 
answer can easily be obtained by considering just the evaporation 
of the largest drop. 


6 EVAPORATION OR CoMBUSTION OF A STATIONARY CLOUD IN A 
Meprum 

Form of Growth-Rate Law. When the growth rate depends on 
time, as for example when evaporation or combustion modifies 
the temperature and other properties of the medium, it is not 
valid to let f(t) = 1 in Equation [13a]. 

In this event, if we retain the growth-rate law R = f,(D)f2(t), 
with f(D) ~ D-!, Equation [14] shows that all the results pre- 


we 
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sented in Equations [19], [20], and [22] and in Figs. 5 and 6 re- 
main valid, provided only that wherever ¢ appears it must be re- 
placed by 


Case of Evaporation in a Gaseous Medium. The details of com- 
pleting the solution will vary from case to case, and may best be 
illustrated by a specific example. Consider evaporation into a 
cloud of gas, with the gas temperature falling by virtue of the 
latent-heat absorption. Then an energy balance for a droplet 
(neglecting sensible-heat effects), equating the rate of heat transfer 
to iad rate of latent-heat change, yields 


whence, with the postulate of molecular heat conduction (hD/A = 
2) we get 


R = DD/Dt = —4Ar/pLD 


Neglecting the variation of \ with time, we may express this as 
= fi(D)f(t) where f, = —4Xr/pLD and = T/T» 


An energy balance between the entire droplet cloud and the 
entire gas mass, equating the total latent heat supplied to the 
decrease of enthalpy of the gas, gives 


m,¢ p(T’ = pLVo ( 


Moreover we have by definition 
r=2T,—T = (Te — T)—(Te—T,) = — (Te 


and thus we obtain 


where 


E = p£LVo/m 


for each value of 


the value of z is known either from an analytical solution (e.g., 
Equation [20d]) or, if necessary, from a numerical integration, 
keeping in mind that the value of @ appearing in, say, Equation 
[20d }, is now to be interpreted as 


Now, 


(K/2*?) (r/ro)dt 


Moreover, Equation [23c] gives a relationship between 7/7» and z, 
assuming of course that the constants To, £, p, cp, and Vo/m, are 
all known to begin with. Consequently, we have in hand a rela- 
tionship between 7/7») and f(r/ro)dt. Then, from the expression 


d dr d 
= — dt = - rat 
dt dt dr f 


we may separate variables and integrate between ¢ = 0, 7 = To, 


and t = t, 7 = 7, thus getting the 


d(r 
d(r/To) 


Since the differentiation and integration required by the right- 
hand side of this equation may be performed analytically or 
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graphically with the help of the aforementioned relationship be- 
tween Les z 


we may solve for ¢ as a funetion of r/ro, either analytically or 
graphically. Then, since z is connected with 7/7» through Equa- 
tion [23c], we have our solution finally in the desired form of z 
versus ¢. 

Specific Example. For example, with the rather simple 
algebraic relationship of Equation [20d], all the operations may 
be performed analytically and yield finally, for the relationship 
between fraction evaporated and time 


pLp*? 
— 1) 


With other spectra the operations just indicated may have to 
be carried out numerically or graphically. 


7 Sreapy-Srate Evaporation orn CombBustTion 1n Ducts 

Specification of Model. 
tion or combustion in steady flow in a duct such that, at every 
station, all properties are constant, i.e., 0/d¢ = 

Furthermore, let us suppose that the particles are very small 
and therefore that all have virtually the same speed as the me- 
dium at all points, i.e., u = u(s) only. For the same reasons as 
given in the preceding section, let the growth rate be represented 
as R = f,(D)f2(s). 

General Solution. With the foregoing assumptions, the applica- 
tion of Equation [10] yields, for the general solution to the prob- 


lem 


G = + S) 
where 


[256] 


and Hi is an arbitrary function of the argument J + S. To evalu- 
ate the N integral, it is necessary to express s as a function of D 
through the equation J + S = J,=0, where J,=0 is a constant of 
integration equal to the value of J at s = 0. 

The actual treatment for particular cases is similar to that of 
the preceding section, where D and ¢ were the independent varia- 
bles, except that now D and s are the variables. 

Special Case for Which uA = Const. When the density of the 
medium is not appreciably altered by the evaporation or com- 
bustion, and when the particles follow closely the motion of the 
medium, continuity requires that the product uA be nearly con- 
stant. Assuming that it isin fact constant, the integral N becomes 


N = In hi 
and the solution takes the form 
Gf, = H(J +8) 


which bears a striking similarity to Equation [14]. 

General Solution for Mass Fraction Evaporated. The general 
solution for the spectral distribution as a function of distance, 
given by Equation [25], may be very difficult to carry through. 
However, should it be of interest only to discover how the frac- 
tion evaporated or burned varies with time, simple physical 
reasoning shows that the results of the preceding section (em- 


Let. us now consider the case of evapora- _ 


se 


bodied, for example, in Equation [20d] and Fig. 6) are immedi- 
ately applicable. If, as in the case with the assumptions em- 
ployed here, each portion of the particle cloud is associated with a 
given mass of the medium, an observer moving with a given por- 
tion of cloud and medium would see the same events that would 
be seen if the cloud and medium were stationary. The only — 
formula needed is that relating the distance moved by the ob-— 
server to the time elapsed, and this is easily furnished by s = 
S udt. With this transformation, all the results of the preceding 
section connecting fraction disappeared with time may be used in 
the present section for connecting fraction disappeared with dis- 
tance. 
8 Sreapy FLiow, No CuHanGe IN Size 

Model of Process. Suppose that a cloud of particles travels in 
steady flow down a duct, with no interactions which might cause 
any particle to change in size. Then the concentration G might — 
change because of (a) a change in cross-sectional area of the duct 
or (b) a change in the speed u of the particles of size D in question. — 

General Solution. With the foregoing assumptions, 0/d¢ = 0 
and R = 0. Accordingly Equations [106] are 

ds dD —dG 


(G/A) 


(uA) 


The integrals of these equations are 


GAu = 
and therefore the solution is 
GAu = f(D) 


where f(D) signifies some function of D. 

Physical Meaning of Solution. This solution has a simple physi- 
cal meaning. Since G is the number concentration per unit 
volume, GAu is the number of particles in the size range from D 
to D + dD, crossing each section per unit time. Consequently, 
the solution states that, for any particular size group, the number 
flux is the same at all cross sections. It would have been possible, 
therefore, to write down the foregoing solution simply by noting 
that the number of particles in each size range is conserved. 

We note from the solution that the number concentration per 
unit volume G@ tends to decrease if either A or u increases. ; 

Example of Motion in Incompressible Medium, With Slow — 
Changes in Cross Section. Suppose that the particles are travel- 
ing in an incompressible medium, and that the changes of cross 
section are so moderate that all particles follow exactly the -_ 


tion of the medium. The product uA is constant and it follow ee * 


that the concentration curve G(D) is the same at all cross sec-— 
tions. 

Example of Motion in Incompressible Medium, With Rapid Con- 
traction of Cross Section. By way of contrast, let the medium, 
assumed as incompressible, accelerate through an abrupt decrease 
in cross section, as in Fig. 9(a). For reasons of particle inertia the 
smaller particles will accelerate from | to 2 more rapidly than the 
larger ones. Ultimately, however, all sizes of particles will arrive 
at the same speed at section 4. Furthermore, the reasoning given 
previously requires the spectrum at 4 to be the same as at 1. 
These arguments show that the spectral curves for sections 1, 2, 
3, and 4 will change in the general way indicated by Fig. 9(b). 


9 FreEeE-FALLING AND EvaporaTiInG Dropiet CLoup 


Model and Solution of Process. Imagine a cloud of falling and _ 
evaporating drops. Assuming a steady state, we may set 0/d0t=0. 
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Moreover, if each drop is very nearly at its own terminal 
velocity at all times we may suppose u to be a function of D only, 
and thus du/ds = 0. If, as well, the surrounding medium is 
very large, we may suppose R to depend on Dalone. Then, noting 
that dA/ds = 0, Equations [10b] become mites. Gah 4 
& 
Pe 


dD 
R 


u 


The integral of the ds, dD equation is 
(D 
s—S=c, where S(D) = f 
and the integral of the dD, dG equation is 
GR = Ce 
Consequently the general solution is 
GR = H(s — S) 
in which the arbitrary function H is found from a knowledge of the 
function GR at the location s = 0. 

Example for Very Small Droplets (Low Reynolds Number). To 
illustrate, suppose the droplets are so small that the evaporation 
occurs by molecular diffusion and the terminal velocity is set by 
Stokes’ law of drag. These lead to the laws 


R= —K/D; 


t= 


where K and K; are dimensional constants depending on the 
properties of the droplets and the medium. The function S may 
now be evaluated as 


dD = — 
—K/D 


and the general solution showing the spectral distribution as a 
function of s is seen to be = 


Therefore, with a knowledge of how G/D depends on D‘ at s = 0, 


it is a simple matter to find G(D) at any other value of s. me 
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Discussion 

Myron Trisvus.' This paper represents a welcome addition to 
the growing literature on sprays. The evidence that the ap- 
proximations suggested in the paper compare favorably with the 
calculation results from more expensive computational methods 
is reassuring. 

The writer would like to illustrate a particular application 
which has been made of one of the many ideas in this paper. It 
is shown that,* for practical purposes, shortly after injection of a 
fine spray of a pure liquid into a gaseous atmosphere, each drop 
comes to the wet-bulb temperature of the system. Using the 
symbols of the paper (except letting S = r*), it follows that all 
drops will follow the growth law 


5 Associate Professor of Engineering, University of California, Los 
Angeles, Calif. Mem. ASME. 

***4 Method for Calculating the Rate of Evaporation and the 
Change in Drop Size Distribution for Pure Sprays Injected into Un- 
saturated Air,"’ by M. Tribus, J. Klein, and J. Rembowski, Project 
M992-C, Engineering Research Institute, Ann Arbor, Mich., May, 
1952 (available via microfilm or photostat). 
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_ The total weight of spray is given by 


dt 

Instead of the distribution function G(r) utilized in Sentee a 


[1] of the paper, consider a function G(.5) such that the number In the case of the evaporation from a water spray injected into 
of drops having values of r between 5 and § + dSisG(S5)dS. In unsaturated air, the variations in spray character are shown in 
view of Equation [27] herewith, it follows that G(S) does not Figs. 10 through 16, taken from reference.* Fig. 10 shows a typi- 
change shape with time, since dS/dt is the same for all droplets. cal drop-size spectrum plotted according to G(r). Fig. 11 shows 
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the same data plotted with G(S5). In practice the integration is 


never carried to infinity but stops at the maximum value of S> 


i.e., Smax. The weight of unevaporated spray may be computed 
as a function of Smax by considering a linear movement of the S- 
axis to the right in Fig. 11, and assuming that all drops to the left 
of the origin have vanished. Fig. 12 shows the spray weight as a 
function of Smax. Using a psychrometric chart and allowing for 
the adiabatic saturation, one can compute easily the change in 
wet-bulb depression with spray weight or Sax as shown in Fig. 13 
for two initial conditions. Sinee Snax follows Equation [27] and 
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(Tw» — Ta») is known as a function of Smax, Equation [27] may be 
integrated graphically to show Smax as a function of time, as 
illustrated in Fig. 14. Knowing how Snax changes with time one 
can then read values off Fig. 11 and prepare graphs such as are 
presented in Fig. 15 and 16:which portray G(r) and (4/3)mr?G(r) 
which represents the volumetric size distribution function. 
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‘Transter in 


a Pipe With Turbulent E 


~Flow and Arbitrary Wall-Temperature 


aia C. A. SLEICHER, JR.,? ann M. TRIBUS* 


The first three eigenvalues and constants for the prob- 
lem of heat flow to a constant property fluid in established 
turbulent flow in a round pipe are presented for all im- 
portant values of Reynolds and Prandtl Moduli. These 
results permit one to compute heat transfer from noniso- 
thermal pipe walls. Comparisons with experiment are 
good for all fluids from oils to liquid metals. The ther- 
mal entry length and rate of heat transfer for low Prandtl 
Moduli are shown to depend markedly on the wall-tem- 
perature profile. 


NOMENCLATURE 
The following nomenclature is used in the paper: 
. = constant defined by Equation [7] 
= constant, axial temperature gradient, deg F /unit dimen- 
sionless length 
constant defined by Equation [4] or [8] <a 
pipe diameter, ft 
f(r«), dimensionless velocity, u/uavg 
g(r), dimensionless total thermal diffusivity, 1 réy/v 
conversion factor, 32.2 lb-mass ft/lb-force sec? 
heat-transfer coefficient, gD/k(t,, — tm), Btu/hr sq ft 
deg F 
thermal conductivity, Btu/hr ft deg F 
length, ft 
local Nusselt number, hD/k 
asymptotic or fully developed Nusselt number 
Peclet number, Re Pr 
Prandtl number, C, u/k 
heat flux, Btu/hr sq ft 
= radial distance, ft 
pipe radius, ft 
= r/ro 
Reynolds number, D 
eigenfunction defined by E panned [5] 
total temperature, deg F 
mixed-mean temperature, deg F 
= inlet temperature, deg F 
wall temperature, deg F 

= mean velocity at a point, fps ae he oe 

! Investigation was conducted while the authors were at the Uni- 
versity of Michigan, Department of Chemical and Metallurgical 
Engineering. 

? Shell Development Company, Emeryville, Calif. 

§ Associate Professor, University of California, Los Angeles, Calif. 
Mein. ASME. 

Contributed by the Heat Transfer Division of THe American 
Society or MecuanicaL ENGINEERS and presented at the Heat 
Transfer and Fluid Mechanics Institute, Stanford University, Calif., 
June 1956. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of thelr authors and not those 
of the Society. 

11, 1956. 


dimensionless velocity, u/V 9.70 /p 

average bulk velocity in pipe, fps 

axial distance, ft 

2r/Pe D 

ry — r, distance from wall, ft 

dimensionless distance from wall, y V 9.70/p/v 

€x/€, Tatio of eddy diffusivities 

eddy diffusivity for heat, ft?/sec 

eddy diffusivity for momentum, ft*/sec 

dimensionless temperature, — t,,)/(ts — t,) 
= eigenvalue in Equation [5] 

viscosity, lb/ft sec 

kinematic viscosity, {t?/sec 

density, pef 

shear stress at the wall, Ib-force/sq ft 


INTRODUCTION AND STATEMENT OF PROBLEM 


The rate of heat transfer to fluids flowing in pipes is of great 
commercial interest and has been the object of hundreds of in- 
vestigations over the past 80 years. These are admirably re- 
viewed by McAdams (1).* In these investigations relatively 
little attention has been directed to the effect of wall- temperature a 
distribution. Such effects are often small, but there are many . 
cases of interest in which they are appreciable. The object of this 
paper is to provide an analysis which will yield the local rate of 
heat transfer to a fluid flowing turbulently in a pipe in which the 
wall temperature or heat flux varies in an arbitrary fashion. 


DEFINITION OF SysTEM 


This analysis is limited to smooth, straight pipes within 


the fluid flow is fully developed. For this case the energy equa-_ 


tion can be written 
dt 
e 
or 


The system satisfying this equation is subject to the following re- 
strictions: 


1 Fluid properties are constant. 

2 Mean velocity in axial direction is independent of angular 
position. 

3 Mean radial velocity is zero. 

4 Mean temperature at any radius does not vary with time or 
angular position. 

5 Frictional dissipation of energy is negligible. 

6 Axial diffusion is negligible with respect to bulk transport in 
the z-direction. 


The last restriction has been shown by Schneider (2) to intro- 
duce a negligible error for Pe > 100. ve 

Two wall-boundary conditions are of particular interest, uni- 
form wall temperature and uniform wall-heat flux. The case of 


« Numbers in parentheses refer to the Bibliography at the end of the 
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uniform wall temperature is considered here because the “‘step- 
function” solution can easily be used to solve the case of an arbi- 
trary wall-temperature distribution by superposition (3). Ref- 
erence (3) also shows how to use the uniform-wall-temperature 
solution to solve the case of arbitrary wall-heat flux. The 
boundary conditions for the “step function”’ are 


Uz, re) = t,, x > 0; 
r) = hy, 


RELATED SysTEMS 

Graetz, as reported by Jakob (4), first solved Equation [1] for 
laminar flow. Latzko (5) gave an approximate solution for tur- 
bulent flow with Pr = 1. Poppendiek and Harrison (6) review 
four pipe solutions limited to very low Peclet numbers. Other 
systems involving heat transfer from various surfaces with arbi- 
trary temperature distribution are reviewed by Tribus and Klein 
(3, 7). 


Uz,r) = b,x <0; 


FORM OF THE SOLUTION 


To solve Equation [1] with the Boundary Conditions [2], it is 
convenient to render it dimensionless by use of the following 
definitions 


2x 
S(r«) = 


Uave Re Pr D 


r 
f= — 
To 


t—t, v/Pr + €4 
Ore, re) = 


te 


tiation of the foregoing values into Equation [1] yields 


2 0 


ore E Ore 
with boundary conditions 
re) = 1,26 <0; O(ze, 1) = 0,28 > 0; re) = 1, re #1 


By the usual method of separation of variables, the solution is 


n=0 
in which R,(re) satisfies 
d 
- [regR,’] + reR, = 0 
drs 2 


with the boundary conditions, R,(1) = 0, R,(0) = 
The heat flux to the fluid at the wall is given by 


at —4k(te — t,) 


in which 


A, exp . [6] 


‘valet 


The equations are presented in the foregoing form in order to 
agree with the laminar flow case in Jakob (4) and Sellars, Tribus, 
and Klein (8). 

Equation [5] with its boundary conditions belongs to the well- 
known class of differential equations called Sturm-Liouville sys- 
tems (9). From the orthogonality property of the solutions, it 
can be shown (9) that the coefficients C, are givenby 


The forms of f(r«) and g(r«) were obtained experimentally (10, 
11). The A, and 2, were found with the aid of an electronic 
analog computer in which f(r+) and g(rs) were formed by a func- 
tion generator. 

Tue Vevocity Function, f(r*) 

Measurements of turbulent-velocity distributions in pipes 
have been reported by many authors and are reviewed in ref- 
erence (10). The results of these investigations are not in com- 
plete agreement, but the disagreements are not sufficient to cause 
enough difference in f(r+) to affect the solution of Equation [5] to 
a significant degree. 


Tue Eppy Dirrusivity Function, g(r+) 


The eddy diffusivity for momentum has been shown by von 
Karman (12), for example, to be related to the velocity in a pipe 
by 


sere? 


wal an 
tala 


Also, it is customary to define 


Thus one can write 


Oy J 


gr+) =1+aPr 


=) 


From Equation [11], g(r+) can be calculated if an accurate 
velocity distribution is available and if @ is known. 

Reynolds (13) first suggested that a = 1, a statement of the 
idea that heat and momentum are transferred by the same 
mechanism. Jenkins (14) proposed a modification of Prandtl’s 
mixing-length theory (15) by supposing that an eddy loses some 
of its heat and momentum as it travels from one layer of fluid to 
another of different temperature and velocity. Jenkins’ analysis 
predicts that a@ will approach unity as turbulence increases, a 
trend that is clearly indicated by the experimental work of Isakoff 
and Drew (16), Corcoran, et al. (17), Brown, Amstead, and Short 
(18), and Sleicher (10). The analysis also predicts that a should 
decrease with decreasing Prandtl number. This trend is indi- 
cated by a comparison of the results of Isakoff and Drew or 
Brown, Amstead, and Short for mercury with those of Sleicher for 
air, all in pipe flow. The predicted low value of @ for low Prandtl 
numbers agrees with the fact that most experimental values of the 
Nusselt number for liquid metals are below the predictions of 
Martinelli (19) and Lyon (20) based on a = 1. 

Although Jenkins’ analysis predicts the right trends for a, the 
absolute values are lower than the experimental results of ref- 
erences (10, 16, 17, 18, 21). In view of the foregoing, the values 
of @ used to determine g(r+) were calculated by multiplying 
Jenkins’ value for any Prandtl number by a factor such that 
agreement was reached with the experimental results of Sleicher 
(10) for air. That is 


a r 


where a, is determined from Jenkins (analysis) and ag from 


0 Sleicher (measurements). 
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ANALOG-CoMPUTER RESULTS 
The analog computer was used to generate known solutions, 


such as the Graetz and “slug-flow’’ solutions and gave results 
within 2 per cent for the first few eigenvalues and coefficients. 
Smoothed and interpolated curves through the data for the 38 
turbulent cases run are given in Figs. 1-9. Tables of the data and 
ean for these runs can be found in reference (11). 


CoMPARISON OF ResuLts WITH EXPERIMENT 


oe Nusselt Number for Uniform W all-Temperature. 
From the definition of the Nusselt number ; | 


qD 


hD 
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and by appropriate manipulation of Equation [4], one can derive 
the following expression for the Nusselt number for the case of 
uniform wall temperature 


Far downstream from the thermal entrance, all terms but the 
first of Equation [13] become small so that the asymptotic Nus- 
selt number is 


[14] 


Thus the Nusselt number for this case is simply half 
of the Ao? given in Fig. 1. For air the Nusselt number 
is in agreement with experiment and the Dittus-Boelter 
Equation [1], which was to be expected since experi- 
mental values of u/u,, and €, were used. The region 
of most interest is at low Prandtl numbers. In this 
region the Nusselt number is often correlated against 
Peclet number, as in Fig. 10, which shows a line 
through the heating data of Gilliland, Musser, and 
Page (22) which has been corrected for thermal-en- 
trance effects. These authors used a uniform wall- 
temperature system for their heating runs, but the 
tube had a length-to-diameter ratio of 45, which is 
sufficiently short that the average Nusselt number was 
5 to 35 per cent higher than the asymptotic value. 
The modification to their data was made by multiply- 
ing their data by Nu,/Nuavg as determined from the 
data and methods presented here. Although the meth- 
ods of evaluating their data are subject to inaccura- 
cies (23), the prediction is seen to be in good agree- 
rhent with their modified Nusselt numbers. 

The predictions of Fig. 10 for Pr < 0.05 may be 
represented within 2 per cent by 


Nu, = 4.8 + 0.0150 


This equation is recommended for the asymptotic 
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Nusselt number for heat transfer to liquid metals in 
a pipe at uniform wall temperature. 

Asymptotic Nusselt Number for Uniform Wall-Heat 
Flux. Tribus and Klein (3) have shown how to use 
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10° 
Reynolds Number 
the solution for uniform wall-temperature systems to solve the 
case of arbitrary wall temperature or heat flux. With the use ' 
of their techniques, it can be shown (11) that the asymptotic This series converges extremely rapidly. For example, for the 
Nusselt number for uniform wall-heat flux is laminar case, which converges more slowly than the turbulent, 
the first two terms give 4.379 whereas the exact value is 48/11 = 
4.364. 
The dashed lines of Fig. 11 are plots of Equation [16] versus 
Peclet number for the liquid-metal region. Shown also are mean 
447 lines through the data of several experimental in- 
Lona vestigations. Lubarsky and Kaufman (23), in a re- 
25 port dated March, 1955, analyzed very thoroughly 
] all reported experimental work on liquid-metal heat 
transfer. They report sources of error in many of 
the experimental procedures or data analysis, and re-— 
ports containing such faults were not considered for 
comparison here. In addition, some reports were not 
considered for one or more of the following reasons: 
L/D ratio so short that the asymptotic value of Nu 
was not achieved, velocity profile not developed, __ 
rough-walled pipe, presence of probe disturbed flow. 7 4 
This culling left seven references, whose location can _ 
be found in Lubarsky and Kaufman. The lines | 
shown for English and Barret; Johnson, Hartnett, — 
and Clabaugh; Johnson, Clabaugh, and Hartnett; — a 
and Stromquist are from their unchanged data. The = 
lines for Styrikovich and Semenovker, and Trefethen ==> 
are shown as re-evaluated by Lubarsky and Kauf- 
man (23). The Seban data are shown as points for 
the three runs taken immediately after cleaning of __ 
the tube walls. 
The agreement with the experimental results is ex- 
cellent, especially when one considers that at some of 4 - W 
the very low Peclet numbers shown the flow may | 
have been in the laminar or transition region. All 
these results fall well below the theoretical line pro- 
posed by Lyon and also shown in Fig. 11. The re- 
sults of the present analysis shown in Fig. 11 for 
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a 7 Ao, ConsTant in Equation [6] Versus Reynotps NuMBER ture is shown in Fig. 12 and confirms the similar but 
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—-— A, Present Analysis, Pr = .005-.01 
—-—B, Present Analysis, Pr 04 
EB, English and Barret, Pr = .015-.024 
JCH, Johnson, Clabaugh and Hartnett, Pr 
JHC, Johnson, Hartnett and Clabaugh, Pr - 
St, Stromquist, Pr = .02 
T, Trefethen, Pr = .017- 624 
Also Styrikovich and Semenovker, Pr = 
Seban, Pr = .02 


.03-.043 
015-.024 | 


0065 


Peclet Number 


Fig. 11 Nussert Numper Versus Pectet Numeer 1n Liquip 
Recion ror Untrorm Heat Fiux 


more limited calculations of Seban and Shimazaki (24). The 
figure illustrates that the wall-temperature distribution strongly 
affects the heat-transfer coefficient at low Peclet numbers. 

Thermal-Entry Length. Fig. 13 shows thermal-entry lengths for 
a pipe at constant wall temperature, calculated from Equation 
{13]. The thermal-entry length is defined here as the number of 
diameters downstream from the beginning of heating at which the 
Nusselt number reaches 2 per cent of its asymptotic value. 
Other authors have used a 1 per cent criterion for entry length, 
but reported experimental results are not sufficiently precise to 
warrant use of the 1 per cent definition for comparison. 

The line for water (Prandtl number 7.5) is shown dotted be- 
cause there is some doubt of its accuracy. In order to obtain the 
correct value for the asymptotic Nusselt number for water, it 
was necessary to use values of the eddy diffusivity much lower 
than expected. In calculating the eddy diffusivity for water, it 
was assumed that €y = €, in the central portion of the pipe. 
Near the wall the equation of Deissler (25) 


= = 0.01540uty* [1 — exp (—0.0154 uty*)] 
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iilliland. et al (8)(corrected) 
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agreed with the Dittus-Boelter Equation [1]. The values used 
varied from 0.4 to 0.6, depending on Reynolds number. The 
reason for such low values is not certain, but it was possibly 
caused by the limitations of the function generator used with the 
analog computer. 

It is curious that the thermal-entry length at first increases with 
increasing Prandtl number and then begins to decrease. This 
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variation is contrary to the prediction of Berry (26), but his re- 
sults at high Prandtl number are considerably higher than the 
experimental entry lengths of Hartnett (27) for oil and water. 
‘Both Hartnett’s data and the predictions of Levy (28) and Berry 

_ indicate that, as the Prandtl number increases above about 10, 
there is very little increase in entry length at a given Reynolds 


number. Thus the dotted line in Fig. 13 is the prediction for all 


‘Prandtl numbers above 7.5. 


TABLE 1 OF 


NVESTIGATIONS 

Thermal-entry 
Prandtl length, z/D 
number Re = 10‘Re = 108 


Analytical 7.5 yg ll 
Analytical 2-3 
Analytical 13 
Experimental i 10 
Analytical 

Analytical 

Analytical 

Analytical 

Analytical 


Boundary 
condition 


Uniform 


. Type of 
investigation 


Present results. . 
Deissler (31)... 
Berry (26)*.... 
Hartnett (27)... 
Present results. . 
-Deissler (31). . . 
Deissler (31)... 
Latzko (5) 
(26).... 


Boelter et al. (29) 
(extrapolated) Experimental 


wall temp 


Uniform 
wall temp 


* Berry used a 1 


r cent instead of a 2 aa cent entry-length criterion. 
_A factor of about 0.7 would convert his results 


to a 2 per cent entry length. 


Table 1 summarizes the results of previous investigations and 
compares them to the present at two Reynolds numbers. This 
- table is similar to the one reported by Hartnett except that a 2 
per cent entry length is used here, whereas Hartnett apparently 
used 1 per cent in determining the entry lengths of Boelter, 
Latzko, and Deissler. 
¢ The entry lengths calculated in this investigation are some- 
what higher than the analytical results of Latzko and Deissler. 
The experimental results of Boelter (29) fall about halfway be- 
Ss Latzko’s analysis and the present and are considerably 
above the results of Deissler. For higher Prandtl numbers the 
_ present results agree very well with the data of Hartnett for oil 
- and water, which were, however, taken at uniform heat flux. 
This agreement and the fact that the entry lengths for air at uni- 
form heat flux and uniform wall temperature calculated by 
Deissler are nearly equal indicate that the entry lengths for the 
two cases are in fact about the same for Prandtl numbers above 1. 
This observation disagrees with the prediction of Levy (28) that 
the entry lengths for the two cases differ by a factor of 3.6. 
Levy’s analysis is oversimplified, however, in that it assumes a 
sublayer of a calculated thickness in which there is no eddy dif- 
fusion bounded by a well-stirred fluid in which the eddy diffusivity 
is infinite. 

At low Prandtl numbers the calculated entry length is in gen- 
eral agreement with Johnson, et al. (30), who estimate from their 
experimental data that for Prandtl numbers of 0.020 to 0.045 and 
Reynolds numbers of 10,000 to 100,000 the thermal-entry length 
is about 30. Their data were taken at uniform heat flux. In this 
region the uniform heat flux and uniform wall-temperature entry 
lengths probably differ more but not much more than at higher 
Prandtl numbers. Entry-length calculations for a fluid of Prandtl 
number 0.025 flowing in a pipe at a Reynolds number of 120,000 
give the following results: 

Entry length at uniform wall-temperature 


Entry length at uniform heat flux 
Entry length at linear wall-temperature 


Heat Transfer in the Entry Region. In Fig. 14 are plotted the 
experimental values of Nu/Nu, at two Reynolds numbers taken 


Data of Boelter (2), 
Data of Boelter (2), 
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from Boelter, et al. (29), and the corresponding line calculated by 
Equation [13]. There is some scatter in the data, but the line 
follows the data fairly well out to about z/D = 4. For the region 
closer than that, more eigenvalues and constants are needed for 
the case of air. That close to the entrance the boundary layer 
calculations of Deissler (31) undoubtedly give more accurate 
results. 

Several authors report experimental Nusselt numbers in the 
thermal-entrance region for uniform heat flux. These are not 
compared here because more than three eigenvalues are desirable 
for calculating heat transfer for those cases. Methods for han- 
dling such conditions are under consideration. 


Summary or EquaTIons For EsTiMaTING HEAT TRANSFER 

Below are listed equations for computing the temperature dis- 
tribution, rate of heat transfer, mixed-mean temperature, and 
Nusselt number for three wall-temperature conditions. With the 
aid of these equations and the constants given in Figs. 1-9, it is a 
simple matter to calculate heat transfer in a pipe for any of the 
three cases. 


Uniform Wall Temperature 


te — t, 
= A, exp (—A,,2z+) 


A, 


tam = be — — exp (—Aytze).... [20] 


y A,, exp (—A,,22«) 


Nu(z+) A 
2 — exp 
A," 


After only the first exponential is important, Equation [21] re- 
duces to the asymptotic Nusselt number 
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Linear Wall Temperature. If : 


A, 


ats) 


exp (— 
A 
= Bre + lexp — 1]. 126] 


1+8 >> 


exp (—A,,22+) 
Nu(z) = 


ra. — exp (—A,z«)] 


Uniform Heat Flux at the Wall. The method of deriving these 
equations is explained by Tribus and Klein (3) and Sellars, Tribus, 
and Klein (8). Those references should be consulted for further 
details. Let 


H"(s) 


A, 


Now let y,,2 be the values satisfying H(—vy,,?) = 0. The tem- 
perature distribution is then given by 


gD exp 


1 — exp (—7,,"2«) 
The first summation in the brackets is equal to 


given by Sellars, Tribus, and Klein. It converges much faster 
than their expression in the foregoing, however. 
Remaining expressions of importance for uniform heat flux are 


Tx) —t 


exp ( 
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Practical Equipment-Replacement Economics 


By P. A. SCHEUBLE, JR.,1 MILWAUKEE, WIS. 


There is nothing new about the basic problems encoun- 
tered when replacing manufacturing equipment since we 
have been doing it for thousands of years at an accelerat- 


ing rate. Often, it does not take any fancy figuring to 


_ tell us that a replacement is required. The basic reasons 


for replacement have not changed, except that the pressure 
for change has increased under present-day competition 
and advancements in technology. We find ourselves con- 
fronted with larger capital expenditures to keep up with 


the drive on reducing unit cost and increasing quality. 


Furthermore, there is competition between various equip- 
ment proposals and other projects in their demands on 
capital funds. The author discusses various principles 
on which the economic replacement of equipment must 


be based. 


INTRODUCTION 


T HAS long been recognized that decisions on equipment pur- 
chases can have a profound effect on the future course of the 
business and its financial stability. Many managements, while 

closely controlling the budgeting and expenditure of capital 
funds at the top-executive level, have no definite policy or pro- 
cedure for determining if and when a replacement should take 
place. It is thought that a sound approach to this problem can 


do much to stimulate thinking throughout the organization, 
- about how to get the most for our investment dollar. What is 


needed is a method of analysis that will provide simple and 
understandable ground rules, so that various proposals can be 
compared in regard to capital availability, and that meritorious 
proposals can stand on their own feet, or at least have an adequate 
explanation of why they are not accepted. 

We must avoid oversophistication of theory and keep the 
language simple, since the initiative for many changes comes from 
operating units in the organization, as well as the engineering 
departments. However, the method must relate realistically, 
the physical and economic factors involved. At the same time 
the method must be flexible enough to permit the evaluation of 
estimates and assumptions in relation to the possible range of 
error. The approach must be an aid to judgment, not a formula 
that turns out a “‘yes’’ or “no’’ answer. 

Equipment-replacement problems have been analyzed from 
various viewpoints, ranging from the “one-horse shay’’ attitude 
of not replacing until the present equipment falls apart, to that 
of replacing simply because a newer piece of equipment may in- 
dicate an apparent operating cost saving over the one in use. 
They have varied from mandatory payback requirements as 
short as 1 to 2 years, to concepts primarily concerned with 
accounting and tax lives. But these diverse views are not an- 
swers in themselves; they are only symptomatic of the problems 
of equipment replacement. 


1 Assistant to Vice-President-Manufacturing, A. O. Smith Corpora- 
tion, Milwaukee, Wis. Assoc. Mem. ASME. 
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Engineering Management Conference, St. Louis, Mo., March 14-15, 
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of the Society. Manuscript received at ASME Headquarters, 
November 16, 1954. Paper No. 56—MGT-2. 


Irems To CoNnsIDER 


A replacement decision usually involves much more than a 
consideration of comparative annual operating costs and the 
effect of equipment wear. There is still the problem of determin- 
ing the most advantageous use of available capital funds and 
making sure that a desired return on the invested capital will be 
received. This problem, in turn, is inextricably bound up with 
making estimates of the future as to: 

1 Whether the necessary product volume will be maintained 
to realize the operating-cost advantages of the new equipment. 

2 Whether overhaul of present equipment would be sufficient, 
and for how long. 

3 Whether there are possible alternative uses of that equip- 
ment in the future. 

4 Whether more advantageous equipment will appear on the 


_ market in the near future. 


Also involved is the consideration of the possible adverse 


_ effects of not replacing; i.e., higher operating costs, lower quality, 


poorer customer service, forsaking of additional volume, loss of 
markets, and slowing up of long-range plans. 

Although these factors may appear formidable at first glance, 
their evaluation, backed up by reasonable facts and figures, can 
be very effective in selling worth-while equipment ideas up the 
line. Of course, included in the consideration of equipment 
replacement are many factors often thought of as intangibles. 
The fact is, however, that such items, for instance, quality, can 
be measured quantitatively in terms of scrap cost, rework, in- 
spection, and possible loss of sales volume. Other long-range 
considerations, while difficult to measure, can often be determined 
with workable accuracy by the use of cost and profit estimates 
(so long as their reasonableness is established and their lack of 
preciseness is taken into account in the interpretation of final 
results). 


Wauat Is Meant By EquipMENT REPLACEMENT? 


What do we mean by equipment replacement? The first 
thing that comes to mind of course is replacing present equip- 
ment because of excessive wear or breakdown, or replacing 
because a much better type of equipment is available, or is to be 
designed. Actually, the term “equipment replacement’’ is 
rather broad in its application, since it also can mean, for instance, 
the replacement of one process by another. In fact, we limit our 
approach when we think only in terms of equipment and groups 
of equipment. The use of the term can cover any situation 
where unit costs can be reduced or profits increased by a capital 
expenditure. Obviously, when we replace we want to take ad- 
vantage of the advances made in design and new concepts. 
On the other hand, sometimes overhaul of present equipment is 
adequate. 

The degree of need for replacement varies from company to 
company according to sales volume, product character, competi- 
tion, and so on. Thus, in a single product, high-volume op- 
eration, on the one hand, a small decrease in cost per unit may 
easily justify replacement. The management of a more diversi- 
fied plant, on the other hand, may need to ponder longer before 
deciding on the replacement; here the question may be whether 
the new equipment will give the shop more versatility and 
whether a greater volume of business could be handled because 
of its advantages. Also entering into the problem of replacement 
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is the type of service the particular equipment is subject to and 
the type of maintenance it receives. 


ror Repiacine EquIPpMENT 


The need for replacing equipment may stem from any one or 
a combination of the following reasons: 


1 Present equipment is not functioning properly, with one or 
more of these results: Excessive idle time, poor quality, increased 
labor costs, high operating costs, abnormal maintenance expense. 
Of course, overhaul may in many cases correct these conditions. 

2 There is a current or an anticipated need for expanded or 
diversified capacity. 

3 New or improved products have been introduced for com- 
petitive or other reasons. 

4 More efficient equipment is available on the market, even 
though the present equipment may still perform satisfactorily. 

5 Increased mechanization will reduce labor costs and/or 
increase quality. Reduction of fatigue is also a consideration. 

6 Process and methods changes have been developed to re- 
duce costs or to increase quality. 

7 It is necessary to eliminate safety hazards; here the pro- 
tection of workers is paramount, but there also may be gains in 
the form of increased output and reduction of industrial-com- 
pensation costs. 

8 Itis possible to achieve more efficient production and reduce 
costs by plant rearrangement, better material handling, estab- 
lishment of manufacturing services, and so on. 


There are various methods of equipment-replacement analysis. 
Those which incorporate the time value of money (or interest 
rates), it is believed, have the sounder approach since this 
concept cannot be avoided when considering the acquisition and 
use of money. The underlying relationship between money, 
the time cost of money, and its period of use, has been under- 
stood and used in financial circles and some types of engineering 
studies for many years. It should be emphasized that it is 
how these variables are used in relating physical and economic 
factors, which determines the value of a particular replacement- 
analysis method as a practical tool in which we can have confi- 
dence. It must tie in with experience and common sense. 


ANALYZING PROPOSALS 

More specifically, the method of analysis that is proposed 
measures the annual cost savings or profit potential of the pro- 
posed replacement against the capital investment made, taking 
into consideration its utilization, the desired percentage return 
on investment, the capital-recovery period, wear, and the service 
life of the equipment. This implies three basic tests which a 
replacement should pass before it is approved: 


1 Its capital-recovery period must reasonably correspond 
with its period of potential utilization at a reasonable assumed 
average annual volume. 

2 Its annual savings, or profit potential, after paying for its 
amortization and return on investment over its service life, 
must compete with other replacement proposals in their demand 
on capital funds. 

3 Some consideration should be given to fitting in the pro- 
posal with the future plans of the company, especially in regard 
to equipment versatility and interchangeability. 

As a practical matter, good judgment depends on standards of 
measurement. The essence of this approach is the use of eight 
yardsticks, which taken together, form the basis for a sound con- 
clusion. They are not listed in order of importance but as they 
will be discussed. 

1 The operating cost savings or increased-profit potential 
(or protection thereof) afforded by making the replacement. 
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2 The rate of return desired on the invested money. 

3 The capital-recovery period, and its relation to the period 
of equipment utilization. 

4 The service life of the equipment, and its relation to wear 
and obsolescence. 

5 The total money invested in the replacement. 

6 The net savings over the service life of the equipment. 

7 The priority of a replacement in relation to other replace- 
ments and projects and the availability of capital funds. 

8 The effect of taxes. 


Annual Cost Savings. The usual starting point of a replace- 
ment analysis is the determination of the annual cost savings 
or dollar-profit improvement afforded by the new equipment, 
in comparison with the status quo. To do this we must have a 
reasonable idea as to potential volume. If present equipment 
can be overhauled, the cost-savings aspects of that alternative 
also must be determined. The study starts from now. What 
we have spent in the past is meaningful only if it makes a con- 
tribution to the future. It is a sunk cost. We thus have two 
basic replacement situations: (1) The present equipment can 
no longer do its job because of deterioration, now, or in the 
foreseeable future, and we must make the decision whether to 
spend further money on a major overhaul or replace it with the 
same or better equipment. A decision is relatively mandatory. 
(2) Factors other than wear or deterioration enter into the pic- 
ture, such as obsolescence, and the cost-savings possibilities 
make replacement appear attractive. 

Actually, both basic situations are present in varying degrees 
in almost any replacement problem. 

Comparison of Operating Costs. The comparison of annual 
operating costs can embrace many factors, depending on the 
particular application. To mention a few: Labor costs, fringe 
labor benefits, maintenance and repair, scrap costs and rework 
costs, quality costs, setup time, down time, space, taxes and in- 
surance, subcontract costs, and so forth. The time and effort 
needed to get figures for all of these factors may seem excessive. 
Yet the actual time spent is small in comparison with the capital 
outlay usually under consideration. The more limited a com- 
pany’s funds, the less it can afford a skin-deep review. Of course, 
judgment must play a part in developing such cost figures, and 
some objections may be raised against the crystal-ball aspect of 
trying to predict future volume, but there is usually a way to 
get around it. An objective basis of comparison, however im- 
perfect, is better than vague generalities. The mere fact that 
we are talking about new equipment means that we must have 
some confidence in the future and an anticipation of a continued 
volume pegged at a reasonable figure. In many cases, reasonable 
estimates must suffice, but because they may be difficult to de- 
termine does not mean those factors do not exist. The prime 
purpose of this approach is to try to pin down as many objective 
cost factors as we possibly can evaluate. The final figure we 
come up with can then be evaluated with the intangibles kept in 
mind. In this way we narrow down our intangibles rather 
than throw the whole subject open to the imagination. 

Operating-Cost Factors. While many of the afore-mentioned 
factors are self-explanatory, we should place some special empha- 
sis on the following: 


1 When considering labor costs, only measurable savings 
should be used. Partial reduction of manpower per unit output 
should not be considered unless one’s time can be effectively utilized 
elsewhere, or if past experience has shown that close attention 
has been paid to manpower application. In a progressive opera- 
tion such attention usually results in eventual savings. Some 
replacements may increase the capacity per worker, but unless 
this increase is utilized, it should not be considered as a savings. 
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_ profit due to a larger sales volume. 
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2 Savings in overhead costs should not be caloulated by 
applying an overhead percentage rate to laborsavings. Only 

“those incremental overhead-cost factors affected by the replace- 

ment should be considered. These statements can be ex- 

plained by considering a replacement that will double production, 

and the increase can be absorbed by the market. Labor cost 
‘in this case has been reduced by one half. However, the annual 
petit cost probably has not been reduced; in fact, it may be 

increased by additional inspection and other service require- 

ments. The replacement may be a desirable one, however, be- 
cause of the annual laborsavings and the increase of annual dollar 
Depreciation rates should 
not be considered in the operating-cost analysis since the effect 
of capital cost is considered elsewhere in the procedure. 

3 Maintenance and repair cost should include the day-to- 

day equipment maintenance and miscellaneous repair costs, 
= erating minor overhauls, necessary to keep the equipment 
operating properly. Major overhaul cost, which itself constitutes 
an alternative to the present situation, should not be included 
in the operating-cost analysis. When considering day-to-day 
maintenance and repair costs, we are concerned with measuring 
the difference between the present situation and its proposed 
alternative, and although this differential will change with time, 
for practical purposes it is usually sufficient to calculate their 
present differential. 

The proposed replacement may result in either an increase or 
decrease in the various operating-cost factors. Only the plus 
or minus differential amounts need to be considered. Their 
total is called ‘“‘Annual Gross Savings.’’ 

Return on Investment. When talking about equipment re- 
placement we cannot avoid the consideration of return on in- 
vestment. The advantages of the replacement must do more 
than just write off its own cost. An enterprise must receive a 
return on its invested money, whether this be for capital equip- 
ment, inventories, or other uses. This concept becomes a little 
more understandable when we view it as a mortgage taken 
on the equipment by management, the value of the mortgage 
being the investment in the replacement. The annual pay- 
ments on this mortgage are made by the equipment through its 
annual savings or profit increase. The interest portion of these 
equal annual payments is the rate of return to be realized from 
the investment, and is a measure of the earnings potential of the 
proposed replacement, as compared with the investment of that 
money in the day-to-day operation of the business. It is a 
more fundamental measure than annual gross savings, since it 
is directly related to the investment and the time period involved. 

Capital-Recovery Period. Before discussing further the concept 
of rate of return on investment it will be well to digress for a 
moment and give the simple arithmetical foundation underlying 
this method of analysis. As we described previously, a measure- 
ment of the capital-recovery period is involved in the first of the 
three basic tests that a proposed replacement must pass. If this 
recovery period, which includes the return on investment, rea- 
sonably corresponds to the period of anticipated equipment utiliza- 
tion at the volume stated in the analysis, it is logical to assume 
that the desired return will be achieved. This assumption is no 
less valid than the usual consideration one must give to the 
uncertainty of the future. For purposes of demonstrating the 
basic arithmetic involved we will omit the percentage return on 
investment for the moment. 

Annual gross savings 
Investment 
Capital recovery period: 

$10,000 /$2800 = 3.5 years 

Gross Savings. The second basic test which a replacement 
should pass is that its gross savings adjusted for wear, after 


paying for its amortization and return on investment over its 
service life, must compete with other replacement proposals in 


their call on capital funds, Table 1. = 
TABLE 1 SERVICE LIFE—10 YEARS 7 


Annual gross savings 


- 


Average annual repair 
costs over 10 years 
Adjusted savings 
Less: 
Average annual capital 
cost ($10,000/ 


By introducing a return-on-investment requirement of 10 
per cent, however, the capital-recovery period is increased to 5 
years, and the annual capital cost increased to $1625, with a 
resulting net saving of $675. 

Actually, the return on investment is figured on a diminishing 
balance in the same manner that a home mortgage is calculated, 
and is expressed by an annuity formula, shown in most texts 
on investment or engineering economy 


r(l +r)" 


A = annual payment provided by savings (annual capital cost) 

P = invested capital 

r = annual per cent return on investment requirement (com- 
pounded at end of year) 

n = time period involved, years i 


where 


This formula can be set up on a nomogram for simple solution, 
Fig. 1.? 
MANAGEMENT’S VIEWPOINT 


While the determination of a return-on-investment goal is a 
financial problem, we should have some understanding of its 
meaning. The rate of return requirement ties in with the total 
operation of the business and a specific goal for an enterprise 
depends on many factors, including the type of business, the 
rate of its return on existing investment, the availability of funds, 
and, particularly, the viewpoint of management in regard to the 
employment of capital. Because the value of the return rate 
can affect a replacement decision, this matter of management 
viewpoint is crucial. 

Extremes must be avoided, for they are likely to distort judg- 
ment. If it is to be a reliable guide, the return rate wil] have to 
reflect factors related to the use of the capital as well as its 
acquisition. Further, a replacement opportunity under con- 
sideration will not be expected to return any more, or for that 
matter, any less, than the going or desired rate of return applying 
to the employment of capital in other phases of the business. 
Of course the final decision on a capital expenditure should take 
the maintenance of the cash position into account; and of course 
safety factors are not necessarily inappropriate if they are in- 
troduced into the analysis at points where they can be recog- 
nized for what they are. But the return rate itself must be 
kept pure and sound. 

Perhaps the importance of looking at the return rate in this 
way can be better understood when it is realized that we are 
measuring a given proposal against all alternatives, including 
other possible replacement proposals. The rate of return goal 
affects all proposals equally and adjusts for the time value of 
money. It does not attempt to dictate which replacement has 
first call on available capital funds. 


2 “How to Figure Equipment Replacement,” by P. A. Scheuble, Jr., 
mens Business Review, Boston, Mass., September—October, 1955. 
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Service Lire 


Thus far we have mentioned two types of time periods: The 
capital-return period and service-life period. It is thought the 
concept of capital-return period is comparatively easy to under- 
stand; however, service life will require a little closer analysis 
to get a better understanding of its meaning. The belief that 
an asset has an inherent service life independent of the duration 
of its specific application is misleading. Equipment obsolescence 
can have a marked effect on service life, regardless of how ex- 
cellent its condition. In other cases, however, the effect of 
obsolescence may be small in comparison to that of wear. In 
most problems, however, both obsolescence and wear are involved, 
but their effects must be evaluated separately since they usually 
do not occur simultaneously. 

Obsolescence Versus Wear. Obsolescence cost is determined by 
a comparison with a proposed replacement that is superior in 
operation, while wear, on the other hand, occurs gradually through 
usage. For practical purposes, the savings afforded by the 
proposed replacement would hold throughout the service life 
if wear did not take place. However, wear does occur, and the 


Problem (At 10% return on investment) 

(a) Savings of $2800 and cost of $ 10,000 give capital return period of 5 years. 

(b) Service life of 10 years at cost of § 10,000 requires savings of 31625 to amortize. Pein 


Nomocram Savines Per Year, Equipment Cost, NuMBER OF YEARS 
to Pay Orr aN INVESTMENT Pius A GIVEN PERCENTAGE RETURN ON INVESTMENT 


dollar amount must be predicted quantitatively in order to 
adjust for its effects on potential operating savings. 


Wear is a physical phenomenon, but it can be reasonably meas- 
ured by repair cost. Most manufacturing and related equip- 
ment consists essentially of a structure that supports, and also 
may be in contact with moving parts. Since these parts wear, 
they may be replaced to maintain the original operating charac- 
teristics of the equipment. We also might have structural dis- 
tortions, corrosion, and wear of bearing supports. The incidence 
and amount of repair costs are difficult to determine, but they 
are usually low in early life and increase with age. Also, they 
vary with the severity of use. Since their exact growth pattern 
is indeterminate, we may for the sake of convenience assume 
that their annual cumulative average for a given period increases 
in proportion to equipment age, or hours of use, without intro- 
ducing any critical errors, Fig. 2. 

Establishing Service Life. Thus far we have not come up with 
the answer as to when obsolescence or wear establishes the service 
life. Of course the problem is relatively simple for a piece of 
equipment peculiar to a contract job that will run for a specified 
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period. Generally, however, the determination is not so simple 
because both wear and obsolescence are involved. Perhaps 
this question can be resolved if we pose a still more basic ques- 
tion: When can we anticipate making a comparatively large 
capital outlay for either overhaul or replacement? 

In some few cases we may be able to make such a prediction 
if we know that certain trends in equipment design will make 
superior equipment available in the foreseeable future. In 
more cases, however, we can reasonably predict that under given 
operating conditions certain classes of equipment will require a 
major overhaul after a definite period of use, and that the com- 
paratively large expenditure required at that time may make it 
desirable to consider the purchase of superior equipment. Thus 
the time of major overhaul represents a point of potential ob- 
solescence as well as a major stage of physical deterioration. 

Point of Diminishing Returns. This reasoning can be applied 
to a great number of types of equipment in a company that 
has a progressive equipment policy and is trying to get the best 
in equipment performance per dollar it spends. It is not ar- 
bitrary in the light of the fact that repair-cost patterns have a 
direct effect on the decision to overhaul, and the fact that as 


repair costs increase the need for overhaul or replacement be- 
comes more urgent. A graphic representation of average annual 
capital costs and repair costs will show that their combined total 
will reach a minimum point, after which it becomes less economi- 
cal to operate a piece of equipment unless the repair cost is re- 
duced by overhaul or replacement, Fig. 3. 

The net savings in this example remained fairly constant over a 
wide span, and a service life selected in this range would for prac- 
tical purposes give savings of the same magnitude. This result 
reflects realistically the problem usually presented when de- 
ciding to overhaul or buy. The range of error is acceptable on 
practical grounds. Seldom can we decide exactly when to take 
action, but usually we can make a decision within a reasonable 
period without adverse effect. Such a decision can be influ- 
enced by the present or anticipated availability of equipment, 
the price level of equipment, imminent improvements in design, 
as well as our decisions in regard to the priority of a replacement 
in relation to capital funds, 

Salvage Value. An equipment replacement decision is usually 
concerned with the net outlay of cash involved, and the resale 
or salvage value of the replaced equipment reduces the cash out- 
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lay. This raises a question whether we should also consider the 
future salvage value of the replacement, since this will reduce 
annual capital costs. We can of course make a guess as to what 
the future salvage value of the proposed replacement might be, 
but this requires not only guesses as to when the equipment 
might be available for resale, but also what future market con- 
ditions might be. We are only introducing guessing factors 
against which the real cash outlay of the present must be meas- 
ured. If future value has a bearing on a selection between al- 
ternative pieces of equipment, it is far better to think of it in 
terms of comparative salability than to try to give it a nu- 
merical measure. After all, the typical manufacturing company 
is not in the used-machinery business so, therefore, future 
values should not generally be of any great significance in a re- 
placement decision. 

Both present values of old equipment and future values of 
new equipment should not be used in the same problem. That 
would be double counting, if we are dealing with a series of re- 
placements over many years. It’s just a matter of whether we 
want to count the future salvage value now in figuring capital 
cost or to wait until that asset is sold and credit the new replace- 


4 TRANSACTIONS OF THE ASME 


Considering the indeterminate nature of salvage or re- 


ment. 
sale value the cash-in-hand point of view is a little more certain. 

Sometimes we may want to take the future salvage value into 
consideration, such as in a case of rather short-term installa- 
tion, or to make a rough comparison between rental and 


buying (before consideration of taxes). This can be worked out 
on the nomogram for the first problem (assume $2000 future sal- 
vage value) by using a net investment of $8000 and adjusting the 
resultant answer upward for the interest on $2000 (10% x 
$2000), to get an annual capital cost of about $1500, Fig. 4. 
Summary of Reasons for Replacement. At this point it will be 
well to summarize what we have discussed, since we are now in 
a position to approach making a decision on a replacement. 
Having passed the first test of a reasonable utilization during 
the period of capital recovery, the proposed replacement must 
then compete with other worth-while replacements in their de- 
mand on capital funds, by a comparison of net annual savings. 
Those replacements with the largest net savings should receive 
prior consideration; however, it should be emphasized that the 
net-savings figure by itself is not the criterion which determines 
the final decision, but it is only a valuable gage. Sometimes 
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Savings 
= per Year (S) 
70,000 —4 
Equipment Cost iC) 60,000 
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Qe) Adjust for time value of resale value $ 2,000 x 10% equals $200 
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there are intangibles which we must balance against the net 
annual savings. 
_ There is another point toremember. In many cases, equipment 
- decisions can be classified as those which are of a mandatory 
nature; that is, we must make up our minds now or within a 
reasonable period, such as in the case of a major overhaul or 
- buying new. In such cases the capital-recovery period is an 
academic consideration. Another type of decision usually in- 
volves a replacement that is more economic in nature, since 
production may not be jeopardized, although we can lose money 
by not making that decision. 
In the first case the decision may revolve around a comparison 
of the annual capital costs of overhaul versus buy, with, perhaps, 
operating savings entering into the comparison. In the second 
instance the decision is usually based upon the operating savings 
involved in comparison to the annual capital cost. This dif- 
ference must be kept in mind in comparing the net-savings figures. 
Obviously, if the income loss due to production shutdown were 
taken into consideration in the mandatory-type analysis, the 
—net-savings figure would generally beat out the replacement 
being considered only for its cost savings. 

Also entering into the replacement decision will be the com- 
parative risk involved. Generally, those replacements with 
short capital-recovery periods will show better net savings, thus 

simplifying the problem of selection. Sometimes, however, 


PRESENT EQUIPMENT 


Type ang Size /Z2-JO Ou aad 

Year Built 


equal net savings are available from other projects with longer 
recovery periods. While no rigid rule can be established in 
choosing between such alternatives, the replacement with the 
shortest recovery period may be more desirable from the stand- 
point of less time risk. Again, however, there is no substitute 
for good judgment; there are plenty of factors that can make 
the opposite decision the wise one. 

The example illustrated in Figs. 5, 6, and 7 is shown more for 
the points involved, rather than to cover the multitude of pos- 
sible replacement situations. In calculating the three-year 
return period in the foregoing problem the effect of repair cost 
was not considered, since over this length of time it would not 
be significant. When long return periods are involved the annual 
gross savings should be reduced by the average predicted repair 
cost for the calculated period, and the recovery period resolved. — 
This is a method of successive approximations, but is sufficiently 
accurate, 

A PLANNED PROGRAM 
This approach to replacement analyses requires that a planned 
program be in effect, since a comparison between replacements 
cannot be made unless all possibilities are surveyed prior to 
selection, It is believed that this is only logical and practical, 
since it is the only way to avoid the helter-skelter expenditure 
sh money, and perhaps at a later date some worth-while project 
WEW EQUIPMENT 
Manufacturer 
Type and Size ferme 


Eatimate by Date 
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Additional Coste 
over present 


Savings of proposed 
ever present 


Direct Labor 

Indirect Labor 

Fringe Benefits (Use I5% of | and 2) 

Maintenance and Repair (exclude sajor overhau!) 

Tools (Producti, durable end perishable) 

Scrap and Rework 

Bow Tise 

Power Coste 

Suvoontract Cost 

Property Taxes and insurance 

Other items such as: income increase due to 
increased capacity (if utilized), eateria! cost, 
cost of apace (if significant) Specify 


3. 
5. 
6. 
7. 
8. 
9. 
0. 


Total 
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NEW EQUIPMENT (or alternative of overhas!) 


Anticipated Service tite /O years 
Cost of Equipeent (include engineering) 
Installation and rearrangement cost 


/S 350° 
4300 


Cost of additions! items needed to 


service equipment 


+ “Going-in” Coste 
Other expensed | tess 


Tete! cost of ecement 
Subtrect ites (13) 
Het cost of repiacesent or overhau! 


SUMMARY (See Instructions) 
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27. lueber of years to return 
investment at required 


return (Use Homogr an) 
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AVERAGE HET Savings SERVICE LIFE 
gross savings - From (12) above 7500 
Less average eticipated repair coste 
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‘en TRANSACTIONS OF THE ASME 
PRESENT EQUIPMERT Effect of Taxes. While a replace- 
Manufacturer Manufacturer Oven oF ment decision should not be primarily 
vee ene be concerned with taxes, we cannot com- 
Year Built Estioate by pletely ignore this item. Sometimes, 
ANNUM AVERAGE OPERATING Comp an 130" OF PR PROPOSED we. PRESERT however, too much emphasis is put 
the tax aspect. It’s like medical ex- 
1. Direct Labor $__ 4000 “stl penses: It’s nice to know you have a 
2. Indirect Labor 355 deduction after the necessity arises, but 
one usually has more money left by not 
5. Tools (Production, durable and perishable) : ae getting sick in the first place. It is 
Rework - important to have some understanding 
8. Power Costs oe of this effect. 
9. Subcontract Cost 
10. Property Taxes and ineurance The fact that replacement is designed 
to increase profits means that taxes will 
cost of mace (if significant) Specify be higher as a result. However, apply- 
ing a flat tax-percentage effect on gross 
12. Annual Gross Savings of proposed over present (4 sinus 8) /¥o0 | savings neglects the effect of other fac- 
TAL COST ANALYSIS i 
PRESENT EQUIPMERT —_ . = EQUIPMENT (or alternative of overhaul ) tors in the profit-and loss statement. 
' - It seems only sensible to consider the 
13. Resale, or af tax effect through the aggregate profit- 
18. Resaining useful life 19. Installation and rearrangement cost — and-loss statement in relation to re- 
placements in general. After all, our 
efter years. 2. Total cost of replacement is to compare the desirability of alter- 
NOTE: machinery and pment native replacements, and the tax on in- 
creased income would hardly change 
UBER OF YEARS TO RETURN INVESTMERT AVERAGE WET SAVINGS DURING SERVICE LIFE their relationship. Should it be desired 
Se to consider the tax effect in the calcula- 
tion, the percentage-return-on-invest- 
of years te |W. Adjusted grove savings (28) eines (28) /2 SO ment figure would be adjusted upward 
investaent et required 3). savings reqired to give desi red 
return (Use Konogran) years return for period of anticipated 2000 to include the nominal effect of taxes 
in relation to investment for the enter- 
32. Annual average Met savings during prise. 
rvice life sinus ) 
= Considerations of Accounting. The 
value of the capital expenditure in a re- 
placement analysis will include expenses 
not normally classified as capital items, 
hoproves by which in the usual accounting treat- 
Fie. 6 MAcHINERY AND EquipMENT ANALYSIS ment would be charged directly against 
profit and loss and thus would reduce 
may have to go by the board because we’ve used up our capital taxes. The accounting treatment, of course, makes this distinc- 
budget for that year. Also, it is not a good way to createaspirit tion between investment costs, which are depreciated over time, 
of confidence in our proposals. In fact, an annual review of and operating costs which are expended in the current year, 
possible replacements is desirable. Management can then whereas a replacement analysis seeks to measure the cash outlay 
evaluate the savings potential and plan the allocation of funds of a replacement over the whole period of its utilization. Here 
or acquire the necessary capital. accounting is simply serving a different, purpose; it must main- 
Repair Costs. We should briefly consider some mathematical tain stability in the determination of profits from year to year, 
effects of treating repair costs in this method, and the use of and it must take account of tax requirements. 
annual costs: ‘ p Depreciation. There may be more point in not ignoring the 
1 We do not consider the time value of money relationship effects of depreciation on income taxes, for these will vary be- 
on repair costs. The effect is to inflate repair cost. However, tween contemplated replacements. The higher depreciation 
since the pattern is indeterminate, and generally, actual repair charges made possible by the new capital asset will tend to re- 
costs are usually understated on records, the practical effect duce taxes and will thus reduce the total net cash outlay of the 
is negligible in comparison to other factors that will dictate company; and the bigger the asset, the greater the effect. Fur- 
replacement. ther, when the asset is removed from the capital-asset account 
2 The annual gross savings should be based on an average at the end of its useful life to the company, the undepreciated 
value of utilization. Theoretically, if year-to-year values are amount will tend to reduce taxes; though the reverse possibility 
not equal, an adjustment must be made for the time value of also exists that the salvage or resale value received may exceed 
money. In effect, savings have a larger present worth in the book value and thus tend to increase taxes. 
earlier years, so in the case of a gradually declining volume of The practical fact is, however, that such tax effects may be 
production, the annual gross-savings figure is only slightly under- indeterminate for a particular problem. Thus: 
stated by an unweighted average. Where there are extreme . 
cases, a present worth? basis of analysis is desirable. 1 The oo Revenue Code _ 1954 eeretten Ses a — 
ki cen 
*Principles of Engineering Economy,” by E. L. Grant, The af pas 
Ronald Press Company, New York, N. Y., third edition, 1950, °f Straight-line depreciation in the first year of acquisitio 
chapters 7 and 8. asset), which can act to defer taxes as well as to accumulate 
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reserves that are more commensurate 
timewise with the real depreciation of 
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(Mote: Show details of cost items on separate sheets) 


SALES VOLUME AmALYSIS 


the equipment. Undoubtedly, the full 
advantage of these liberalized deprecia- 
tion provisions can be realized by com- 

panies that follow a vigorous replacement 
policy and have asset-accounting pro- 
cedures that can take advantage of this 36. 

law. In general, however, the possible 
advantages cannot be reduced to clear- 
cut rules. 
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2 Again, the net salvage value of one 
replaced machine tool may be offset by 
the write-off of others, and hence no net 
capital gain is involved. It would, there- 
fore, be difficult to set up a general rule 37. 
regarding salvage value to guide the 
operating organization in analyzing this 3. 
factor. 

While any such tax effect, if significant 
and measurable, should of course be con- ~~ “i 


premiums). 


Measure savings in teres of operators wages at present contract rates. 
Where units are involved use standard labor per unit. 


36. Present cost per (Unit) tr? 
Proposed cost per (Unit) (4eerd 
38. Savings per (Unit) (Hour) ry 
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(Consider overtime and shift 


Saving per year for 
next years is 
mote 38) multiplied by (36) 
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Will labor standards be changea? (Yes) 
Other calculations (attach sheet) 


INDIRECT LABOR SAVINGS (veaauy) 


sidered, it should not be injected into 

the replacement study where it is only 

likely to confuse the analysis. It is usu- 
ally sounder to make the analysis pri- 

marily on the basis of good engineering 

and business judgment, with the tax 
_ effects brought to bear subsequently. 


Supervisory $ 
Inspection 

Material handling 

Other indirect 


itemize cost of following, if changed: 


PRESENT PROPOSED FERENCE 


Zeo 


TOTAS 


MAKING THE REPLACEMENT Pay Orr 


*Going-in” costs are above normal costs in connection with getting equipment or process running. 


GOING-IN COST 


(Excess 


labor over standard, excess scrap losses, excess down time, excess too! tryout, rewrking of equipment or 


To make equipment replacement pay testing ote.). 


‘Such a plan should include: 

1 An objective study of proposals, and supporting them by 
_ records or reasonable estimates. Such an analysis also includes 
_ & periodic check of equipment condition and operating costs 

which may signal deterioration. Good working records are 
- required, but they need not be expensive since they usually can 
serve multiple purposes. A good example is the maintenance 
record that can be used both for historical information and as a 
_ working record to schedule maintenance. 


2 An economic analysis that will tie together the engineering, 
cost, and financial factors involved. A priority and timing of 


replacements should be established. 


3 A two-way communication among, and between, all levels 
in the organization, so that plans can be correlated with future 
_ company planning and capital availability. 

4 A broad management viewpoint in regard to the use of 
funds for replacement purposes, the setting up of adequate re- 
serves for replacement, and an appreciation of its competitive 
"Position in regard to the efficiency of its plant. 7 


mn. 
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‘ 


po . 


Emlaation and calculations: 
Fic. 7 Summary Work SHeetr 


5 An after-the-fact review of proposals installed. Some- 
times our dream boat is rocked, but the review is important since 
it gives us improved judgment and may avoid future mistakes. 

6 A program that will provide proper equipment mainte- 
nance, and constant supervisory effort to instruct and prevent 
mishandling of equipment. Needless to say, this factor is of 
great importance. 

We have discussed the economics of equipment replacement. 
However, it may be recognized clearly, that what we have 
discussed is only one facet of the day-to-day problem of increas- 
ing the manufacturing efficiency of a company. In the back- 
ground must be the continuing review of the things we are doing 
and how we can do them in a better way, increase quality, re- 
duce fatigue, make operations safer, and reduce cost. The 
fact remains that such ideas must be evaluated in terms of under- 
standable ground rules, so that they can be compared for de- 
cision and their acceptance or rejection be explained. It is 
believed that if we follow some of these principles, we can show 

i that equipment replacement can and does pay off. 
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Apply: ing 
“This paper outlines a method for planning the most 


economical production and inventory program for main- 
taining stable employment levels in a seasonal market. 


INTRODUCTION 
( me ‘LIC variations of demand occur in many industries 


and for many reasons, A great deal of study and re- 

search work has been done to try to predict seasonal- 

iarket fluctuations so that manufacturers of goods might plan 

their production accordingly. These efforts have met with con- 

siderable success. Many companies can now forecast seasonal 
demand peaks with a reasonable degree of accuracy. 

Cyclic variations are not limited to items produced for a 
seasonal market, however. In some plants, the demand for parts 
for an assembly may be cyclically variable because the assembly 
is produced only in certain seasons. In the automobile industry, 
for example, the annual model change causes a slump in the de- 
mand for parts similar to a seasonal-market variation. 

Regardless of the cause of the variation, cyclical fluctuations 
in demand complicate the planning problem. Production facili- 
ties which are capable of meeting seasonal peaks must operate 
at fractional capacities in periods of minimum demand. On the 
other hand, stabilizing production at the average demand rate 
results in accumulation of inventory during slack seasons. Either 
of these alternatives is costly. 

In recent years, manufacturers are finding it more and more 
difficult to plan flexibility in production capacity. Current 
labor conditions are increasing the penalties for variations in the 
size of the labor force so that management is finding it necessary 
to plan for stabilized levels of employment even though the de- 
mand for products may be fluctuating. 

When production is planned to provide steady employment, 
inventory accumulation becomes necessary to absorb excess ca- 
pacity in slack seasons, and later to provide goods to satisfy 
peak demands. The cost of carrying this accumulation is an 
important factor in planning a stabilized production program. 

The advent of “linear programming” has provided manage- 
ment with a new tool which is valuable in dealing with planning 
problems of this type. 

Linear programming is a mathematical technique for de- 
termining an optimum program of action when the situation is 
affected by many variables. In several instances, linear pro- 
gramming has been applied to production-planning problems to 
determine a most profitable, least costly, or most productive pro- 
gram. 

This paper describes an application of linear programming 
to the problem of providing stable levels of employment in a 
plant producing parts for an assembly line which operates at a 

1 Senior Consultant, Methods Engineering Council. 

Contributed by the Management Division and presented at the 
L:ngineering Management Conference, St. Louis, Mo., March14-15, 
1956, of Tae American Society or MecHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 


of the Society. Manuscript received at ASME Headquarters, 
December 6, 1955. Paper No. 56—MGT-1. 
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seasonally variable rate. 


with minimum cost. 


CONDITIONS OF THE PROBLEM 

This case example concerns a screw-machine department 
which produces parts for several finished products. Demand for 
the finished products is subject to seasonal variations because of 
the Christmas trade. 

About 210 different screw-machine parts are required for all 
of the products. Most of these are typical screw-machine items 
which can be procured from any screw-machine jobbing shop. 
About 35 of the parts, however, are of some special nature or in- 
volve quality considerations that make it impractical to entrust 


them to a vendor. 
| 
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One SEASONAL CYCLE 


The seasonal variation of the demand for parts is shown in 
Fig. 1. The solid line on this graph shows the number of stand- 
ard hours of production required in each quarter to provide screw- 
machine parts according to the assembly schedule. The broken 
line shows the number of standard hours of production that must 
be ussigned in each quarter to provide the desired level of em- 
ployment. The shaded areas between the lines show the de- 
ficiency of demand in the first two quarters of the year and the 
excess of demand in the last two. This graph makes it ap- 
parent that, if the desired work load is to be maintained, some of 
the demand of the third and fourth quarter must be satisfied by 
production in the first and second quarters. This will cause an 
inventory accumulation through the middle of the year. The 
remainder of the excess demand must be satisfied by purchasing. 
Since these purchases can be made as the parts are needed, only 
normal inventory levels are required. 

Sixteen screw machines of three sizes are available in the shop. 
The operating crew consists of three men, each of whom runs 
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Linear Pr ogramming to Inv entory 
Planning in a Seasonal Market — 


A Case Study 


By D. W. MOFFETT,! PITTSBURGH, PA. 


Linear programming makes it possible 
to formulate a plan for maintaining stable production levels 
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four machines. Therefore any twelve of the sixteen machines 
can be run at one time. 

Because of this manpower limitation, 25 per cent of the total 
available machine time is idle time. The idle time, however, is 
not necessarily distributed equally among the machine groups. 
Only 15 per cent of the machine time is needed for maintenance 
and setup, and the other 10 per cent provides a measure of 
flexibility in planning. This is illustrated in Fig. 2. The top 
chart shows the average machine utilization. The machines are 
idle 15 per cent of the time for maintenance and setup, and 10 
per cent of the time because of manpower limitations. The sec- 
ond chart shows the results of making maximum use of machine 
groups B and C. It is necessary to have 32 per cent idle time 
on groupA. The bottom chart shows the pattern when maximum 
use is made of groups A and C. Group B is idle 60 per cent of the 
time. 

Linear programming makes it possible to consider this flexi- 
bility in planning the production schedule of the department. 
The calculated program applies the available manpower to the 
machines in the way that best serves the stated purpose. 

Each part made in this shop is tooled for running on only one 
size of screw machine. This simplifies the problem somewhat. 
It is possible, however, to use this same linear programming 
method to consider parts that can be run on alternate machines 
under some circumstances. This will be shown later. 


ApVANTAGES OF LINEAR PRroGRAMMING IN THs APPLICATION 

In this application, linear programming is used to determine 
when, and in what quantities, each part should be made or pur- 
chased to provide a stabilized work load for the labor force at 
minimum cost. With a stabilized work load, the expense of hiring 
and laying off personnel to accommodate market fluctuations 
is eliminated. In addition, the risk of losing skilled employees 


to other companies and the consequent expense of training re- 
placements is reduced. A stable work load also promotes better 
employee relations and public relations, although these values 
are more difficult to measure in dollars. 

Using linear programming to plan production for a stable 
work load has several advantages as follows: 


1 Linear programming provides a least-cost program. 
Management is assured that the calculated plan is the most 
economical possible under the circumstances. 

2 Linear programming evaluates the total cost of leveling the 
work load. With this information, management can compare 

_ the costs of maintaining various constant levels of production 


- and employment with the costs of layoffs, rehiring, training, un- 


employment compensation, and the like. This information pro- 
vides management with a basis for evaluating the costs of 
programs of guaranteed annual wage. 

3 The calculated program is specific. 
quantities, and time are all specified. 

4 By-products of the calculation provide management with 
vital information on which to base decisions. The desirability 
of adding production capacity is typical of the factors about 
which factual, quantitative information is developed. 

5 Calculation of the program is simple and rapid. Alternative 
plans can be worked out on several different forecasts to show 
how management can “hedge” against forecast errors, and plan 
for minimum inventory risk in rising and falling markets. 


Machines, parts, 


The application to be described demonstrates how these ad- 
vantages are obtained. 


DEFINITION OF THE PROBLEM 
The problem of planning leveled production in this shop can be 
_ defined as follows: 

The requirements for a part in any one quarter may be satis- 
fied in three ways: 

(a) Make the part in the quarter in which it is needed. 

(6) Make the part in a previous quarter and carry it in in- 

ventory until needed. 

(c) Purchase the part when it is needed. 

What program of production and procurement will maintain 
the desired level of work load at least cost? 

For each of the three ways of supplying a part, the cost is dif- 
ferent. The problem is to plan the method of providing each 
part so that the seasonal demand is satisfied and the total cost 
is a minimum. 


DeEscrIPTION OF A SMALL Mopet 

For convenience of illustration, consider the small model prob- 
lem shown in Table 1. The upper table shows the cost and de- 
mand data for seven parts. The column headed “Machine 
Group” shows which of three machine sizes—A, B, or C—is nor- 
mally used for making the part. The next column shows alter- 
nate routings for parts II and IV. Part II can be made on group 
A or B, and part IV can be made on group B or C. The next 
column shows the penalty per standard hour that is incurred by 
making the part by the alternate routing. This value is sim- 
ply the difference between the costs per standard hour of opera- 
tion of the two routings. 

The next column shows the cost of carrying one hour’s produc- 
tion in inventory for one quarter. For example, the cost of 
carrying one hour’s production of item I for three months 
is two dollars. The cost of carrying inventory has been as- 
sumed to be directly proportional to the value of the item, 
although adjustments can be made for unusually high risks of 
deterioration or obsolescence without changing the method of 
calculation. 
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_ standard hour’s production is purchased instead of made. 


TABLE 1 


DATA FOR MODEL PROBLEM 


DEMAND FOR PARTS 


. [Cost of 

. (Carrying 
1 Hour's 
Prod, for 
1 Quarter 


Mfg. Profit 
dvantage 
/Heur 


Demand by Quarters 


2 


2.00 


2.00 


-3. 


Total Demand 


1250 


Desired Work Load 2000 


Net Adjustment 


-750 


Required 


MACHINE CAPACITY AVAILABLE 


Mach. Hours 


Quarter Total 


Available 


3 for Yr. 


900 3900 


450 1950 


900 3900 


Total in each quarter 


9750 


Man Hours Avai'ab!‘e 


7800 


Idle Time Necessary 


450 1950 


The column headed “Mfg. Profit Advantage/Hour” shows 
the penalty incurred when an amount of the part equivalent to 1 
Notice 


that part I is marked “must be made.” Also, the values for parts 


_ VI and VII are negative, indicating that they can be purchased 


more cheaply than they can be made. 
The four columns to the right of the table show the demand for 


each part in each quarter expressed in standard hours of machine 


q 
4 


time. For example, the demand for part I requires 200 hr of 
machine time in the first quarter, 400 hr in the second quarter, 


_ 600 in the third, and 700 in the fourth. 


+. 


At the bottom of the four columns are shown the total demands 
for machine hours in each of the four quarters. Below these totals 
are shown the desired work loads for each quarter; and below these 
are the deficiencies and excesses. 

The upper part of Table 1 gives a complete summary of the con- 
ditions. The demand for each item in each quarter, and the 
relative cost of any of the three ways of supplying the demand are 
all available from the table. 

The lower table shows the limitations imposed by the availa- 
bility of machine time in each quarter. Machine groups A and 
C each have 1000 hr available in the first, second, and fourth 
quarters. Only 900 hr are available in the third quarter because 
of the summer shutdown. Machine group B has just one half 
as many hours available as either A or C. This provides a total 
of 2500 machine hr in the first, second, and fourth quarters— 
slightly less in the third. 

The line headed “Man Hours Available” shows the amounts of 
machine time that the manpower limitations will allow to be used. 


@ 


The next line shows the idle time that will be necessary as a result. 
In the first, second, and fourth quarters, 500 hr of idle time must 


be distributed among the three groups. In the third quarter, 
450 hr must be idle. 

This is all of the data necessary to apply the Modi method of 
linear programming to this problem. The Modi method con- 
siders simultaneously all of the restrictions and costs and arrives — 
at the most economical program. 

The most economical program is shown in Table 2. The num- 
ber of hours of production scheduled in each quarter is shown for 
each part. The number of hours purchased is shown in the last 
column. 

For example, see part I at the top of the table. The first- 
quarter requirement and 200 hr of the second-quarter requirement 
are made in the first quarter. 
quarter requirement and 200 hr of third-quarter requirement are — 
made in the second quarter. In the third quarter, the remainder — 
of the third-quarter requirement is made, and the entire fourth- 
quarter requirement of 700 hr is made in the fourth quarter. 

This program requires that 200-hr production of part I be carried 
in inventory from the first quarter to the second, and 200 hr from — 
the second quarter to the third. 

The complete production program for each part is laid out in 
this solution. Also the purchases of the fourth-quarter require- 
ment of part VI and the second, third, and fourth-quarter 
requirement of part VII are shown in the last column. The 
bottom line of the table shows how the required amount of idle 
time is distributed among the machine groups. In the first and 
second quarters, all of the idle time is assigned to group A. In the 


The remaining 200 hr of second- 


Group | Mach. | / 
» 
a- 
I A [must be 200 | 400 | 600 | 700 
; Il A {1.20 | 2.00 4.00 100 | 100 | 300 | 200 
B . 50 2.00 200 | 200 | 200 | 400 
4 IV B 1.00 | 1,50 1.50 300 | 600 | 900 | 1050 
1.00 1.00 50 | 50 | 150 | 100 
vI c 1 -1..00 300 | 300 | 300 | 600 
vu | c | 100 | 200 | 300 | 350 5 
2750 
[50 [2750 | 00 
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TABLE 3 PRODUCTION PROGRAM WITHOUT LEVELING 


PRODUCTION P. 


OGRAM 


rter 


i Four 
M-C|M-A|M-B -A 


Idle Time 


Layoff Hrs. 


Note: M= Machine 


second and third quarter, it is divided between groups A and C. 


The effect of this allocation of machine capacity is shown in 


Fig. 3. The bars represent the total available time on each ma- 
= group. The shaded portions are the utilized time. 
Fig. 4 shows the inventory accumulation that results from this 


program. Inventory is accumulated in the first and second 


- = and then dissipated in the higher demand of the third 


and fourth quarters. The peak accumulation is the product of 
; 1100 hr of production. The total cost of carrying the accumula- 


_ tion is $2100. This is the direct cost of leveling the work load. 


The basic cost data used in the calculation are relative. To 

e valuate the program completely, it is necessary to compare it 
with some other program. 

‘ Assume a program in which the demands are supplied as they 

occur and parts are purchased to accommodate the peak demands 


Taole3. In this program no inventory is carried from one quarter 


a the third and fourth quarters. Such a program is shown in 


_ only parts that are required in that quarter. 


to another. The production schedule for any one quarter includes 


This program, 


“7 _ however, results in 750 hr of layoff in the first quarter and 250 hr 
_ of layoff in the second quarter. 


By comparing the cost of the previous program with this one, 


ee > savings from profitable purchases are deducted to show the 


net cost of each program. The difference in net costs is $1650. 
4 


This is the actual cost of leveling the work load. 


Cost of carrying inventory 
accumulation 


Cost of alternate routings......... 
Cost of purchases 


TABLE 4 COMPARISON OF PROGRAM COSTS 


Program without Program with 
leveled work load leveled work load 


$2100 
1900 
None 


$4000 

$3150 
$ 850 cost 

None 
Cost of fae work load: 
$1650 to eliminate 1000 hr of layoff 


The model problem also can be used to illustrate the value of 
by-product information. An example is the capacity of machine 
group B. The calculated program provides for 100 per cent 
utilization of this group throughout the year. Management may 
wish to consider the possibility of adding group B capacity at the 
expense of the capacity of some other group. The value of this 
can be quickly determined from the work sheets of the Modi 
calculation. Extra group B capacity at the expense of group C 
capacity will provide a net gain of $1 per hr up to 300 hr per | 
quarter. 
B time will accomplish a net saving of $1200 per year. 

Many other facts can be obtained by adjusting the data and 
recalculating the program. Some of the decisions for which sup- 
porting facts can be developed are: 

1 Whether to obtain additional capacity. 

2 Whether to change the present manning plan, i.e., one man 
on four machines. 

3 How to prepare for problems that will present themselves 
if the forecast is high or low. 


Thus making available 300 additional hours of group = 


Part Req't, | MsA]M-B |M-C |M-A_M-B_ M-B/ M-c | Py 
i 200 | 200 
400 
Iv 300 300 
600 300 | 300 
900 250 | 650 PG 
a 
Vv 50 50 
v1 300 300 
+. 300 300 
= 
| 
‘ 


REsULTs OF THE CASE EXAMPLE 

The solution of the model problem demonstrates the methods 
used for the case example. Considering a larger number of parts 
merely makes a longer Modi matrix. Since much of the clerical 
work of preparing data is done with punched cards, this is no great 
problem. 

In the actual problem as in the model, linear programming 
shows that it is necessary to start overproducing some items as 
early as the first quarter if the seasonal peak is to be met. In- 
ventory accumulation this early in the year was never considered 
under previous planning methods. Management was reluctant to 
allow excess capacity in slack seasons to be used for producing 
parts ahead of the time that they were needed. People were laid 
off in slack seasons despite the fact that the seasonal peak 
usually made overtime necessary later in the year. 

Now, the factual information provided by linear programming 
provides a firm basis for planning a stable work load. Each 
calculated program shows specifically how each part is produced 
or procured to provide the desired work load at minimum cost. 

The cost of leveling the shop work load is proving to be much less 
than management had anticipated—about $5000 per year. The 
beneficial effects of improved employee relations are already 
noticeable. In addition, management does not face the prospect 
of calling furloughed employees back to work only to discover 
they have found other employment and are not available. 

By-products of the calculations have been found useful in plan- 
ning the acquisition of new machines and in determining whether 
or not overtime operation will be profitable in periods of peak 
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With punched-card equipment preparing the data, new and 
revised programs can be set up and calculated quickly. Forecast 
revisions are readily taken into account, 

During the most active period at the end of the year, it is pos- 
sible to program the production and procurement by months 
instead of quarters. This refined program can then be revised 
each month to assure prompt adjustment to changes in demand 
and complete dissipation of the inventory accumulation. 


CONCLUSION 


In this case example, linear programming has been shown to be 
a valuable and practical tool for management planning. The 
technique demonstrated in this paper will be valuable in similar 
situations in many other companies. 

This example is typical of the way in which modern techniques 
of scientific management can provide factual and quantitative 
data on which to base decisions. 
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Engines Using Diesel Compression Ratios 


By L. D. THOMPSON, R. H. BEADLE,? anv F. A. BLAKE,’ BELOIT, WIS. 


“Jet ignition” is a combustion system which eliminates 
the requirement of air modulation with varying loads in a 
“¥ spark-fired gas engine. Jet ignition coupled with diesel 

: - compression ratios results in a versatile engine having high 


_ diesel engines. The paper describes this combustion sys- 
tem and the background leading to its development. 


INTRODUCTION 


as MMEDIATELY after World War II, the decision was made 
if to embark on an extensive engineering program for the pur- 
: pose of broadening the use and application of the opposed- 
piston (OP) line of engines. One of the phases of this program 
was the development of a dual-fuel model of the 8'/s X 10 OP 
engine, which uses natural gas as a major fuel. Successful dual- 
“fuel operation naturally led to a “spark-ignited’’ gas-engine de- 
velopment program. 
_ The basic object of the spark-ignition program is to retain the 
_ thermal advantages inherent in high-compression gas engines 
while eliminating the liquid-fuel requirements. Experience has 
shown that while the quantity of liquid fuel for dual-fuel engines 
may be only 5 per cent of the full-load fuel the cost may be as high 
as 30 per cent of the total fuel bill. 
OpposED-Piston ENGINE 
The background of the jet-combustion system is best intro- 
_ duced with a description of the engine to which it was first applied. 
_ This is the OP engine, a cross-sectional view of which is shown in 
_ Fig. 1. It is a 2-cycle blower-scavenged engine having its air 
= near the top of the liner and its exhaust ports near the bot- 
tom. The bore is 8'/, in. and the combined stroke is 20 in. It is 
- 7 two-crankshaft engine. Each crank has a stroke of 10 in. mak- 
_ ing it an 8'/,; X 10 X 10 engine. 

In the diesel and dual-fuel models liquid fuel is injected through 

two nozzles mounted on the side of the cylinder approximately 

midway between the air and exhaust ports. In the gas models 

(dual-fuel and spark ignition) a gas-admission valve is located in 

_ the same horizontal plane as the injection nozzles and opens 
directly into the cylinder. 

The Dual-Fuel Cycle. Fig. 2 reviews the major events in the 
dual-fuel cycle which uses natural gas as the major fuel and fuel 1 Start of compression—air and exhaust ports closed—admis- 
oil for ignition: sion of gas before compression has progressed far enough to re- 

a 1 Superintendent, Experimental Department, Fairbanks, Morse & — at? Sapo st fuel to about 525 psi gage. 
“t Assistant Superintendent, Experimental Department, Fairbanks, 3 Ignition—just prior to inner dead center a small quantity 
Morse & Company. of liquid fuel is injected which ignites the gas charge. 
é * Project Engineer, Experimental Department, Fairbanks, Morse & 4 Burning and expansion of the gas-air-fuel-oil mixture. 
poe by the Oil and Gas Power Division and presented at 5 Exhaust of burned charge and scavenging of the cylinder 
the Oil and Gas Power Division Conference, New Orleans, La., April before the next cycle. 
1-5, 1956, of Tue American Society or MecHaNnicaL ENGINEERS. This opposed-piston 2-cycle diesel and dual-fuel design was 


Norge: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of tn developing the now 


the Society. Manuscript received at ASME Headquarters, February continuous unturbocharged industrial rating of the engine is 85 
6, 1956. Paper No. 56—OGP-6. bmep at 720 rpm or 160 bhp per cylinder. 
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hermal effici d simpl Is. Engi 
thermal efficiency and simple controls. Engine governing Ad 
with jet ignition only requires control of the fuel as in \ 
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4 TestINnG SparK-IGNITION SysTEM 


The first engine modification for testing spark ignition con- 
sisted merely of replacing the injection nozzles of a dual-fuel 
engine with spark plugs and providing the necessary electrical 
system for a timed spark. As the experimental engine was a rela- 
tively large unit, 960 hp, requiring large quantities of gas, it was 
decided to proceed cautiously. Thus the exploratory tests were 
conducted on only one of the engine’s 6 cylinders. 

The test cylinder was equipped with a separate gas supply 
which could be varied independently from the other five cylinders. 
With this divorced cylinder arrangement, the engine was started 
and brought up to rated speed with the five diesel cylinders. 
When the engine steadied out with reference to speed and tem- 
perature, gas was admitted to the test cylinder. The main object 
of the single-cylinder test exploration was to determine the limits 
within which the spark-ignited combustion was regular. Regular 
firing was checked by a point-by-point pressure-time indicator. 
A sample of these results is shown in Fig. 3. 

The engine operating conditions for the first test were the 
normal conditions for the dual-fuel engine and the air supply was 
not varied with load. The lowest load which could be carried 
with regular firing was determined by increasing the gas to the 
test cylinder until the expansion side of the card was free of a no- 
fuel-cycle trace. As long as the engine was misfiring, the point- 
by-point indicator would show several different expansion traces. 
A complete misfire would trace the same as a no-fuel cycle. 

The next step of this type of testing was to determine the maxi- 
mum load the spark cylinder could handle. In this case the pro- 
cedure was to increase the gas supply until either detonation or 
autoignition occurred, back off slightly, and take another indicator 
card. 

The indicated-horsepower determinations made from the indi- 
cator cards showed the full air minimum and maximum load 
points to be roughly 75 and 100 per cent, respectively, of the com- 
mercial rating. Regular firing was only obtained in this narrow 
high-load band. As the gas pressure was reduced toward light 
load the cycle became very erratic to the point of cutting out 
altogether. 

That the plugs fired the gas regularly near maximum load indi- 
cated that satisfactory ignition was being obtained with the 
richer mixtures. The next step in the single-cylinder program was 
then to vary the air supply. The objective was the achievement 
of richer and more ignitible mixtures at lighter loads, the enrich- 
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Fic. 4 Open Spark-Piua Firing RANGE—VARIABLE AIR 
ment being obtained by reducing the air quantity. This was done 
by installing a bypass valve on the scavenging blower and ad- 
justing it to give various reduced air-box pressures. With this 
variable air system, another series of maximum and minimum 
load determinations was made for the various air settings. The 
results of these tests are shown in Fig. 4. With the blower bypass 
it was possible to vary the air-box pressure over the range of 0.4 
to 5.2in. Hg. It is realized that this index does not give an exact 
indication of the actual pounds of air trapped in the cylinder. 
However it is a practical way of changing the air quantity and 
conducting reproducible tests. 

The curves show maximum and minimum indicated horsepower 
that could be obtained regularly at the various air-box pressures. 
The shaded area enveloped by the maximum and minimum curves 
indicates the horsepower range over which regular firing could be 
expected for various air quantities. To put it another way, this 
area shows the range within which the air to the cylinder would 
have to be varied with load to obtain regular and safe operation. 
The stable firing range became progressively narrower as the air 
and loads were reduced. In fact, the range might be described 
more accurately as a point for the light loads. 

The existence of this narrow stable-operation range was quite 
accurately verified at a later date when all six cylinders of the test 
were converted to the —— — system. The test 
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showed that once the engine was nursed through the light-load 
range to approximately 75 per cent load, stable operation was 
obtained. Getting the engine through the light-load range how- 
ever was no simple task. vee 


Resvu_ts or ExpLoratory Tests 


The results of the exploratory tests indicated that two avenues 
of development were open for obtaining a safe and versatile 
engine. One would be to develop a governor-actuated control 
system which would keep the air-fuel mixture in the proper range. 
The other approach would be to widen the operating range. 

The second avenue, widening of the combustion range, was by 
far the most attractive as every step of progress in its development 
would reduce the complexity of controls. Complete success of 
the widening approach would result in a combustion range as 
shown in Fig. 5. Here the open-plug minimum-load curve B has 
been dropped to curve A which represents zero load. With such 
a widened combustion range there would be no need for automatic 
air-fuel-mixture controls. The widened range would be more 
effective than even the most complex controls in eliminating mis- 
firing, an item which it is most desirable to eliminate because of 
the accumulation of raw gas in the exhaust system which usually 
follows. This raw-gas accumulation is very serious with large 
engines owing to the system size and gas quantities. 

The complexity of controls which would control within the 
open-plug stable range was enough to push this approach into 
the background. Variables which would have to be handled 
would include speed, load, barometric pressure, and ambient 
temperature. It has been our experience that controls of this 
nature, requiring correction for so many variables, frequently are 
misunderstood and then improperly adjusted. This leads to un- 
satisfactory performance of the product and even at times unsafe 
operation. 

It was due to the basic desire to achieve the maximum sim- 
plicity and safety that the decision was made to pursue develop- 
ment along the second avenue, to work on combustion itself to 
widen the operating range and thus eliminate the need for fancy 
controls, 

Table 1 gives a picture of air-fuel ratios involved in these diesel 
compression engines. Very lean mixtures—32:1 at maximum 
load down to 63:1 at quarter load—are regularly ignited in dual- 
fuel engines by liquid pilot oil. With pilot-oil ignition modulation 
of the air to eliminate misfiring at low loads is not required. This 
small quantity of liquid fuel apparently liberates sufficient energy 
to ignite these very lean mixtures. The table also includes a 


a 


— 


column showing fuel-air ratios which would be expected in a 
spark-fired gas engine performing with the same thermal efficiency 
as a dual-fuel unit. Spark engines show richer mixtures than dual 
fuel because of the extra gas needed to replace the liquid fuel. 
The richest mixture, occuring at rated load, would be 29:1. 
Mixture strength would reduce to something less than 53:1 for 
no load or idle operation. 


TABLE 1 a TRAPPED AIR-FUEL RATIOS 


B AIR/LB FUEL) 


Dual-fuel 
engine 


Spark engine 
Air-gas 
mixture, 

no pilot oil 
29:1 
38: 


53:1 = 


Air 
mixture ignited 


Engine load 
i by pilot oil 


A number of ideas were tested in an attempt to fire these ex- 
tremely lean mixtures. Included were such items as one or two 
plugs per cylinder; various spark-plug designs; different piston- 
top contours, and lower compression pressures. The low-com- 
pression test in which the pressures were reduced from 525 psi 
to 350 psi showed no improvement whatsoever in broadening the 
ignitibility range. In fact, none of the foregoing items showed 
any promise in obtaining a more versatile spark-fired engine. 


DEVELOPMENT OF JET-IGNITION SysTEM 


At this stage it was concluded that the triggering energy from 
a spark plug, alone, would not be sufficient to fire these very lean 
partial-load charges regularly. It was known, however, that these 
lean charges can be regularly and safely fired in dual-fuel engines 
where pilot oil releases relatively large quantities of energy for 
ignition purposes. From this line of reasoning, it was considered 
that the best approach would be to use the spark for igniting only 
a small protected and enriched localized charge. The energy re- 
leased from ignition of this localized charge would be many times 
greater than from the spark alone and probably would ignite lean 
mixtures as pilot oil does in dual-fuel engines. Protection of the 
charge is mentioned as well as enrichment. Some evidence from 
early tests indicated that the spark was firing the lean charges, 
but the resulting flame was being extinguished or quenched before 
consuming much of the main charge. 

A new combustion-system design, based on this theory of pro- 
viding a protected and enriched localized charge around the spark 
plug is shown in Fig. 6. This shows the basic design arrangement 
of the FM jet-ignition system. 

The main gas charge, throttle-controlled by the governor, is 
admitted to the combustion chamber through a poppet valve. 


"JET IGNITION" SYSTEM 


BASIC DESIGN ARRANGEMENT 
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This is the same basic gas-control system as used in the dual-fuel 
models. The gas-supply poppet valve is opened by a cam for a 
short period early in the compression stroke. The spark plug is 
located in an auxiliary combustion chamber. The auxiliary cham- 
ber communicates with the main chamber through an orifice. 
The auxiliary chamber has an additional gas-supply source which 
is not varied by the governor. This is called ‘‘cell’’ gas and its 
supply line is maintained at a constant pressure regardless of 
engine speed or load. The extra gas is admitted to the auxiliary 
chamber through an automatic one-way check valve. When the 
cylinder pressures are low, during the exhaust and scavenging 
periods, gas flows through the nonreturn valve to the small 
chamber containing the spark plug. 

In this manner the enriched localized charge was obtained. 
Referring back to the early tests it was shown that regular spark 
firing could be expected with mixtures as lean as 38:1. Now with 
this extra cell-gas arrangement it is easy to see how the mixture 
surrounding the spark plug can be enriched to as much as 14 to 1; 
14 to 1 is the trapped-volume compression ratio of the engine, and 
such a mixture would result from a cell full of gas at the start of 
compression if there were only air in the main chamber. 

An air-gas mixture of 14:1 is certainly too rich a charge for 
these high-compression engines to handle without autoignition 
prior to the spark. It does show, however, that by proper sizing 
of the flow passages in the cell supply line it is quite feasible to 
have mixtures surrounding the spark plug richer than 38:1 for 
all throttle requirements, zero through full load. 

How System Functions. The jet-ignition system functions dur- 
ing each engine cycle as follows: (1) It automatically obtains a 
readily ignitible charge in the auxiliary chamber; (2) the spark 
fires the localized auxiliary charge; and (3) the combustion 
which follows in the auxiliary chamber blasts a jet of flame 
through the orifice into the main chamber where the jet ignites 
the main charge. 

The very first tests with this system showed a definite improve- 
ment in light-load operation. Subsequent experiments with vari- 
ous proportions of the auxiliary-system components resulted in 
consistent and regular ignition throughout the entire speed and 
load range when using diesel compression ratios. This versatile 
operation is obtained without modulation of the air supply. As 
with the dual-fuel engine modulating controls for varying the air 
supply to improve part-load efficiency are optional. These con-~ 
trols, however, are not required to eliminate misfiring or erratic 
operation. 

Results of Jet-Ignition Tests. The refinement experiments on 
the jet-ignition components determined the effects of variable 
cell volumes, orifice areas, and quantities of cell gas. The most 
startling outcome of this testing was the elimination of the cell- 
gas requirement in one size of engine. It appears that the ignitible 
charge is obtained by isolation of the spark from the high swirl in 
the main combustion chamber. It also appears that the engine 
speed range affects the ignitibility as the extra cell gas is very 
definitely required in the smaller higher speed OP engine. The 
small OP is the 5'/, X 7/4, 1200-rpm model having a continuous- 
duty rating of 75 hp/cylinder. 

Electrical System. All of the interesting problems were not 
confined to the jet phase of the development. The electrical sys- 
tem for sparking a 500-psi charge demanded its fair share of at- 
tention. In general the basic electrical system features low-ten- 
sion distribution. Individual coils are located at each cylinder 
near the spark plugs thus permitting short high-tension leads. 
All high-tension leads are fully shielded. The basic reason for 
shielding was to eliminate all chances of external shorting or 
sparking. A suitable primary low-voltage pulse was obtained 
with various types of conventional equipment. Low-tension 
magnetos, battery breaker-point systems, and pulse generators 
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were tried and all provided sufficient spark. Initially the pulse 
generator had the edge on the other systems with respect to sim- 
plicity and durability. Consequently all production engines at 
the present time are equipped with these pulse generators. Dur- 
ing the past months there have been interesting new develop- 
ments in the low-tension magneto field which in the future cer- 
tainly will provide good healthy competition for the pulse genera- 
tor. 

Spark Plugs. The spark plug itself presented some interesting 
problems. As mentioned before, the very first test with the jet 
system gave more positive ignition. The cell was working so 
well, in fact, that after 3 min of heavy-load operation the entire 
spark plug turned red. The problem of keeping the spark-plug 
temperatures within a usable range was solved by leaning the 
mixture in the cell and modifying the cell designs for better cool- 
ing of the plug. One design which is performing very well in- 
volves direct water cooling on the plug as shown in Fig. 7(A). 
More recent developments indicate that possibly the direct cool- 
ing can be eliminated with new cell designs similar to Fig. 7(B). 
As to the various types of plugs tested, the Champion R115 gave 
the best performance and is being used in both the 5'/, and 8'/, 

Movine INTO THE FIELD 

At this stage, the basic objective of being able to spark fire a 
high-compression gas engine throughout its entire load range with- 
out the need for modulating air controls had been satisfied in the 
laboratory engine. The next step was to move into the field for 
studying the customer acceptance and durability aspects. Ar- 
rangements were made with the municipal officials of Stockton, 
Kan., to apply the jet-ignition system to the 6-cylinder 8'/, X 10 
OP engine in their municipal light plant. Alternating-current 
power generation for municipal light plants is a very exacting 
service. Engines in this service are required to operate over wide 
load ranges and yet maintain extremely accurate speed regulation. 


At night, even though the electrical loads are very light, speed _ 


control must be accurate to keep time for all the electric clocks. — 

Fig. 8 shows the Stockton installation. The Stockton unit was — 
first converted to spark operation in September, 1952, and has 
now logged more than 19,000 hr in this exacting municipal service. 
During the 19,000-hr period, the maintenance interval for spark | 
plugs was 1800 to 2400 hr. The plugs could be regapped twice, — 
therefore resulting in a plug life of more than 5000 hr. To ~# 
best of our knowledge this is the first successful spark-fired 2-cycle 
gas engine in a-c generating-service operation. The American 
Bosch pulse generator and high-voltage transformers were trouble- 
free throughout this entire period. 
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Fic. 9 5'!/, OP Spark-IenitTion ENGINE 


Economic Considerations. As to economics, the jet-ignition 
system in this particular installation showed a 19 per cent re- 
duction in fuel cost as compared to the same engine operating on 
the dual-fuel cycle using liquid pilot oil for ignition. 


AppITIONAL SparRK Mopets INSTALLED 


To illustrate further the combustion regularity and the over-all 
reliability of the jet-ignition system, several additional 8'/, X 10 
OP spark models have been installed in other municipal generat- 
ing plants. All of these units are maintaining the necessary 
accurate speed control over the complete load range. The first 
of these new production installations logged over 7500 hr during 
its first 11 months of operation, and 7500 hr in 11 months means 
pretty continuous service. 

As previously mentioned the jet-ignition principle also was 
applied to the FM 5'/, X 7'/, OP gas engine. Fig. 9 shows the 
small 5'/, equipped with a pulse generator and coils for jet igni- 
tion. The first spark-fired small OP’s were all applied to oil-field 
drilling rings. The No. 1 rig installation has now been in service 
approximately 7500 hr and has completed the 16th hole ranging 
between 7000 and 8000 ft in depth. The rig operated on either 
propane or natural gas. Oil-field-drilling service, in which engines 


are repeatedly operated from idle to full torque, full speed, and 
with either propane or natural gas, certainly shows that the jet 
system will fire regularly over a wide range of operating condi- 
tions. 


Future or Jet-IGNITION SysTEM 


Concluding this presentation we think it is appropriate to take 
a look into the crystal ball for hints as to the possible future of 
the jet-ignition system. First, the already established good per- 
formance of jet ignition in a-c generating plants opens a new field 
for reducing fuel cost. In areas where gas is readily available it 
no longer will be necessary to use both liquid and gas fuels to 
retain the high efficiencies afforded by diesel compression ratios. 
In fact, even in areas where the gas supply may be interrupted 
temporarily, propane could be used as a standby in these emer- 
gencies and thereby eliminate the continual need for relatively 
expensive liquid fuel. Many installations now pay thousands of 
dollars each year for diesel fuel required by dual-fuel engines just 
to protect against a gas interruption. Experience has shown that 
these interruptions usually average not more than two days each 
winter. Jet ignition with simple propane standby facilities 
should handle this situation nicely. 


Finally, jet ignition’s already established fine performance with 
propane fuel makes it feasible to consider spark-fired high-com- 
pression gas engines for mobile equipment such as switching loco- 
motives, towboats, and so on. The thought of propane locomo- 
tives becomes even more intriguing when one considers the current 
emphasis on smoke abatement. 

A new approach to the old problem of operating spark-ignition 
engines on a high-compression cycle was made with jet ignition. 
The result was not only an engine with diesel compression but 
one which did not need any of the traditional carburetion controls 
so long associated with spark engines. That engines using the 
jet system measure up to being reliable, stable, and versatile is 
evident in the field records. 


Discussion 


E. G. Bearpstey.‘ This discusser believes that the engineers 
of every company who have built, or are now building, large two- 
cycle gas engines have at one time or another made an effort to 
improve the regularity of firing these engines at partial loads. 


4 Vice-President, Engineering, Clark Brothers Company, Olean, 
N.Y. Mem. ASME. 
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It is quite probable that many of them have come up with a 
similar idea to that which is presented in this paper, although 
the actual execution in the form of a mechanical design may 
have been somewhat different. 

Two engineers working for this discusser’s company did have 
this same idea working entirely independently a short time after 
they attacked the problem. In other words, if the engines mis- 
fire at partial loads due to the mixture being too lean why not 
divide off part of the combustion chamber so that when enough gas 
is injected into the small chamber to operate the engine at no 
load, only enough air will be present to give a good firing mixture? 

Fig. 10 shows the first design that we built and tested. This 
was installed on a horizontal 16 X 20 single-cylinder gas-engine- 
driven compressor unit. The light load firing was remarkably 
good but the head unfortunately developed a crack in it and the 
project was abandoned as there was not sufficient interest to 
carry on further work at that time. 

Fig. 11 shows another approach to this problem, this head 
having been installed in 1940 on a model RA 14 X 14 angle-type 
gas-engine-driven compressor unit. Once again greatly im- 
proved firing resulted but the maximum load operation was poor. 

Fig. 12 shows another design which was installed on an engine 
in 1941. This gave extremely good results on a single-cylinder 
unit, but was not as good on a multicylinder machine presum- 
ably because of uneven air distribution and scavenging which 
always occurs on the multicylinder engine to some extent. 

The three combustion chambers described in the foregoing were 
used with low compression cylinders. The compression pressure 
was about 110 psi in each case. The percents of total combus- 
tion-chamber volume in each case were 12 per cent, 6.5, and 16 
per cent, respectively. 

One will notice that on all three designs a small gas-injection 
valve and a spark plug are provided in the auxiliary chamber as 
well as the main injection valve in the main part of the chamber. 
This project was abandoned because of the press of war work 
and although work on other methods of improving light load 
firing have been investigated and some adopted, this project was 
never taken up again. 

The authors are to be complimented on their paper and on 
the work which they have done on this project. 


W. R. Crooks.’ Messrs. Thompson, Beadle, and Blake are 
to be complimented for obtaining, and reporting on, a simple 
solution for a difficult problem. The Cooper-Bessemer Cor- 
poration has done extensive work along this line, with com- 


5 Cooper-Bessemer Corporation, Mt. Vernon, Ohio. 
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parable results. The conventional two- 

it be low compression—100 psig, medium compression—250 
psig, or diesel compression—from 400 psig up, is known to tend 
to miss at light loads due to the extremely lean air-fuel mixture 
The jet ignition presumably supplies the extra energy re- 
quired to ignite the lean mixtures at part loads. 

It seems likely that engines operating with this type of ignition 
will have the same type of difficulty we encountered in the early 
days of gas-diesel operation. For a short period of time we op- 
erated the gas-diesel, or dual-fuel engines with the same amount 
of air we use for diesel operation. As the load decreased, the air- 
fuel ratio became increasingly leaner until the limits of in- 
flammability were reached which agree with the results the 
authors have reported. 

With the pilot fuel set at 10 per cent of the total full-load fuel, 
we obtained the following one-quarter load performance: (a) 
High pilot fuel-oil requirements to ignite the very lean mixtures. 
(b) High gas fuel consumption. (c) Objectionable exhaust odors. 
The exhaust gases were obnoxious from the odors of aldehydes 
and were sufficiently strong to irritate the mucous membranes of 
the noses of persons in the vicinity of the engine operation. 

It appears as if the combustion was so slow in some portions 
of the cylinder that combustion never proceeded beyond the 
“cold-flame” stage of combustion before it was discharged into 
the exhaust. It would seem as if these conditions would prevail 
with jet-ignited partial-load operation of two-cycle engines. ny 
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A. W. HussMann.* It may be of interest to note that the very 
same idea of jet ignition has been in the air for quite some time in 
connection with the gasoline Otto-engine. We have the same 
problem of misfiring for lean mixtures in our cars. There we 
provide for the proper air-fuel ratio by throttling the air for part 
loads. This throttling is very wasteful and is, to a large extent, 
responsible for the shamefully poor fuel economy. We are put- 
ting more and more horsepower in our cars with the result that 
we are always working with throttling in the uneconomical part- 
load range. 

The jet-ignition system seems to be one answer to the problem 
of how to operate our spark-ignition engines without air throt- 
tling, i.e., with good part-load economy. With fuel admission by 
carburetiop, this was not practicable. However, with the ad- 
vent of gasoline injection, the idea seems to be highly promising. 
And it is more than just an idea. Promising test results have 
been published by Prof. J. J. Broeze’ of Delft, Holland, and Prof. 
W. E. Meyer of The Pennsylvania State University has done 
some preliminary testing with an unthrottled gasoline-injection 
engine with most encouraging results. Here is definitely a field 
where further research and development are needed. 


W. K. Newcoms.' This interesting paper tells how a difficult 
problem was solved. The auxiliary combustion chamber or cell 
where an easily ignitible gas and air mixture is maintained is a 
very ingenious device. If it permits smooth operation at part 
loads, it has greatly improved the flexibility of a type of engine 
where modulation of the air is difficult and not very successful. 

Four-cycle engines, on the other hand, are inherently easy to 
control and their smoothness of operation and flexibility are well 
known. With naturally aspirated four-cycle spark-ignition en- 
gines the constant-quality mixing valve is simple and reliable. 
With turbocharged four-cycle engines the air control is also 
simple. Here the speed of the exhaust-gas-driven supercharger 
responds to the load and this raises or lowers the manifold air 
pressure. However, we find this control is not enough and also 
use a butterfly valve which is positioned by the air or gas pres- 
sure. With a centrifugal blower we can do this without having 
to blow off any air because the blower operates farther back on 
its characteristic curve. 

The authors imply that air modulation improves the fuel 
consumption at part loads. It would be interesting to know 
what part-load fuel consumption they get without air modula- 
tion. 

Table 1 mentions 53:1 air-fuel ratio. This sounds more like 
total air-to-fuel ratio without allowance for scavenging. How 
were this and other mixture ratios measured? 


Aurnors’ CLOSURE 


We certainly appreciate the fine discussions and wish to thank 
the discussers for their interest and efforts spent in the prepara~ 
tion of their comments. 

Mr. Beardsley’s experiences with low-compression gas engines 


* Professor of Engineering Research, The Pennsylvania State 
University, University Park, Pa. 

7**Automobiles and Petroleum: Past, Present and Future,” by 
J. J. Broeze, The Institution of Mechanical Engineers, London, 
England, 1953 /54, No. 7. 

* Mechanical Engineer, Ingersoll-Rand Company, Painted Post, 
N. Y. Mem ASME, 
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utilizing divided combustion chambers is quite interesting. His 
basic experiments parallel our early work in being directed toward 
enrichment of a small section of the trapped combustion charge. 
This is added evidence that the principles involved in the jet- 
ignition combustion system are not limited to any one engine. 
The engine details between the two programs vary widely but 
their reactions toward improved light-load operation with the 
local enrichment are similar. 

Mr. Crooks implies that he would expect the operation at light 
loads to be erratic regardless of the ignition system so long as the 
air supply is not reduced below that required for the same engine 
operating as a diesel oil engine. We definitely disagree with this 
in the case of our dual-fuel and spark-ignition engines which both 
normally use the same air as their diesel counterpart. We have 
never reached a pilot-fuel limit below which combustion became 
irregular in the dual-fuel engine, but rather are limited on pilot- 
fuel quantity by the least amount we can meter consistently. 
Jet ignition gave consistent and regular ignition throughout the 
entire speed and load range. Air modulation or reduction con- 
trols are optional where reducing the light-load fuel consumption 
is important. 

Objectionable exhaust smells have never been reported around 
the engines although none has been applied in tightly enclosed 
applications such as mines. 

Professor Hussmann’s comments regarding the application of 
jet-ignition principles in gasoline engines further points out the 
wideness of the field of potential applications for the jet-combus- 
tion system. 

Mr. Newcomb requests clarification of the method for deter- 
mining the stated air-fuel ratios and for the values of part-load 
fuel consumptions on spark-ignition gas operation when the air 
supply is not reduced. 

The air-fuel ratios were determined on a per cycle basis using 
the pounds of air trapped in the cylinder at air-port closing divided 
by the pounds of fuel used per cycle. The 50 per cent rated-load 
fuel consumption without air modulation for the larger opposed- 
piston engine is approximately 12 per cent above that obtained 
with reduced air. 

Dr. Elliot raised questions on lean charges, adjustments for 
propane and natural gas, odor in exhaust gases, and light-load 
operation of dual-fuel and spark-fired gas engines, while 
making an eloquent plea for more complete data from develop- 
ment programs. 

By “firing of lean charges’? we mean obtaining a regular com- 
bustion cycle with the lean charges. As he indicates, unburned 
gases are present after combustion of these charges. The burning 
of these unburned gases is the major source of reduced fuel con- 
sumption with reduced air, which is optional, when operation at 
these loads is prolonged. 

The fuel consumption on a Btu basis is very close on propane 
and natural gas. Owing to the differences in the specific heating 
values, this results in lower gas-system operating pressures at all 
points when using propane. The energy released by the cell is 
very close for both fuels. 

Exhaust odor is treated in the comments on Mr. Crook’s 
discussion. Light-load combustion with full air is stable with 
both dual fuel and jet ignition. It was the knowledge that the 
pilot oil regularly ignited these extremely lean mixtures that 
spurred on the jet-ignition development. 
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The Application of an Analog Computer to 


the Measurement of Process Dynamics 


By P. E. 


The usual method of obtaining frequency-response 
measurements is described. The data obtained are re- 
duced by visual inspection, but difficulties arise due to dis- 
tortion and noise in the process. The range of frequencies 
_ over which measurements can be made is limited by noise 
and distortion and may prove inadequate for studying the 
stability of the process when controlled. These shortcom- 
ings may be overcome by methods of frequency-response 
measurement in which the data are reduced by means of a 
- computer rather than by visual inspection. Two methods 
of frequency-response measurement using an analog com- 
puter for data reduction are described. Results are given 
of laboratory measurements on a dummy process and of 
field measurements on a real process. The advantages of 
computer reduction of the data are clearly demonstrated. 
The further advantages to be derived from digital computa- 
tion rather than analog computation are indicated. 


NOMENCLATURE 


The following nomenclature is used in the paper: ba ~ 


amplitude ratio of process-transfer function — 
amplitude of process response ee 
controlled variable 

amplitude of sine-wave disturbance 
limit voltage 
a particular function of time ora sine wave 
a particular function of time or a process-time response 


a cosine wave 
| 


a sinusoidal wave of adjustable phase 


4 


input signal 
output signal 
negative damping factor and potentiometer ratio 
correction coefficient 

integral number of periods 

an integer “he 
control signal to process ; 
potentiometer ratio for phase null test 
potentiometer ratio for amplitude measurement 
controlling variable or set point 

integration time or period of sinusoidal wave 

time constant 
time constant 
time constant 


phase angle between f; and f, 
phase angle of process-tranfer function - 
independent variable of the correlation functions 


engineer, Shell Development Company. 

Contributed by the Instruments and Regulators Division of THE 
AMERICAN SocreTy OF MECHANICAL ENGINEERS and presented at 
the joint ASME-ISA Conference, New York, N. Y., September 17-21, 
1956. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, June 19, 
1956. Paper No. 56—IRD-20. 
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= a delay time 

autocorrelation function of f; 
cross-correlation function between f; and fe 
cross-correlation function between and 
modified cross correlation between f; and fz 
modified cross correlation between f; and fe 
modified cross correlation between f, and fe 
angular frequency of sinusoidal wave 
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Visual Metuop oF Frequency RESPONSE MEASUREMENT 
Usually frequency-response measurements are made as follows: 


(a) A sine-wave disturbance is applied to the process. 

(b) Both the disturbance and the process response are recorded 
on the same chart. 

(c) The process-response amplitude and phase shift relative to 
the disturbance are determined from the chart record by 
visual inspection. 
method.” 


A typical chart recording is shown in Fig. 1. Shortcomings of 


this method are as follows: 


1 Distortion often occurs in the process itself. The system 
response then consists of a fundamental component with a num- 
ber of harmonics although only the fundamental component is of 
importance in studying the stability of the closed loop. The 
fundamental component is the quantity which must be compared 
with the input disturbance, but because of the distortion it is 
difficult to obtain its amplitude and phase relationship by visual 
inspection of the chart records. 
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2 In the process itself, there is often considerable noise which 
may obscure the process response. Fig. 2 shows a recording in 
which the process response is completely obscured by noise. The 


This method will be referred to as the ‘“‘visual 


noise is a serious limitation on the frequency-response measure- 


ments especially at the higher frequencies where the response has 


a very much smaller amplitude than at the lower frequencies. If_ 
the phase shift of the process exceeds 180 deg, then it is desirable — 


to extend the upper frequency of measurement at least as far as 


the highest frequency? at which the phase shift is equal to 180 deg. © 


2 The phase shift may be equal to 180 deg at two or more separate 
frequencies. This occurs in conditionally stable systems such as 
temperature control of exothermic reactions. 


ve 
> 
4 
a 
Be= 
E, = : 
f= 
, 
f= 
ff; as 
| 
i= | 
a 


ee 


PROCESS RESPONSE 


SINE WAVE DISTURBANCE 


Cuart Recorp or Aa Process Response COMPLETELY 
OsscurRED By 


Fie. 2 


If the phase shift of the process does not exceed 180 deg, it usually 
becomes asymptotic to 180 or 90 deg.* In such cases it is de- 
sirable to extend the upper frequency of measurement as far as is 
necessary to determine the asymptotic value. The reason for 
extending the frequeney-response measurements to include phase 
shifts of 180 deg is that, in studying the stability of the closed 
loop, the amplitude response at this phase angle is of great im- 
portance. In an effort to overcome the noise, it is sometimes per- 
missible to increase the amplitude of the input disturbance, but 
often this is not possible in a field test because of upsetting the 
process itself or driving some component into saturation. The 
upper frequency limit at which frequency-response measurements 
can be made by the visual method is approximately that fre- 
quency at which the amplitude of the process re- 

sponse is equal to the amplitude of the noise. 


FREQUENCY-RESPONSE MEASUREMENT BY CorR- 
RELATION TECHNIQUE‘ 


Two methods of frequency-response measure- 
ment employing a correlation technique have 
been developed to overcome the limitations and 
shortcomings of the visual method. They are 
known as the ‘‘quadrature components method”’ 
and the “phase null method.’”” Measurements 
may be made by these methods on processes for 
which the visual method is completely useless. 
Fig. 2 shows the sine-wave disturbance and the 
process response of such a process. The process 
response is so completely obscured by noise that 
the determination of the amplitude ratio and the phase shift 
of the process by the visual method is clearly impossible. 
However, these quantities are readily determined by either 
of the methods which have been developed. The advantage 
accrues from reduction of the data by computer rather than 
by visual inspection. For computer reduction of the test data, 
the data must be fed into the computer either (a) by locating 
the computer at the test site; (b) by recording® the data at the 
test site in such a form that it may be “played back”’ to the com- 
puter at the computer site. Recording may be by frequency 
modulation on magnetic tape for analog computation, or by tele- 
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’ The asymptotic value is always a multiple of 90 deg for the so- 
called “lumped” systems. In the case of certain processes the 
asymptotic value may be other than multiples of 90 deg. 

‘Technical Report 117-55, July 29, 1955, Shell Development 
Company, not generally available. 

‘If the recording system enables playback to be made at a speed 
faster than the recording speed, the data reduction may be performed 
in accelerated time rather than in real time. Owing to the cost of 
_ digital- -computer time this facility is a must for digital-data reduction. 
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type (or other) code punched paper or magnetic tape for digital 
computation; (c) by transmitting the data from the test site to 
the computer site by land line using teletype (or other) facility. 

The quadrature components method and the phase null method 
employ the simplest concept of correlation. Provided that it is 
possible to apply a pure sine-wave disturbance to the “process in 
measurement,” the computations required to apply correlation 
techniques to the problem may be made by a relatively simple 
analog computer setup which does not require a dead-time unit. 

The methods as described utilize an analog-type computer. 
Digital computation also may be used, and will in general give 
superior results. It will be assumed that the computer is located 
at the test site, thus avoiding the question of recording or trans- 
mitting the data. The methods will first be described and il- 
lustrated with reference to measurements on a simulated two 
time-constant noisy process. The value of the method for the 
measurement of real processes will then be illustrated with results 
obtained on an exothermic temperature process. 


EXPERIMENTAL RESULTS ON A SIMULATED PROCESS 


In order to obtain a comparison of the results of frequency- 
response measurements by the visual method with results ob- 
tained by correlation techniques, a simulated process having two 
time constants was set up on the analog computer. Fig. 3 shows 
the computer setup. The variable-gain amplifier shown in the 
figure is used to amplify the process output by a known factor. 
When the process output is too small to be measured directly, 
may be determined from a measurement of the amplified process 
output. 

Process noise was simulated by adding a noise signal to the 
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.3 CompuTEeR REPRESENTATION OF PRocESS 


process output. Since a low-frequency, 
was not available, the noise signal was synthesized from four sine 

waves of approximately equal amplitude. Fig. 4 shows the com-_ 
ponent and the composite waveforms. The characteristics of the — 
noise signal differed from those of random noise in two important — 


exist, (b) the distribution of the noise energy in the frequency 
range of interest was not ideal. Nevertheless, the noise signal — 
was considered to be sufficiently representative of process noise to— 
yield useful results. 

Frequency-response 
methods: 


measurements were made by three 


(a) Visual method. 
(b) Quadrature-components method. 
(c) Phase-null method. 


FREQUENCY-RESPONSE MEASUREMENTS 


Visual Method. The frequency response of the process analog, 
Fig. 3, was measured by recording the applied sine-wave disturb- 


random-noise generator _ 
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Fic. 6 QuvapratuRE Components MeTHop oF FREQUENCY- 
ResPONsE MEASUREMENT 


modified cross correlations $32 and $2 which are measures of the 

in-phase component and the quadrature component of the process 

output. The correlation computer and the derivation of the 

Fic, 4 Norse Components (A) To (D) anno Composite Noise modified cross correlations are described in the Appendix. 

Waverorm (E) The transfer function of the process has an amplitude A and 
phase angle @ which may be determined from $3: and $2 
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ance and the process response; i.e., by the technique currently 
employed in regular frequency-response measurements. The = A = 2 + 
amplitude ratio and phase shift of the “process” as obtained by pe é 
* visual reduction of the chart records are given in Fig. 5. The ba 6 = —tan~ ( *) 
- theoretical curves computed from the known time constants of diz 
the analog process also are plotted in the same figure. It willbe 4 plot of the frequency response measured by this method is 
r seen from the figure that the accuracy of the measurements de- given in Fig. 7 together with the theoretical curves. Accurate 
_ teriorates progressively as the amplitude ratio falls below the measurements were possible up to a frequency of 95 cycles per 
noise level. The accuracy is good for measurements at frequen- min (epm); i.e., a frequency limit 20 times greater than the fre- 
_ cies up to that frequency (4 cycles per min) at which the ampli- quency limit obtained with the visual method of frequency- 
tude of the process response is equal to the amplitude of the — yesponse measurement. 
noise. From the curve through the measured points it is possible 
to estimate the longer time constant of the process, but the shorter 
time constant cannot be estimated even approximately. Because 
_ the additional phase shift beyond 90 deg might be due to dead 
time, it is impossible to decide whether the process has two (or 
-more) time constants, or one time constant and dead time. The 
highest frequency at which measurements were possible was not 
high enough to determine the essential dynamics of the 
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As in other measurements, null methods are generally superior 
to other methods in the matter of accuracy. More accurate © 
measurements are possible with the phase-null method at the ex- 
pense of somewhat greater measurement time. 

Phase-Null Method. The method is shown in block-diagram 
form in Fig. 8. The sine and cosine-wave generator is used to 
provide a signal f, of adjustable phase @ which is correlated with 
the process output in the correlation computer to give the modi- 

Quadrature-Components Method® In this method the process cos a 
output is analyzed as two components, one “‘in-phase’’ with the SINE-COSINE | WT CORRELATION 
process input and the other “‘in-quadrature’”’ with the process GENERATOR | rascns COMPUTER gg 
input. 

The method is shown in block-diagram form in Fig. 6. The ee ee 
sine-wave generator which also generates cosine waves is described > lepgnmetes 


in the Appendix. The correlation computer computes the Py. Luiméy : 
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fahren zur Frequenzgang—Analyse Industrieller Regelstrecken,”’ by Puase-NuLL Mernop or MEASURE- 
_ Schiifer and Feissel, Regelungstechnik, no. 9, vol. 3, 1955. MENT 


4 A similar method has been described in ‘‘Ein Verbessertes Ver- 


— 
| 
w 
> 
10 NOISE LEVEL 100 = 
40 0.1 
50 
J 


& 


THEORETICAL 
© MEASURED POINTS 


AMPLITUDE RATIO, 


PHASE SHIFT, 
DEGREES 


1.0 10 
FREQUENCY, cpm 


AmpuitupeE Ratio AND PuHase Suirt spy 
or FREQUENCY-RESPONSE MEASUREMENT 


Fic. 9 


The method of making measurements is described briefly in the 
following but is given more completely in the Appendix. Also 
given in the Appendix are details of the sine/cosine generator 
and the correlation computer. : 

Briefly the measurement procedure is as follows: (1) The 
potentiometer P is adjusted until the modified cross correlation 
¢w is zero using switch position S, or S; as necessary. Let this 
potentiometer ratio be p,. (2) The potentiometer is set to the 
complementary position and the switch S to the alternative 
position, so that the signal f, is 90 deg displaced in phase as com- 
pared with the phase resulting in the null balance. Let this value 
of the potentiometer ratio be p,. Observe the value of the modi- 
fied cross correlation dy. 

The frequency response of the process has an amplitude ratio A 

and phase angle @ given by 


+ tan ( for Sat Sz...... [4b] 


where m, is a correction coefficient which (assuming negligible 
loading of the potentiometer P) is given by 


m, = V(1 — 2p, + 2p,?) 


Equations [4] and [5] are plotted in Figs. 10 and 11, respectively- 
The ambiguity in phase resulting from the inverse trigonometrical 
functions in Equation [4] is unimportant because it is possible to 
follow changes in phase angle with frequency from tests at low 
frequency where ambiguity may be removed by direct observa- 
tion. 

A plot of the frequency response measured by this method is 
given in Fig. 9 together with the theoretical curves. It will be 
seen that measurements are possible up to a frequency of 95 epm 
with slightly better accuracy than those obtained by the quadra- 
ture-components method. It also will be observed that measure- 
ments are possible in the face of signal-to-noise ratios as adverse 
as almost —50 decibels (db). The power of the correlation tech- 
nique is perhaps best illustrated by chart records. Fig. 12 shows 
records of the sine-wave disturbance and process response with 
noise and without noise. The process response is so completely 
obscured by the noise that it is quite impossible to obtain by 
visual inspection an estimate of either the amplitude or the phase 
of the process response in the presence of the noise. However, 
either the quadrature-components method or the phase-null 
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method gives an accurate measure of both amplitude and nis 


EXPERIMENTAL RESULTS ON A REAL PROCESS i? 
Measurement of Frequency Response on Closed Loop. In making 

a frequency-response measurement on a process it is desirable to — 

remove the automatic control and to apply the sinusoidal dis 

turbance to the process at the control valve. However, — 
processes cannot be taken “off control’ (i.e., put onto ‘“‘manual”’ ) 
for more than a few minutes at a time because of their natural in- 
stability. Many processes involving an integration in their 
transfer function (such as level control) may be taken off con- 
trol for extended periods of time provided that occasional 
manual adjustments are made to maintain a zero average devia- 
tion of the process variable. There are some processes which when — ; 
taken off control cannot be “steered”? manually. Such processes 
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might involve in their transfer function either an integration with 
a large gain (such that the rate of integration is too fast for opera- 
tor control) or a right-hand plane pole where there is a natural 
instability tending to cause the process variable to “run away.” 

Exothermic-temperature processes are generally of this type. 
Although the process cannot be taken off control, frequency- 
response measurements may still be made. The combination of 
process and controller is excited by applying the sinusoidal dis- 
turbance to either the controller set point or to the valve via a 
pneumatic adding relay, Fig. 13. The process frequency response 
is then obtained from the complex ratio C/P. 
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PROCESS 


In employing the current method of frequency-response meas- 
urement the quantities C and P would be recorded on a chart and 
the amplitude ratio and phase shift would be obtained by visual 
reduction as in Fig. 1. In employing the correlation technique, 
the process input P, and the process output C, would be separately 
(and simultaneously) correlated with the sine-cosine generator 
giving the amplitude ratios A; and A: and phase shifts 6, and @2, 
respectively. The amplitude ratio A and phase shift @ of the 
process are then 


The difficulty encountered in measuring the frequency response 
of a process on closed loop arises from the fact that process noise 
restricts low-frequency measurements as well as high-frequency 
measurements. In contrast, open loop-frequency response meas- 
urements are restricted by noise only at high frequencies. Conse- 
quently process noise is a much more serious problem in the 
measurement of the process-frequency response on closed loop 
than in the measurement of the process-frequency response on 
open loop. 

Frequency-response measurements on an exothermic tempera- 
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ture process measured by the visual method are given in Fig. 14. 
Measurements were attempted at octave intervals of frequency 
but useful results were obtained over a range of only two octaves. 

Figs. 15, 16, and 17 show the recorded wave forms of the sine- 
wave disturbance, the process input, and the process output at 
*/2, */s, and '/x: cpm. Although the total frequency range is only 4 
octaves it may be seen readily that amplitude ratio and the phase 
shift cannot be obtained from the wave forms excepting at the 
center frequency, At the “high” frequency ('/; epm) the process 
output has a poor signal-to-noise ratio’ and at the low frequency 
(*/a2 epm) the process input has a poor signal-to-noise ratio. Con- 
sequently, the frequency range over which frequency-response 
measurements may be made by the visual method is severely 
limited. 

The results of frequency-response measurements made by the 
correlation technique’ are given in Fig. 18. Useful measurements 
were possible over a frequency range of about two decades or 
about 32 times the frequency range obtainable by the visual 
method. This comparison clearly demonstrates the advantage of 
computer reduction of data by the correlation method. 

A photograph of the equipment setup for these measurements 
is shown in Fig. 19. 


Discussion or REsuLTs 


Advantages of Correlation Technique. The foregoing results show 
that methods of frequency-response measurement using the corre- 
lation technique offer a substantial improvement in frequency- 
response measurement of “difficult”? processes as compared with 
the visual method. Under the description of difficult processes 
we may list: 

1 Processes into which only very small amplitude disturbances 
may be introduced. 

2 Processes which are noisy in the sense that in the absence of 
control the process variable varies about its mean value in a ran- 
dom manner. 

3 Processes which are subject to disturbances which, in the 
absence of control, cause the process variable to vary widely and 
thus cloak the response to a sine-wave disturbance introduced for 
measurement purposes. 

4 Inherently unstable systems which in the absence of control 
would run away. Included in these are the temperature proc- 
esses of exothermic reactions. Even for processes which are not 
difficult in any of the senses mentioned, correlation tech- 
niques offer a means of extending the upper frequency limit to 
which measurements may be made. This is often desirable for 
systems for which rapid control is required, so that the value of 
rate action may be assessed properly. 

The correlation technique also enables very accurate frequency- 
response measurements to be obtained. This is an important fac- 
tor in the measurement and analysis of systems comprising 
coupled processes. 

Disadvantages of Correlation Techniques. 
vantages we may list: 


Among the disad- 


1 The requirement for an analog computer containing at least 
one but preferably two accurate and stable multipliers and in- 
tegrators. 

2 The need to have the computer located at the test site. 

3 The time required to make the measurements. 


It is not necessary that an electronic analog computer be used 
although the experimental work was carried out withone. Me- 
chanical ball-and-disk integrators may be employed for both 

? Signal here means the amplitude of the sine wave component 


having the same frequency as the disturbing sine wave. , 
* Using the Quadrature Components Method. 
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multiplier and integrator in a correlation computer. Alterna- 
tively, multiplication may be carried out in the transducer with 
which the controlled variable is measured, but the stability re- 
quirements indicate that mechanical integration would be re- 
quired. 

The time to obtain each measurement by the correlation tech- 
nique is much greater than the time required for measurement by 
the visual method. 
number of cycles (perhaps 15 or 20) of the disturbing sine wave, 
and several observations may be necessary to obtain a null 
balance. 
first sight because at the high frequencies (where the correlation 
technique is of greatest® value) the periods are short and the 
additional time requirements are not excessive. 


Each observation must be made over a large 


However, the situation is not as serious as appears at 


At the lower frequencies, measurements may be made by the 
visual method in order to conserve time. Alternatively, since 
noise and distortion may reasonably be expected to be a small 
fraction of the total system response, the correlation technique 
may be employed using integration over a small number of cycles. 


LimIraTION OF ANALOG COMPUTATION 


The chief limitation in analog computation of the correlations 
lies in the limited stability of the integrators and accuracy of the 
multipliers. These limitations may be removed by resorting to 
numerical computation. 

Provided that the variables can be 
digitized and recorded accurately, the computation of the corre- 
lations is readily performed with a digital computer. Integrator 
drift and multiplier inaccuracies are virtually nonexistent. 


Numerical Computation. 


* This refers to frequency-response measurements of processes on 
open loop. For frequency-response measurements of processes on 
closed loop the correlation technique is of equal value at low frequen- 
cies and observation over a large number of cycles involves a some- 
what excessive time. 
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Similarly the provision of a delay for computation of the correla- 
tion function proper is much less a problem than in the case of 
analog computation. The major problem is that of digitizing and 
recording the variables. The sampling rate should be at least 
twice, and preferably ten times the frequency of the disturbing 
sine wave. 


CONCLUSION 
Noise and distortion may seriously limit the frequency range 
over which frequency-response measurements can be made by the 
visual method. In such cases the correlation methods described 
in this paper enable measurements to be made over a much wider 
frequency range. They are particularly useful for the measure- 
ment of the frequency response of processes (such as exothermic- 


temperature processes) which cannot be taken off control. 
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Appendix 


Correlation Technique. Several papers®~!? recently have 
appeared on the subject of extraction of a sine-wave signal from 
noise. The theory is not new, but it is believed that the following 
application of the theory to the measurement of frequency re- 
sponse is original: 

In computing correlation functions with the analog computer, 
a delay or dead time of variable delay 7 would permit the evalua- 
tion of the auto-correlation function ¢:,(7) and the cross-correla- 
tion functions ¢:2(T), da(7) given by the following 


r 


1 +T 


T 


1 +T 
= Limit — f Silt)flt + r)dt....... [8a] 


21" 
+T 
f + 


= Limit or 


27 
Since pure delay or dead time is very difficult to achieve for 
analog computation, the expressions given in Equations [7], [8a], 
and [8b] are difficult to evaluate even approximately. However, 
the cross correlation for zero delay is extremely useful in certain 
circumstances 


T 
= = Limit ef fal [9] 
27 


A useful approximation to the expression in Equation [9] can be 
obtained by eliminating consideration of future time and not 
proceeding to the limit indicated. The “zero delay” correlation is 
then a function of the integration period 7 and time ¢ 


1: 0 
t) = T 
T 


If f,(t) is a sine wave 
fi(t) = sin wt.. 


and f(t) has a component of the same frequency plus distortion 
terms plus neise 


ft) = asin (wt — 0) + distortion + noise...... [12] 


then the expression given by Equation [10] becomes practically 
independent of T for 


Furthermore if T = 27N/w, where N isa large integer, the expres- 
sion given by Equation [10] becomes practically independent of 
t and Equation [10] may be written 


1 0 
ou = 


1 “Application of Correlation Analysis to the Detection of Periodic 
Signals in Noise,’’ by Y. W. Lee, T. P. Cheatham, and J. B. Weisner, 
Proceedings of the Institution of Radio Engineers, vol. 38, October, 
1950, pp. 1165-1171. 

11 **Perturbation and Correlation Methods for Enhancing the 
Space Resolution of Directional Receivers,” by F. V. Hunt, Proceed- 
ings of the Institution of Radio Engineers, vol. 39, July, 1951, p. 840. 

12*The Detection of a Sine Wave in the Presence of Noise by the 
Use of a Nonlinear Filter,” by T. G. Slattery, Proceedings of the 
Institution of Radio Engineers, vol. 40, October, 1952, pp. 1232- 
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A more convenient quantity to compute on the analog com- 


puter is the running integral 
1 t 
Gi(t) = | e~ fox )dx 
0 


If the time constant 7) is very much greater than the period 27/w 
of the sine wave, then the expression in Equation [15] becomes 
practically independent of ¢ for ¢ > 57>. The quantity dy is a 
measure of the sine-wave component of frequency w in f(t). 
Similarly, if f; is replaced by f; = cos wt, then $y becomes a 
measure of the cosine-wave component in f.(¢). 


Practica, Circuitry 


The Correlation Computer. The modified cross correlations 
Piz, Psz, and 2 may be computed with the electronic analog com- 
puter as shown in the block diagram of Fig. 20. The use of a 
potentiometer in the resistance feedback path of the operational 
amplifiers enables very large time constants to be realized with 
readily obtainable components. Normally the time constants 7; 
and 7, would be made equal. 


aw 

PROCESS. 
OUTPUT 


M = MULTIPLIER 
= OPERATIONAL AMPLIFIER 
r = POTENTIOMETER RATIO 


Fic. 20 Corre.ation ComPpuTER 

The Sine-Wave Generator. Before frequency-response measure- 
ments may be made a sine-wave source is required. In the appli- 
cation to be described here, a cosine-wave source of the same 
amplitude and frequency is required. It would be possible to com- 
mence with a sine-wave generator and derive'® the cosine wave 
from the sine wave. 

A preferable course is to set up a circuit which will generate 
both a sine wave and a cosine wave simultaneously. This may 
be done by setting up the electronic analog computer to solve the 
harmonic equation 


Practical experience indicates that there is considerable value in 
applying a little negative damping to the circuit and limiting the 
amplitude of the oscillation build-up. The wave form is not 
distorted provided that the limiting is accomplished with a 
diode and bias of low impedance. Equation [16] may be re- 
placed by 


d*z 


— = + we = 0, k<1 


18Such a circuit would need adjustment for each frequency. 
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> analog-computer diagram for generating sine and cosine 
waves by solving Equations [17] and [18] is given in Fig. 21. 


SLOPE = $,, 
FREQUENCY-RESPONSE MEASUREMENTS 
Quadrature-Components Method. The quadrature-components 
method of frequency-response measurement using the correlation 
technique is shown in Fig. 6. In this figure the blocks representing 
the correlation computer and the sine-and-cosine-wave generator 
are as shown in Figs. 20 and 21, respectively. 
The transfer function of the process has an amplitude ratio A 


and rT angle @ which may be determined from $y: and $32 
A = 2V/[(biz)? + 


‘1c. 23. Typicat Cuart Recorp Ostarnep WiTH QUADRATURE- 


ComPoONENTS Metuop UsinG ALTERNATIVE PROCEDURE 


6 = —tan-! 
32 


The quantities $;. and either of $s: or a require a computation 
= time of about five time constants. They are obtained readily by 
recording the quantities on a chart and reading off the average SLOPE = $1 
‘steady-state values. Fig. 22 is a typical record of the develop- 

_ ment of these cross correlations. 

If in the circuit of Fig. 20 the operational amplifiers are used as 
_ pure integrators, the mean slope of the record gives the value of 
the modified cross correlations. Fig. 23 shows a typical SLOPE - 

record when following this alternative procedure. With very 
 low-f requency sine-wave disturbances the record contains a double 
frequency component as shown in Fig. 24. By marking the '/2 


0 
TIME, periods 
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— periods on the record and drawing two best straight lines through 

al _ these points, the cross correlations are obtained from the slopes of 
these lines. 

: Phase-Null Method. The phase-null method of frequency-re- 

- "sponse measurement using the correlation technique is shown in 
Fig. 8. In this figure the blocks representing the correlation com- 
puter and the sine-and-cosine generator are as shown in more de- 

tail in Figs. 20 and 21, respectively. 

i i Aa sa The phase of the generator signal f, with respect to f; is given by 

E SIN WT -E COS WT +E COS WT 
= —tan for S at S, 

aay P 


[> + OPERATIONAL AMPLIFIER 
r = POTENTIOMETER RATIO - 
FREQUENCY (CYCLES/MIN) 
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_ These equations are plotted in Fig. 10. The amplitude of the sig- 
“nal f, varies between 0.707 and 1.000 times the amplitude of the 
signal f; as the potentiometer ratio is varied. If the loading on the 
potentiometer P is negligible the correction coefficient is given by 


m, = V/(1 — 2p, + 2p,*) 


and is plotted in Fig. 11. 
- The procedure used to obtain the frequency response is as 
follows: 


1+ +Set the generator to oscillate at the frequency at which the 
_ response is desired. 

. 2 Adjust the potentiometer P until the modified cross corre- 
lation $e is zero using switch position S, or S, as necessary. Let 


Fic. 22. Typrcat Caart Recorp Ostarnep Wit Quaprarune- this potentiometer ratio be Pa. 
Components MetHop 3 Set the phase of the signal f, to be 90 deg displaced from the 
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phase resulting in the null balance in item 2. This is done by 
throwing the switch S to the alternative position and setting the 
potentiometer to the complementary position. Let this potenti- 
ometer ratio be p,, then 


4 Observe the modified cross correlation dy with p = py. 
The frequency response of the process has an amplitude ratio A 
and phase angle 0 which may be determined from p,, m,, and dye 


mM, 


The ambiguity in the phase angle is unimportant because it is 
possible to follow changes in phase angle with frequency from 
tests at low frequency where ambiguity may be removed by direct 
observation. By duplicating part of the equipment shown in 
Fig. 8, it is possible to make the two computations involved in 
steps 2 and 4 concurrently instead of sequentially. Fig. 25 shows 
a chart record in which the null test and the modified cross-corre- 
lation function $4 are obtained concurrently. 
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If in the circuit of Fig. 20 the operational amplifiers are used 
as pure integrators, the lower curve in Fig. 25 no longer will be 
exponential but will have a mean slope which is proportional to 
the modified cross correlation dy. The mean slope is best ob- 


tained by marking the half-period points on the record and draw- 
ing the best straight line through them. 
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Criteria for Validity of Lumped-Parameter 
| Representation of Ducting 
Air-Flow Characteristics 


ad 


‘The dynamic characteristics of air flow in a section of 


_ ducting involve nonlinear partial differential equations in 
s => the air pressure and weight flow vary with both 


space and time. Differential equations for the distributed- 
parameter and the lumped-parameter representations are 


derived. Using applicable linearizing assumptions, trans- 


fer functions are obtained for each representation. The 
two transfer functions are compared by applying them to 
a practical valve-and-ducting system selected from a con- 


trol problem. Since the lumped-parameter representation 


is more convenient to use in controls design, a simple 


- numerical criterion is developed to determine rapidly the 


conditions under which lumped representation of a dis- 


- tributed element is valid. Frequency-response and time- 


_ response plots for the lumped and distributed elements are 
- included for comparison purposes. 


NOMBNCLATURE 
The following nomeneluture is used inthe paper: 


*+ A, = iMstantaneous value of valve 1 open area, sq ft 
A,* = fixed, base, or steady-state value of a, at an 
operating point, sq ft 
= incremental variation in a; about A,*, sq ft 
cross-sectional area of the ducting, sq ft 
valve 1 function of po/p: 
acceleration of gravity = 32.2 ft/sec? 
= weight of air, Ib 
P* + P = air pressure, psfa 
= W* + W = weight flow of air, lb/sec 
gas constant = 53.3 ft/deg R 
Laplace-transform complex variable with re- 
spect to time sec™! 
time, sec 
velocity of air movement, fps 
velocity of sound in air, or acoustic velocity, 
fps 
volume, cu ft 
distance or length along ducting, ft 
Laplace transform complex variable with re- 
spect to distance z, ft 
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characteristic or surge impedance of the duct- — 
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tod 
A 
: 3 pheumatic ¢apacitance per unit length 
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gA » pneumatic inertance per unit length 
s/m, = V/(KK,) 

st/u, = ducting propagation constant a 
c,/c, = 1.40 (experimental value) 

0* + © = air temperature, deg R 

wave length corresponding to a frequency w 


and velocity of sound u, for air flow in duct- 


ing 
unit step function 
3.1416 
weight density of air, pef 
0.0282s 
angular frequency, radians/sec 


INTRODUCTION 


The flow of compressible fluid in a long pipe or duct is somewhat 
analogous to the flow of electric current in a long transmission 
line. For accurate representation of gaseous flow at high fre- 
quencies in a long duct, the resistance, inertance, and eapacitance 
parameters must be considered as distributed along the duet. Air 
pressures and weight flow are functions of time and distance along: 
the duct. 

For control-design purposes, the lumped-parameter representa- 
tion of ducting elements is more convenient and simpler to use. 
The purpose of this paper is to develop a simple general numerical 
criterion to determine rapidly the conditions under which limped 
representation of a distributed ducting element is valid. 
velop this criterion, equations and transfer funetions for the dis- 


tributed-parameter as well as the lumped-parameter representa- _ 
tion are derived and compared for a practical dueting-and-valve — 


system. 


DISTRIBUTED-PARAMETER DUCTING ALR-FLOW 
CHARACTERISTICS 


In the analysis of fluid motion, it is not necessary to treat the 
fluid as being composed of discrete particles. It is permissible to 
consider the fluid as being composed of elementary volumes as 
shown in Fig. 1. In this development, the partial — 


ELEMENTARY VoLuME IN a Straicut Duct 
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where 


a7) 


p 


equations relating the flow and pressure of a fluid with time, dis- 
tance, and ducting parameters will be determined. Two equa- 
tions will be utilized; namely, the continuity equation and the 
force equation. 

The continuity equation (1)* states that the rate of change of 
mass within the elementary volume, due to the changing density, 
is equal to the net mass flow into the element. From Fig. 1, the 


rate of change of mass within the elementary fixed volume may be 


expressed as 


oM 


w—(w + dw) = —dw 


where 


M = weight of air within element 
w = weight flow of air into element 


However, the time rate of change of mass also can be written as 


= flow cross-sectional area oe 
weight density of air 
elementary length of element 


A, 


dz 


For an isentropic process (1) = 
YP u,? 
qd 


pp~*% = const 


4 


ratio of specificheatsofair au 

acoustic velocity 
= 


air pressure 
[2], and [3] gives 


The force equation (1) states that the resultant external force — 
acting on the elementary volume is equal to the time rate of change 
of the resultant momentum within the element, plus the net out- 
flow of momentum through the surface of the elementary volume. 
For simplification in writing the force equations, friction and 
leakage effects are omitted. It is noted that wall friction affects 
the velocity profile and hence the inductance parameter; how- 
ever, these effects are negligible in the example treated. Further- 
more, the inclusion of frictional forces would violate the isentropic 
relation utilized in Equation [3]. Referring again to Fig. 1, the 
summation of external forces may be expressed as 


Combining 


4 


dp 


> Forcesext = pAg—(p + dp)Ag = dz... [5] 


The summation of internal forces is obtained by utilizing New- 
a ton’s second law of motion, and may be written as 


3 Numbers in parentheses refer to the Bibliography at the end of 


d 
> Forcesint = ( 
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M = pAgdx and w = pAwu.... 


since 


and u is the flow velocity. 
Equation [6] may be expanded as 
ow 


1 
> Forcesins = — —— 
t 


(where dz /dt =u, the flow velocity) since z is defined as the posi- 
tion of the elementary volume aiong the ducting. 
Combining Equations [5] and [8] produces 

Utilizing Equations [3], [4], and [7], Equation [9] can be written 
as 
we 


wt 


me ox 
Assuming typical values for w and p as given later in the paper, 
w/yp = 0.028. Thus, for engineering accuracy the contribution 
of the (w/yp)(Op/dt) term is negligible compared to the sum of 
the other two terms in Equation [10]. Since this term of Equa- 
tion [10] is assumed to be negligible, Equation [9] may be simpli- 
fied to the linear form 


( 1 
gA 


It is appropriate to assume small perturbation conditions for the 
variables w and p for reasons which will be apparent later. 

For small perturbations, w = W* + W and p = P* + P, 
where W and P are incremental variables. Then Equations [4] 
and [11] become 


Ow 
ot 


K, = 1/gAq, pneumatic inertance/unit length 


Equations [12] and [13] are now analogous to the equations for 
voltage and current as functions of time and space along an elec- 
tric transmission line having zero conductance and resistance (2). 
To assume either resistance (loss of pressure) or conductance (loss 
of flow due to leakage), would violate the isentropic assumption. 
Furthermore, it can be shown that the duct resistance is small 
compared to the resistance of components such as valves, com- 
‘pressors, and so on. 

In order to obtain the transfer function for the ducting element, 
it is necessary to derive the expressions for P(z, s) and W(z, s), 
where s is the Laplace-transform variable with respect to time. 
The Laplace transforms (3) of Equations [12] and [13] may be 
written as 


sK,P(z, s) = — = 


P 
sK,W(z, s) = — (z, s) 
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Combining Equations [14] and [15] gives 4 


(% s) — a®P(z,s) = 0 . [16] 


ine 
and 
ew 


dz? (z, W(x, = 0 


where 
= K.K,s*? = s*/u,? 


Writing the Laplace transform with respect to z, Equations 
[16] and [17] become 
[18] 


iP 
s) — — (0, s) — a*P(z, s) = 0 
ar 


z*W(z, s) — zW(0, s) — (0, s) — a*W(z, s) = 0. . [19] 


_ where z is the Laplace variable with respect to z. 
Combining Equations [14], [15], [18], and [19] gives 


2P(0, s) 


a? 


sK,W(0, s) 


zW(0, s) 


The inverse Laplace transforms (3) of Equations [20] and [21] 
with respect to z may be written as 


sK,P(0, s) 


P(z, 8) = P(O, 8) cosh B — K,W(0, s) sinh 8... [22] 
4 


W(z, 8) = W(0, s) cosh B — ~ K.P(O, s) sinh B. . . [23] 


' where 6 = ar = sx/u,, the propagation constant. The surge im- 
_ pedance Z, (2, 4) is defined as 
Z = V(K,/K,) = sK,/a = a/sK, [24] 
7 The downstream-end impedance is 

Z,* = P;*/W,* = P;(s)/W:2(s) 


_ where the asterisk indicates the use of fixed values. 
‘i Combining Equations [22], [23], and [24] produces 


Ps) = P,(s)cosh 8B — ZoW,(s) sinh B 


W.(s) = W,(s) cosh B — x P,(s) sinh B [27] 


The distributed-parameter transfer functions for ducting may 

be obtained from Equations [25], [26], and [27], which are analo- 

gous to the equations (2, 4) for a long electric transmission line 
having distributed parameters. 


In Equations [26] and [27] 


= 82 


LUMPED-PARAMETER, DUCTING 
CHARACTERISTICS 


The lumped-parameter representation of ducting characteris- 
tics is normally used for most applications. It is less complicated 
mathematically and yet provides a means for handling changes — 


AIR-FLOW 


[26] 


At we 
~ 


in pressure as well as temperature. The theory on which the 
mathematical derivation is based involves the assumptions that 
the process is isentropic and that the ducting is equivalent to a 
single lumped volume in which the pressure and temperature are 
constant and uniform throughout the volume. Although the 
distributed-parameter equations include the effects of pneumatic 
inertance and capacitance, the lumped-parameter equation in- 
cludes only the effect of pneumatic capacitance. A lumped- 
parameter representation may include inertance as well as capaci- 
tance. However, for the example treated, a single resonance peak 
is present between the lumped-parameter break frequency and the 
first distributed-parameter peak on a plot similar to Fig. 3. There- 
fore, pneumatic capacitance only was used for the lumped- 
parameter representation. 

Referring to Fig. 2, the rate of change of mass within the 
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lumped volume is equal to the net weight flow into the volume, 
dM V dp, 


and may be written as 
— . [28 
dt ~ RO; dt RO,*dt [28] 


since M = p,V/RO6,. If the changes of state within the lumped 7 
volume occur isentropically ; 


= 


p(9,)7/1-7 = const 
The time derivative of Equation [29] is 


6, dt 


Combining Equations [28] and [30] produces 


Since w:, pi, and 6 all vary with time, it is necessary to use the 
small perturba! ition linearizing technique so that ; 


w, = W,* + 


We 
is 
Pr 
where W), ete., are incremental variables. 
Taking first the total differential and then the Laplace trans- 
form, Equation [31] becomes 


dw, — dw, = Wi(s) — W2(s) = sK7P.(s) + KsO,(s). . [32] 


where 


af 


Valve 1 
Flow fw, 
— 
Vi dp 
 forz = 
i : 


456789) 


TRANSACTIONS OF THE ASME | 


2 3.4 56789! 


TT 


LEGEND 
a - Modulus, Distributed Parameter 
b - Modulus, Lumped Porameter 
c- Phase Shift , Distributed Porameter 
d- Phase Shift, Lumped Parameter 


Modulus (jw) in Decibels 
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w in radians/second 


1 


in Degrees 
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Fic. Ductine Frequency Response 


on 
A CRITERION FoR DuctTING-PARAMETER Seuecrion 


The question arises as to when the lumped parameter repre- 
sentation suffices. All fluids exhibit some capacitance as well as 
inertance characteristics. Rigorous analysis must consider these 
effects in the fluid, as well as pipe-wall effects and terminating- 
load effects. In general for engineering design, pneumatic in- 
ertance may be neglected for a compressible fluid, and pneumatic 
capacitance may be neglected for an incompressible fluid. There- 
fore, the lumped-parameter representation is considered suf- 
ficient for any fluid, except for long lines or high frequencies. In 
order to demonstrate the applicability of the lumped or dis- 


 tributed-parameter equations, an example will be presented using 


design data from a ramjet-engine test facility. 

Referring to Fig. 2, let the valve upstream conditions be po and 
the valve downstream conditions be and 6,;; and the 
engine-inlet conditions be we, pe, and @. Assuming % = 0, = @ 
(const), po const, a choked valve, and no engine disturbance, the 


 lumped-parameter equations are 


W, — W: = sK7P2, from Equation [32] 


a W, = K,A,, from Equation [55] 


= KsP2, from Equation [58] 
From Equations [33], [34], and [35], the transfer function P2/A; 


_ may be written as 


P, 


a For a sinusoidal variation in A,, Equation [36] becomes 


__K,/K, 
1 + jwK;/Ks 


[27], [34], and [35]. 
fer function 


Ki /Ks 


1 
cosh B + - sinh 8 


K;Zo 
For a sinusoidal variation in A,, Equation [38] becomes 


Ki/K; 


A (jw) = 


cos + sin wr,/u, 


KZo 
since 8 = jwr,/u,. 

A comparison of Equations [37] and [39] reveals a definite 
similarity between the two expressions. For values of 2, w/u, less 
than 7/9, Equation [39] simplifies to Equation [37], since Z) = 
1/K,u,, and = Kz. 
son, the data for a typical operating point of the ramjet engine test 


facility will be utilized. These data are 


P,* = = 10,000 psfa 
W,* = W,* = 300 lb/sec 
0,* = = 900 deg R 
A,* = 
A, = 


1.022 sq ft 


128.5 sq ft 
V = Ag, = Ge 


5210 cu ft 


ay 


u, = 1470 fps 
Ban 


Zo = 0.355 sec?/ft? 
K, = 293 lb/sec ft? 


In order to make a numerical compari- 
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fa: 
Combining these equations gives the trans 
P; 
where 
4 
and 
Utilizing these data, the system parameters are evaluated as a 
follow: 
P 
wed 2 
_-‘The distributed-parameter relations include Equations [26], {iy tw,” 
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Ks = 0.030 ft?/sec 


K; = 0.0777 sq ft 
= Utilizing these numerical data, Equations [37] and [39] become 
(jo) 9760 
a) « 
4, 1 + j2.59w 
) 9760 
cos (0.0282w) + j93.9 sin (0.0282w) ” 
2 Frequency-response plots of Equations [40] and [41] are shown 
in Fig. 3. It is seen that there is very good agreement (5) be- 
tween curves a and b out to wr,/u, = 7/9. For wzr,/u, values 
pa greater than 7/2, the departure in modulus and phase becomes 
severe for the two cases. The distributed modulus (curve a) 
7 exhibits resonance phenomena (6) with maximum values at even 
4 multiples of 7/2, and minimum values at odd multiples of 2/2. 
Since wA = 2ru,, it can be shown that values of wr,/u, = 1/2 
correspond to quarter wave lengths along the ducting; thus z, = 
_ A/4. The distributed phase shift (curve c) increases by 90-deg 
intervals between each maximum and minimum of the modulus 
curve. 


RESPONSE TO A INPUT 


The frequency-response plots provided an interesting compari- 
son of lumped and distributed-parameter flow characteristics. In 
addition to a comparison for a sinusoidal input, a comparison for 

a step-function input is of interest. The response to a step input 
provides useful information concerning the transient characteris- 
tics, and also will serve to support the results obtained from the 
frequency-response comparison. 

In order to obtain the response to a step input for the lumped- 
parameter case, it is necessary to utilize Equation [36]. For the 
same numerical data previously used, Equation [36] becomes 

P, 
(s) = — 
1 + 2.59s 
For a unit step function input of A,, Equation [42] becomes 


P, 


9760 


— (t) = 9760 (1 — 
A, 
In order to obtain the response to a step input for the dis- 
tributed-parameter case, it is necessary to utilize Equation [38]. 
_ For the numerical data previously used, Equation [38] becomes 


2 
A, = cosh (0.0282s) + 93.9 sinh (0.02828) 


Letting 0.0282s = o, and substituting the exponential equiva- 
lents for the hyperbolic cosine and sine terms, Equation [45] be- 


9760 


o 93.9 


| 


205.7 
~ — 0.97 


If the denominator of Equation [47] is divided into unity, 
Equation [47] becomes 
P, 
—(2h+1 
4, (8) = 205.7 (0.97892)* 


ot 


= 205.7 (0.97892)* (ht+De 


For a step input of A;, Equation [48] is written as 


The inverse transform of Equation [49] is 
= 205.7 >> (0.97892) — (2h + 1) (0.0282) 
1 


h=0 


. [50] 


where y(t) is a unit step function. Thus the time response for the | 
distributed-parameter case is the summation of step-function re- r. 
sponses having heights of 205.7(0.97892)*, and occurring at vary-_ 
ing time delays of 0.0282 (2h + 1). 

For purposes of comparison, values of P:(t)/A, versus time for 
both the lumped and the distributed-parameter case are calcu- 
lated using Equations [44] and [50]. Response curves are found 
in Fig. 4. It is seen that the two plots are in fairly good agree- 
ment. The distributed response lies slightly below the lumped 
response; however, both responses reach a steady-state value of 
9760. 
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() 
distributed 
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CoNcLUSIONS 


A comparison of lumped-parameter and distributed-parameter _ 
- flow characteristics has been demonstrated on a frequency-re- 
sponse basis as well as on a step function-time response basis. 
It was shown that the lumped-parameter representation of duct- 
ing air-flow characteristics is valid with certain limitations. 


or 
.. [49] 
P. 
or 
ile A [ 7] 
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If the ducting section under study was incorporated into a 
process to be controlled, it is evident from Fig. 3 that control be- 
yond 50 radians per sec would not be possible. Therefore, in the 
design of the control loop, the crossover frequency should be 
limited to a value less than 50 radians per sec. If this crossover- 
frequency limitation is imposed, the lumped-parameter expres- 
sions are valid. 

It would be desirable to investigate such a control loop by de- 
signing the loop in a lumped-parameter basis, with the crossover 
frequency limited to a value of 


< 


It is believed that the foregoing criterion for the selection of the 
limiting value of control loop w, is sufficient for most cases. 
Furthermore, the value of w, may be calculated easily without 
making a frequency-response plot or obtaining the step-function 
response by inserting the minimum value of u, and the maximum 
value of x, in the foregoing expression for w,. 
For a case in which the selection of w, becomes marginal, then 
the closed-loop response to a step-function input should be ob- 
tained for the lumped-parameter case as well as the distributed- 
parameter case. This would provide a very complete comparison 
of the two ducting representations, but is beyond the scope of this 


paper. 
ACKNOWLEDGMENT 


The authors gratefully acknowledge the counsel and assistance 
of Dr. J. T. Trimmer who served as consultant on distributed- 
parameter analysis work on the Ram Jet Addition, Arnold Engi- 
neering Development Center, of which this paper is a part. We 
are also grateful for the assistance of ARO, Inc., personnel in this 
work which they have extended (11). 


BIBLIOGRAPHY 


1 ‘Applied Mechanics—Dynamics,”” by G. W. Housner and 
D. E. Hudson, D. Van Nostrand Company, Inc., New York, N. Y., 
1950. 

2 “Electrical Engineers Handbook,"’ by H. Pender and W. A. 
Del Mar, John Wiley & Sons, Inc., New York, N. Y., third edition, 
1936. 

: 3 “Servomechanisms and Regulating System Design,”” by H 
- Chestnut and R. W. Mayer, John Wiley & Sons, Inc., New York, 
N. Y., vol. 1, 1951. 

4 ‘Communication Circuits,’”’ by L. A. Ware and H. R. Reed, 
_ John Wiley & Sons, Inc., New York, N. Y., 1942. 

5 ‘‘Electromechanical Transducers and Wave Filters,’’ by W. P. 

Mason, D. Van Nostrand Company, Inc., New York, N. Y., 1942. 
6 ‘Elements of Acoustical Engineering,’’ by H. F. Olsen, D. Van 
Nostrand Company, Inc., New York, N. Y., 1947. 

7 ‘Flow and Torque Characteristics of Butterfly Valves at Sub- 
critical and Supercritical Pressure Ratios,’’ by L. C. Garby, et al., 
_ University of Michigan, Engineering Research Institute Report, 
October, 1952. 

8 ‘Flow Characteristics of a Butterfly Valve at Supercritical 
_ Pressure Ratios,’’ by L. C. Garby, et al., University of Michigan, En- 
_ gineering Research Institute Report, June, 1951. 

9 ‘Kent’s Mechanical Engineers Handbook—Power Volume,” 
by J. K. Salisbury, John Wiley & Sons, Inc., New York, N. Y., 
twelfth edition, 1950. 

10 ‘Introduction to the Analysis of Supersonic Ramjet Power 
Plants,’’ by B. W. Marsh and G. A. Sears, American Rocket Society 
Paper No. 103-53, December, 1953. 

11 ‘Analysis of Gas Flow Systems for Dynamic Control Pur- 
poses,”’ by W. K. McGregor, D. W. Russell, R. W. Messick, and L. F. 


Burns, Arnold Engineering Development Center, TR-55-11, April. 


Appendix | 
ppendix 1 
Vatve CHARACTERISTICS ‘ont 


The dynamic relations for the flow of air through a valve are 


essentially resistive. Experimental research conducted at the 
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University of Michigan (7, 8) has demonstrated that the nozzle 
equation may be utilized to describe the flow of air through a 
butterfly valve. The nozzle equation is 


c valve-flow coefficient (0.7 to 1.0) 
c,/¢, = 1.40 

Pr downstream static pressure 

Po upstream total pressure 

0 upstream total temperature 

a valve open area 


w = capo ¢) - 
\ — 1) 


where 


For air with c = 1, Equation [51] becomes 


\ Pi 
The relation between total and static pressure can be written 


(9) 


w 


= (1 — 


where u is the velocity of the air movement, and u, is the velocity _ 
of sound in air. Since the air velocity in the ducting of the plant 
being considered is very low for all operating conditions, static 
and total pressures are essentially the same. Therefore, all pres- 
sures will be considered to be total pressures. 

Utilizing the theory of small perturbations let 


po = Po* + Po 
= Pi* + Py 
A, = + 0: 
Then the total differential of Equation [52] becomes, for % = 9, 
ow ow ow 
dw = W(t) = ——d —d — 
a, + Po + 20, dh, 


or in Laplace form 


ow 
dp, [54] 
Opi 


W(s) = + K2Po(s) + K:0i(s) + KyPi(s) . 


where 


Ky 


Ky 


Ky = — 


K, 


| 
y+ 
“are: 
{ 
143 ( — 1.71 (2) 
= Do Po 
| 1.43 (2)’ 


MAY, 1957 


Fur values of p,/poless than J.528, the function F is constant and 
equal to 0.257. The designation ‘‘choked” or ‘“‘supercritical’”’ flow Utilising the theory = emalt perturbations, let 
is given to operation in this constant F region. When the valve is = P,* + P, 
choked, the downstream pressure no longer has any effect on flow 
through the valve, and then = O,* + 


we ¢ Then the total differential of Equation [56] becomes 


dw, = W(t) = 3 dp: + 30 + x ) d(au).. [57] 
au 
Appendix 2 
or in the Laplace for 
RaMJET-ENGINE Atr-FLOw CHARACTERISTICS 
_ The flow of air into a ramjet engine may be expressed in terms OW (3) = = KePhe) + Ké xs) + + W,ds). pemastade [58] 
of the continuity equation, which states that the weight flow is 
determined by the product of inlet density, area, and velocity 
(10). Assuming that the engine-inlet nozzle has been removed, phe 
stagnation conditions should appear at the inlet—if actual flight : 
conditions are to be simulated. 
_ The engine-flow equation is thus written 


where 


= pau = 


wee 


a. 
ith 
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Piecewise Linear Control Systems, 
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Particular Application to Relay Controls 


By R. H. MACMILLAN,' CAMBRIDGE, ENGLAND 


A graphical method is described for the analysis of 
piecewise linear control systems. By means of it both 
transient and steady oscillations can be studied. After 
the “characteristic curves” of a system have been com- 
puted and plotted, it is shown that the effects of dead 
zone, solid friction, backlash, and various lead devices are 
easily taken into account, without further computation. 
The method is illustrated by a more detailed examination 
of the behavior of relay controls, and a few of the charts 
obtained by the method are given. 


( ed BLE progress has already been made in the 


1 INTRODUCTION 


analysis of relay systems; the methods used have been 

based either on developments of the frequency-response 
approach or on a solution of the differential equations of motion, 
originating with the work of Hazen? over 20 years ago. In an out- 
standing paper, with the latter approach, Weiss* used graphical 
constructions in the phase plane to obtain the transient response 
and, by equating the initial and final states of a cycle, gave charts 
indicating the conditions for continuous oscillation; he also ex- 
amined various methods for improving performance. Phase 
plane techniques have been used by many later writers. 

Kahn‘ obtained, by means of the Laplace transformation, a 
solution for the equations of motion in the form of an infinite 
series, and used graphical procedures to obtain transient and 
oscillatory solutions for certain simple systems; the method is 
ingenious, but is too cumbersome to permit the rapid production 
of charts useful to a designer. It is, moreover, difficult to obtain 
an understanding of the physical processes involved. Another 
approximate solution is due to Bane, but obtaining charts by his 
method involves much tedious computation. 

A fundamental advantage of ail differential-equation methods 
over frequency-response methods is that they readily provide 
information not only about steady oscillatory states but also 
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about the transient conditions, which are of great importance in 
many instances. 

The method described in this paper was first developed to 
study relay-control systems. Although this is still the field in 
which most of the numerical results have been obtained, it soon 
became clear that the technique can usefully be employed much 
more widely. The presentation adopted is accordingly a general 
one, followed by a more detailed application to relay-control 
systems. 

The approach used is to obtain an exact solution of the equa- 
tions of motion over linear sections; the displacement and ve- 
locity (and, where necessary, higher derivatives of the motion) at 
the beginning of each section are then equated to those at the end 
of the preceding section. A pair of characteristic curves is thus 
derived for the system. One relates the velocity at the moment 
when the displacement is zero to the displacement when the ve- 
locity is next zero, i.e., the maximum subsequent displacement; 
the other characteristic curve relates the initial maximum dis- 
placement to the velocity when the displacement is next zero. 
Each curve thus relates a velocity to a displacement, as does a 
phase plane trajectory, but the two quantities do not occur simul- 
taneously as in such a trajectory. 

By applying simple graphical procedures to these character- 
istic curves, it is possible to obtain the magnitudes of the succes- 
sive maxima and the time intervals between them and the zeros 
during any free oscillation. These points which are precisely de- 
termined may be called the “salient points’’ of the response. The 
special case in which the conditions at the end of a cycle are the 
same as they were initially is that of self-sustained oscillation. 
In this way, one can derive performance charts which are made 
to be of rather general application by the use of dimensionless 
variables. 

Though not originally so conceived, the method can be re- 
garded as related, in its graphical procedures, to Kahn’s ap- 
proach, but it is capable of giving rather more detailed informa- 
tion about the transient response and is derived quite differently. 
The characteristic curves of a system are, under certain important 
conditions, identical in shape to the phase-plane trajectory, and 
the relationship between them is discussed in the appendix by 
B. M. Brown. 


2 Mernop 


The following sections describe the method in general terms. 

2.1 Systems for Which the Method Can Be Used. The method 
can be applied immediately to the analysis of the type of system 
shown in Fig. 1, provided that the transfer function of the linear 
elements is such that Y~'(p) is of the first or second degree in p, 
and the instantaneous relation between the output and input to 
the nonlinear elements is sectionally linear (as shown, in general, 
by Fig. 2h). This means that at any instant the motion can be 
described by a linear equation, although the complete motion 
cannot be so described. 

Important special cases directly covered include those shown in 
Fig. 2, as follows: 


With 
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. 1 Brock Dracram or NoNLINEAR ConTROL System 


Fie. Typicau LINEAR CHARACTERISTICS 


Fic. 3. Form or Typicat TRANSIENT 


(a) Relay controls. 

(b) Relay system with constant output loading. 

(c) Relay system with dead zone. 

(d) Linear system with unsymmetrical gain. 

(e) Linear system with saturation or limiting. a 

(f) Linear system with dead band. 

(g) Linear system combined with relay action. vy ae a 
(h) Approximation to component with variable gain. 


It will be shown, further, that the method is applicable to linear 
or relay systems which involve solid friction, backlash, dead time, 
or hysteresis, and to systems with velocity saturation or with a 
combination of two or more of these effects. The method also can 
be extended to analyze systems in which Y~'(p) is of the third 
degree in p. 

2.2 General Form of Output Transient. When the system is 
disturbed it will subsequently oscillate freely, in general, with a 
response having the form of Fig. 3, where z;’ is the displacement 
and »,’ the velocity at any time ¢,’. Both the amplitude and 
period of oscillation vary with time, but the presence of mechani- 
cal inertia (or its electrical equivalent) in all practical systems 
insures that there are no sudden changes of velocity. The slope 
of the displacement-response shown has, therefore, no discon- 
tinuities. 

A knowledge of the positions of the successive zeros and 
maxima defines the shape of the transient sufficiently for all 
practical purposes. These are the salient points. The method to 
be described determines the time intervals between successive 
salient points, the amplitudes of the maxima, and the velocity at 
each zero. 
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2.3. The Characteristic Curves. For any selected system the 
forms of the nonlinearity and of Y(p) are known. It is therefore 
possible to determine, from the equations of motion, the greatest 
amplitude 22’ achieved when the system begins an oscillation with 
velocity »,’, as in Fig. 3. To do this it is, of course, necessary to 
equate the velocity and displacement at each instant where the 
motion changes from one linear section to another. Similarly, 
vy’ can be found in terms of 22’, 24’ as a function of v3’, and v5’ as 
a function of z,’; z¢’ is related to vs’ in exactly the same way as 
22’ is related to »,’. 

In general, a solution of the equations of motion over a particu- 


lar quarter cycle can be expressed as two equations of the form 


x2’ 


= filtir’) 


where fi: = é,’— 4’. From these relations it is possible to plot the 
characteristic relating 22’ to v,’ with time interval as a parameter, 
by selecting suitable values of ¢,,’ and calculating the correspond- 
ing values of displacement and velocity. This applies to each 
quarter cycle. 

By taking for the units of time and displacement, a time con- 
stant T and a length (or velocity V) inherent in the system, it is 
possible to use dimensionless axes z’/V7' and v’/V for the 
characteristic curves; hereafter the symbol z will be used for 
z’/VT, v for v'/V, and ¢ for the dimensionless units of time ¢/T 

2.4 Use of Characteristic Curves to Obtain Transient Response. 
For an instantaneous nonlinearity that is symmetrical about the 
origin, the quarter-cycle characteristic curves in the third and 
fourth quadrants must be identical with those in the first and 
second, so that they might be asin Fig. 4. By equating alternately 
the velocity or amplitude at the junction of successive quarter 
cycles, i.e., at the salient points, the complete transient can be 
determined from any initial conditions. This is easy to do graphi- 
cally by following the chain line shown in Fig. 4, projecting ordi- 
nates to obtain the displacement transient and abscissas to find 
the velocity transient. 

Since there are only two different characteristic curves for a 
symmetrical nonlinearity, these can be more compactly plotted 
with both in the first quadrant, as in Fig. 5, where the chain line 
again determines successive salient points. It will be noted that in 
Fig. 4 or 5, the time intervals between the salient points are read 
off directly from the graduations on the characteristics. 

2.5 Characteristics for an Unsymmetrical Nonlinearity. From 
Fig. 4 or 5 one can obtain related pairs of values of x, such as 22 
and 2, with their associated time interval ta, equal to (tes + ts). 
Taking 24, and 2,+2 a8 axes, one can now plot a half-cycle 
characteristic, relating successive maximum ordinates of the 
transient, with tn+24. graduated as a parameter along it; a 
second half-cycle characteristic is obtained similarly to relate 
such points as z and 2¢, With tgn.4n+2 28 the time parameter; both 
characteristics are shown in Fig. 6. 

To each point (24, Zin+2) of the half-cycle characteristic, there 
corresponds the velocity »%4.+1 that is attained when the displace- 
ment is zero. Its value also can be graduated along the curve to- 
gether with the time graduations. Half-cycle characteristics for 
velocity can be plotted similarly to relate v,.—, and tan+1 (with 
tin—1, n+1 and 2, graduated along the curve) or to relate vn+1, 
Vents (With tani, ANd parameters). 

The chain line in Fig. 6 indicates how the successive maxima 
of a transient can be determined rapidly from a half-cycle dis- 
placement characteristic, for a system with an unsymmetrical 
nonlinearity. 

It is also possible to plot full-cycle characteristics and double- 
cycle or multiple-cycle characteristics. Half-cycle characteristics 
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1G. 4 DispLACEMENT AND VELOCITY TRANSIENTS OBTAINED FRoM 
QuaRTER-CyYcLE CHARACTERISTICS 


are particularly useful for studying systems with a constant- Vane) 
velocity input or those with solid friction. For a symmetrical 
nonlinearity there is only one half-cycle characteristic and for an  Fic.5 Improvep Mernop or Ostaintnc TRANSIENT QuaR- 
unsymmetrical one there is only one full-cycle characteristic. rea-Crcue CHARACTERISTICS 
Multiple-cycle characteristics are needed to investigate subhar- : 

2.6 Sustained Oscillation. It is quite possible for the curves of 185 ig 4 
Fig. 5 to cross each other, as in Fig. 7 or in Fig. 8. In a system pian 
with dead time, for example, the velocity at the end of a half cycle 
may exceed that at the beginning of it. In such a case, the 
chain line defining the transient converges upon the point S, with 
amplitude z,, irrespective of whether the initial amplitude was ; P 
greater or less than z,. When the characteristics cross more than ; Fic.6 Osrarninec A TRANSIENT From Hatr-Cycie 
once, the intersections represent alternately stable and unstable CHARACTERISTICS 
states of sustained oscillation. In Fig. 8, for example, the system 
comes to rest at v = 0 after a disturbance of amplitude less than 2.7 Application to Higher-Order Systems. If Y~(p) is of the 
z,, but builds up an oscillation of amplitude z, following any dis- third degree in p, it is necessary to equate values of acceleration 
turbance greater than z,. (in addition to those of displacement and vo at the salient 
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points, which greatly complicates the problem. To obtain a 
transient solution, two sets of quarter-cycle characteristics are 
now required, one for constant values of initial acceleration and 
the other for constant values of final acceleration. With these 
available the method of solution is obvious. 

The solution for sustained oscillation is simpler, the key to it 
being to plot half-cycle or full-cycle characteristics with the 
property that the initial and final accelerations are equal (but 
opposite in sign for the half-cycle case). In certain special in- 
stances it is possible to calculate the acceleration at the salient 
points from the physical nature of the system, and this greatly 
simplifies the analysis. 


unstable int. 
point.) 


3 APPLICATION TO RELAY-OPERATED CONTROL SysTEMS 


We shall now apply the method to a system as in Fig. 1, with a 
relay switch as in Fig. 2(a) for its nonlinear element and with 
Y~-(p) equal to p(l + 7p). This is a control system with one 
integration and one time constant 7 (corresponding to the ratio of 
inertia to viscous friction) in the loop. The relay switch insures 
always that the motor applies maximum positive or negative 
torque to the load. 

If the relay switch were to be locked over in one position, the 
load would accelerate until the motor torque M, and the fric- 
tional torques uz’ became equal, when the load would be moving 
with maximum velocity V, equal to M/y. 

With the symbols of Fig. 1, the equation of motion can thus be 
written 


+ Tp)x’ = V sign (rz — 2’) — Zicaa 


In the absence of input z, or disturbance Zicaa the equation for 
free oscillation is therefore 


+ pT = +V 


the sign being negative when 72’ is positive, and vice versa, as a 
result of the switching action. This system is the same as that 
studied by previous writers and comparison of results is thus 
possible. It is the simplest approximation to practical systems 
from which significant results are obtainable. 

3.1 The Quarter-Cycle Characteristics. If x;, v; and 22, v2 are the 
values of z and » at times ¢, and fz, then solution of Equation [4] 
for positive z gives 

= (1 + — e~"*) — te.......... [5] 


For the first quarter cycle, 2; = 0 and » = 0, so 
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For the second quarter cycle, we obtain similarly 


. [10] 


As would be expected from physical considerations, Equations [9} . 
and [10] can be obtained from Equations [7] and [8] by substitut- 
ing —ts; for ti. and v; for »,. The form of the quarter-cycle charac-. 
teristics obtained from these equations is shown to scale in Figs. 4. 
and 5. 

3.2 Dead Time. The presence of dead time ¢, in the relay (i.e., 
a finite time ¢,7 elapses between zero displacement and switching) 
causes switching to occur during the first and third quarter cycles, 
as shown in Fig. 9(a). The characteristics for the second and, 
fourth quarter cycles are thus unaltered, but those for the first 
and third are changed by an amount depending on the magnitude 
of the dead time. A method of finding them from the character-_ 
istics of Fig. 5 is given in Fig. 9(b). 


(a) Form of transient (b) Graphical construction 


9 OsTAINING CHARACTERISTICS FOR A System WitH Deap 
Time 


When the displacement is zero, the velocity is; switching _ 
occurs ¢, later, when the velocity has increased to vs and the dis-_ 
placement is z;, found from the upper curve. From the lower | 
curve we now obtain (zz — z,), the further displacement till the — 
velocity is again reduced to zero, and ¢, the time which elapses — 
during this process; the actual displacement z is z, greater than : 
this. The point P at (m, zz) is thus a point on the required 
characteristic and has the time graduation (t, + t,). ; 

The characteristics for various values of t, are shown to scale in — 
Fig. 10. By using the two curves appropriate to any value of ¢,, 
the salient points of a transient can be found, and the amplitude 
x, and period t, = 2(t2 + t23) of continuous oscillation are shown 
clearly by their intersection. 

3.3 Backlash and Dead Zone. If the relay has the input-output 
relation of Fig. 11, it suffers from backlash of dimensionless mdg- ~ 
nitude z,. The transient for a system with backlash can be foutid ~ 
by shifting the quarter-cycle characteristics relatively to“¢ach — 
other, in the z-direction, by an amount 2,, as in Fig. 12. ‘Since © 
the curves now intersect, the system oscillates continuously with — 
amplitude z,, as it does in the presence of dead time. “ ~ ’ 

If there is a spacing z,VT between the relay contacts, with no 
restoring force applied to the system in this dead zone, the relay 
action is that shown in Fig. 2(c). Since, with the system we are — 
considering, the loss of velocity in crossing the dead zone is 
always the same, irrespective of the entry velocity, the presence | 
of dead zone can be taken into account by shifting the quarter- — 
cycle curves relative to each other by an amount z, in the v-direc- — 
tion, as in 13. In the and — times 

J 


a? 
at 
> 
(2) (b) 
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Two typical charts obtained by this method are reproduced: 
Fig. 14 indicates the number of overshoots and time to settle 
for a system with any amount of dead zone, and Fig. 15 shows the 
amplitude and period of oscillation of systems with any combina- 
tion of dead time and backlash. Both charts are drawn for di- 
mensionless variables. 

3.4 Half-Cycle Characteristics. The derivation of half-cycle 
characteristics has been mentioned in Section 2.5. Displace- 
ment characteristics obtained as there indicated are shown to scale 
in Fig. 16 for various dead times; as the nonlinearity is symmetri- 
cal, there is one curve only for each value of dead time?,7. The 
maximum amplitudes of a transient in such a system can be 
obtained directly from one of these curves by using the construc- 
tion of Fig. 17; lines are projected parallel to each axis alter- — 
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for a system with dead zone, allowance must be made for the time 
_ taken to cross the dead zone (which is not independent of entry 
velocity). No matter how great the initial disturbance may be, a 
system with pure dead zone comes to rest after a finite number of 

It is possible to obtain transients and amplitudes of sustained 
oscillation for systems with both backlash and dead zone or dead 
time, by taking the appropriate curves and shifting them rela- 
tively to each other in either or both directions. A convenient wel) ane 

_ procedure is to trace one of the characteristics on an overlay 
which can be placed above the other one and moved over it. In 
this way charts have been obtained showing, for instance, the oS 

- _ amount of dead zone needed to insure that not more than one 


overshoot shall occur in a system with a given amount of back- 15 AND Periop oF or Retay SysTems 
Deap Time AND BackiasH 
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Fie. 17 OBTatnine a TRANSIENT From 
Hawr-Cyc ie CHARACTERISTICS 


‘nately between the curve and the line 2, = Zin+2. 
oscillation occurs where these two meet. 

Backlash of dimensionless magnitude x, (actual magnitude 
z,V7') is accounted for by projecting instead from the line 
Lin+2 = Len + 2%, Which is parallel to the first line and distant x, 
to the right of it as shown in Fig. 18. Hysteresis (here defined as 
backlash of variable magnitude, proportional to the amplitude 
of oscillation) is accounted for by tilting the sloping straight line, 
which passes through the origin, as in Fig. 19. 

To treat similarly a system with dead zone, it is necessary to 
use half-cycle velocity characteristics, relating von+,t0Va,-1. In 
the presence of a dead zone of dimensionless width z,, projections 
are made from the line vgn+1 = Uin—1 — Z,, a8 shown in Fig. 20. 
If the width of the dead zone exceeds 7,,,, no continuous oscilla- 
tion is possible, no matter how great the initial disturbance. 

3.5 Constant Output Loading and Solid Friction. The effects of 
solid friction and of constant output loading are readily found by 
using the half-cycle characteristics. Solid friction effectively in- 

- creases the restoring force during the first and third quarter 
nt cycles, while decreasing it on the second and fourth (see Fig. 21). 
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If the amount of the friction is defined by r,, the ratio of the fric- 
tional force to the restoring force, then the net restoring force is 
either increased in the ratio (1 + r,) or decreased in the ratio 
(1—r,). Thus the characteristics for a frictionless system can be 


used, provided that the scales of z'/VT and v’/V are altered in d- 


the foregoing ratios to allow for the effective change in V. 
From suitably scaled quarter-cycle curves, a series of half-cycle — 


displacement characteristics is thus obtained and shown to scale — 


in Fig. 22, for various values of r,. A transient for a system with ul 
both felstion, defined by r, = 0.2, and backlash x = 0.3 is found © 
by constructing the chain line shown. 

The result of output loading (Fig. 2b) is rather similar, for it 
effectively increases the restoring force in the ratio (1 + r) when 
the displacement is positive, and reduces it in the ratio (1 — r) on 
the second half cycle. 


For each value of | r, & pair of half-cycle — 
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DIRECTION OF velocity curves can therefore be obtained by scaling directly from 

X FRICTIONAL FORCES the no-load half-cycle velocity characteristic. Alternatively, 

half-cycle displacement characteristics can be obtained, in the 

manner of finding those for solid friction, from suitably scaled 

' ; quarter-cycle curves. From such characteristics one can obtain 

the amplitude of continuous oscillation and the “‘droop”’ or steady- 

state error caused by the loading. As shown in Fig. 23(a) this is 

half the difference of the two half-cycle amplitudes during con- 

tinuous oscillation, and it can thus be measured directly from the 
figure. 

The effect of a constant input velocity is mathematically 
identical with loading the system. 7 

3.6 Lead Devices, and Others, to Improve Performance. We .. 
an os shall now consider briefly the use of this method to analyze the 

Force effect of certain devices used in practice to improve the perform- 
ance of relay controls. It will be found that the technique helps 
to give an insight into the operation and relative effectiveness of 
these devices. 

A “‘dead-zone brake’’ increases the effective width of the dead 
zone, Without increasing the permanent error by enlarging the | 
actual width. The result is to reduce the amplitude of oscillation — 
or eliminate it entirely. Analysis by the usual method for dead 
zone can be used. 7 

“Flip-flop”’ or “front-lash’’ units effectively introduce negative 
backlash. Analysis by the usual method for backlash (Fig. 19) 
will show the amount of front-lash needed to eliminate continuous _ 
oscillation. 

“Variable lead devices’’ insure that switching occurs before the 
displacement is reduced to zero. The relay operates when there 
is a lead given by x = f(—v). The effect of this lead can be 
studied directly on the quarter-cycle characteristics, for arbitrary 
f(—+), as shown in Fig. 24. The lead curve is plotted on an over- 
lay and, instead of projecting parallel to the »-axis to obtain the 
transient, the intersection of the lead curve with the quarter-cycle 
characteristic is the point used. 

It is clear from a consideration of the third quadrant of Fig. we 
24(a) that the system will have z, = 0(i.e., no overshoot) if f(—v) > 
has exactly the form of the third (or first) quarter-cycle charac- 
teristic, which is nearly parabolic. Parabolic lead has been used | 
in practice, but it is difficult to apply it without undue complica- 
tion; simpler to use are either of the straight-line approximations 
or to the ideal lead characteristic, as shown in Fig. 25. The first of 

~ Xer> X4ane2 these (line a) provides a lead proportional to velocity; that is 
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Fie. 25 Linear APPROXIMATIONS TO 
Leap CHARACTERISTIC 


where ¢; is the lead-time constant; this type of lead is considered 
in more detail in the next paragraph. A better approximation to 
the ideal characteristic is a relation of the form 


z+ tv + k(signv) = 


as shown by line (6b) in Fig. 25. Such a lead function was pro- 
posed by Weiss and it is clear from our method of analysis why it is 
advantageous. When using it, one can obtain zero overshoot for 
a relatively large disturbance, together with a better speed of re- 
sponse than is given by the simple proportional lead. 

“Proportional lead,’’ with the moment of switching defined by 
Equation [11], is the simplest lead device which is effective; the 
characteristic is line (a) of Fig. 25 with a slope ¢,. For a system 
with dead time, the salient points of a transient with initial 
amplitude z2 is obtained as shown in Fig. 26, line (a). 

As the amount of lead, defined by the slope ¢,, is increased, 
switching occurs earlier and earlier, the overshoot from a given 
amplitude eventually being reduced to zero. If ¢, is still further 
increased, there will be a tendency to undershoot but switching 
will again occur before the displacement changes sign, the system 
returning to the zero position with a series of torque reversals 
and without overshoot. For each value of ¢,, there is a limiting 
amplitude below which there is no overshooting; this is roughly 
analogous to the critical damping of linear systems. The values 
of this critical amplitude for various amounts of lead and dead 
time are shown in Fig. 27. For this system it can be shown that 


ty > ty +03 


provided 


CoNSTRUCTION OF TRANSIENTS IN System WitrH Propor- 
TIONAL LEAD 


(a, A transient for oscillatory system; 


Fie. 26 


b, critical transient.) 


Fic. 27 Critica, AMPLITUDE oF DisTURBANCE TO OveER- 
sHoot WirH Varrous Amounts or LEAD AND TIME 


then no overshoot occurs, no matter how great the initial 
disturbance; this relation defines the asymptotes of the curves 
in Fig. 27. 

If the transient is such that eventually Zin+2 = an in Fig. 26, 
then continuous oscillation will be sustained at that amplitude. 
The amplitude and period of such oscillations for various values 
of dead time and proportional lead are plotted in Fig. 28. 7 


4 CONCLUSION 


The method described has now been developed sufficiently to 
provide charts which can be used to assist the designer, and ex- 
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- amples of these have been given. The basic simplicity of the 
method is thought to lead to a useful insight into the physical 
processes involved, a thing which it is difficult if not impossible to 
obtain from more elaborate mathematical analysis or from 
analog techniques, but these should both undoubtedly be used 


in conjunction with it. No approximation beyond that inherent 
_ in any graphical procedure is involved in the method. 
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Relation Between Characteristic Curves and 


Phase Plane 


By B. M. Brown,’ Greenwicu, ENGLAND 


If we draw a phase diagram for a motion of the type represented 
PY see by Fig. 3, the salient points correspond to the points where a 
e* se particular trajectory cuts the z and v-axes. Also, the distances 
i of these points from the origin are, respectively, », 22, ¥s,... (see 
liege & Fig. 29). If we consider one of the characteristic curves of Fig. 4, 
say, the one in the first quadrant, this is seen to be the locus of 
points (v;, 22), (vs, . . .; in other words points whose co- 
ordinates are the intercepts on the axes of the poi ‘ions of the tra- — 
jectories in the first quadrant of the phase plane. In order to 
plot this characteristic curve from the phase-plane diagram it is 
only necessary to read off these intercepts from the latter, one 
point being obtained from each trajectory drawn. The same is 
true for the other three characteristic curves. (Notice, however, 
that the characteristic curve in the second quadrant is obtained 
from the trajectories in the fourth quadrant of the phase plane 
and vice versa. ) 


AMPLITUDE AND PERIOD OF OSCILLATION OF RELAY Systems 
Wits Deap Time AND ProportionaL Leap 


Once the characteristic curves have been computed for any 
_ particular system, various graphical techniques have been de- 
vised to take into account such effects as the presence of backlash, 
dead zone, and so on; it is relatively easy to devise further pro- 
cedures to help in considering such factors as an exponential time 
= _ delay for the build-up of torque after switching, or the effect of 
- < output loading. To solve the latter problem, for instance, 
plotting of the half-cycle characteristics to logarithmic scales 
greatly facilitates changing the scale, since this can then be 
a 

~ achieved by simply shifting the axes, a technique which there has 

- not been space to describe in detail. 
It is hoped, however, the description given has been sufficient 
q to indicate that the complexity of practical systems is within the 
Nk scope of this method. In particular, it could readily be applied 
to the analysis of process controls if the transfer function of the 
process is approximated, as suggested by Hrones and others,* by 
a combination of an exponential delay and dead time. It might 


The relation between these two graphical representations is 


particularly interesting in the important special case when the 
differential equations in the two regimes have the form F(v, v) = 0, 
z not appearing explicitly. In this case the general solution 
will take the form 9(v, z + C) = 0. The phase plane trajectories 
are therefore families of curves identical in shape and size and 


also be applied to the study of sampling systems and those with 
step-by-step control. If the quarter-cycle and half-cycle charac- 
teristics were computed for a selection of standard systems (the 
number of possibilities is limited), designers could then obtain 


_ rapidly from them the particular charts they required. The most 


pressing need now is to compute characteristics for linear systems 
_ with various types and combinations of saturation or limiting. 


*“On the Automatic Control of Generalized Passive Systems,” by 
Kun Li Chien, J. A. Hrones, and J. B. Reswick, Trans. ASME, vol. 74, 


differing only, one curve from another, by a displacement parallel 
to the z-axis. If the trajectories are all displaced in this way so 
that they pass through the origin, each family reduces to a single 
curve as in Fig. 30. This figure shows how the characteristic 
values 0}, 22, Us, 2... of the motion are related, and it is clear if 
the diagram is rotated through a right angle in a clockwise sense 
that Fig. 4 is obtained. Thus, in the special case we are now 
considering, the characteristic curves are identical in shape and 


size with the phase plane trajectories. a nee 


7 Royal Naval College. 
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Fic. 30 Paase Prane Trasecrories DispLacep To Pass THROUGH 


THE ORIGIN 


This is not true if the differential equations contain z ex- 
plicitly. When the trajectories are displaced to pass through the 
origin in this case, they no longer coincide to form a single curve 
but give instead two infinite families that touch at the origin. 
The loci corresponding to the characteristic curves are obtained 
by taking one point from each curve in each quadrant, the co- 
ordinates of this point being the intercepts on the axes of the 
corresponding original trajectory. 


31 CHaracteristic Curve ReLatep To PHase PLANE 
TRAJECTORIES 


characteristic curve corresponding to the first quadrant trajec- 
tories is obtained. 

It is clear from the foregoing that there is a close connection 
between the characteristic curves and the phase plane. But, 
whereas the complete phase plane will provide all the information 
that can be deduced from the characteristic curves, the latter, 
being single curves rather than families, can be drawn much more 
easily. Moreover they provide their information in more com- 
pact form and allow such phenomena as limit cycles to be identi- 
fied easily. However, the phase plane is a most useful tool for 
deriving the properties of the characteristic curves, particularly 
when taking account of dead time, backlash, and the like. 
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Discussion 


J. L. SHeareR.* The graphical analysis described in this paper 
gives a good basic understanding of the performance of simple 
processes under the action of on-off control and it gives the 
reader a particularly satisfying feeling about how the fundamen- 
tals of transient response can be applied to systems of this kind. 
However, it would appear that the author’s graphical solution 
would be very difficult to achieve with processes higher than sec- 
ond order because of the extra complications involved in evaluat- 
ing and keeping track of initial conditions when shifting from one 
type of linear response to another. The results the author has 
collected from a number of analyses of simple systems seem to be 
worth while not only to the young engineer who is just learning 
about control systems but also to old hands who can relate the 
limitations found in very simple analyses to systems of much 
greater complexity. 


Rosert W. Bass.’ This paper provides a welcome and very 
useful contribution to the subject. Because the graphical method 
described by the author provides information about the transient 
as well as the steady-state response, and for other reasons men- 
tioned later, the method is superior to the approximate Describ- 
ing-Function technique which has also been applied to piecewise- 
linear systems (1).” 

However, the writer is perhaps not presenting a disinterested 
appraisal of the method—in fact, he himself developed it inde- 
pendently nearly three years ago (2). 

Because this graphical method simply picks out a succession of 
what the author calls “salient points’’ in the corresponding phase- 
space, the writer had proposed (2) calling this technique the phase- 
graph method. In October, 1953, he described (2) “a new 
method of calculating the transient response, hereinafter called 
the phase-graph method. [This] method permits the reading of 
the duration, amplitude, and maximum velocity of the nth oscilla- 
tion of a [relay] servosystem. ...’’ The writer then noted (2) 
that Kahn’s method (3) required a distinct graph to be plotted for 
each distinct dead-zone width, but that in his own phase-graph 
method “‘a single graph suffices for the entire range of dead-zones. 
... [The] graph is not [yet] ready, but will appear in a later 
report.’’ 

In November, 1953, the writer left this project for about a 
year. Before doing so he left with Dr. J. M. Kopper (the Project 
Director) and Dr, H. 8. McDonald written descriptions of how to 
plot and use graphs identical with those of Figs. 7, 8, 9, 12, and 13 
of the author. In March, 1954 (4) and in subsequent reports to 
Frankford Arsenal, these graphs were presented by Dr. McDonald 
who developed a more suggestive physical terminology for them: 
the upper curve of Fig. 4 was called the “acceleration curve’’ and 
the lower, the “deceleration curve.’”?’ Dr. McDonald also noticed 
the connection with the standard phase-plane plot which is 
pointed out by B. M. Brown in the Appendix. This led Dr. 
McDonald to observe (5) that the method could easily be ex- 
tended to nonlinear motors whose transient response is not de- 
scribed by Equation [4] but for which the acceleration and de- 
celeration curves can be found empirically. In reports during 
1954 Dr. McDonald also presented graphs giving the same in- 
formation (for example) as that obtained in the author’s Figs. 15_ 
and 28. The writer and Dr. McDonald were also familiar with | 
Equation [13], and the writer had found an analytical expression 
of which the information presented in Fig. 27 is a special case. 


* Assistant Professor of Mechanical Engineering, Massachusetts 
Institute of Technology, Cambridge, Mass. Mem. ASME. 

* Staff Scientist, RIAS, Inc., Baltimore, Md. 

%” Numbers in parentheses refer to the Bibliography at the end of 
this discussion. 
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In the Final Report of this project (6), the writer devoted a 
chapter to his Phase-Graph Method. In illustration, it was ap- 
plied to the author’s Equation [4], where the relay was assumed 
to possess simultaneously dead-zone, “hysteresis’’ (i.e. the 
author’s “backlash’’), and time-delay. (Thus the relay charac- 
teristic was given by combining the author’s Fig. 2(a) or (6) with 
his Fig. 11.) Results identical with those of the author were ob- 
tained. 

The author does not explicitly mention it, but the phase-graph 
method is of considerable help in analytical investigations. For 
example, by eliminating ty: from [7] and [8], and by applying some 


analytic geometry to Figs, 7, 8, 12, and 13, the writer obtained ex-— 


pressions which give an exhaustive description of the steady-state 
behavior of the relay servo for all ranges of the four parameters: 
dead-zone width, hysteresis, time-delay, and the coefficient of 
linear or quadratic error-rate feedback. (This last coefficient 
corresponds to the author’s ¢, of Equation [{11].) These results 
have been summarized in several places (1, 7). 

Incidentally, references (1, 6, 7) present a new method of 
stabilizing relay servos, based on reference (8), which is superior 
to the conventional “variable-lead’’ devices discussed by the 
author in section 3.6. For example, stabilization by Equation 


fu) or (12) stroduces “chattering,’’ which the writer’s 


method (1, 7) does not, 

In 1955, D. F. Lawden published (in his book “Mathematics of 
Engineering Systems,’’ Methuen, London; ef. pp. 295, 297) some 
special cases of the phase-graph idea, but did not discuss the gen- 
eral possibilities of the method. 

Also in 1955, the writer stated (in Section 5.1, Piecewise 
Linearity and the Iteration of a Transformation) (6) that ‘the 
phase-graph method can prove useful in almost any problem of 


piecewise-linear mechanics. For by definition the phase plane 


(space) can be broken up by lines (surfaces) into regions in which 


the differential equation, nonliner in the large, is linear. Now if 
the coefficients are constant, the linear differential equations can 
be integrated easily to give the phase-trajectories. Each family 
of trajectories can be considered as a transformation 7’ which 
transforms points P = (e, é) from one boundary line (surface) into 
the corresponding points 7'(P) on the subsequent boundary. Now 
by applying these transformations successively, or (in the cases 
of symmetry) by iterating them, a sequence of points on the phase 
path will be obtained which gives a general description of the 
shape of the trajectory. 

“Tf the successive points on any particular line or surface con- 
verge to a limit point Po, this point Po will have the property that 
T(P») = Po. In other words, Pp is a fixed point of the transforma- 
tion 7; by the uniqueness of trajectories in phase space, such a 
point will provide the initial conditions of a closed integral-curve. 
This method for finding limit-cycles . . . is classical in celestial 
mechanics.”’ 

This description applies, e.g., to the transformation defined by 
Fig. 17, where z, is the fixed-point giving a limit-cycle. 

A very interesting discussion of the possible nature of such 
transformations 7’ and their fixed-points is given by R. E. Kalman 
in a paper to appear in the Proceedings of the Second Sym- 
posium on Nonlinear Circuit Analysis, Brooklyn Polytechnic 
Institute. 

In the report mentioned (Ch. VIII, Fourier Series, Bifurcation 
Equations, and the Methods of Equivalent Linearization) (6) the 
writer compared phase-graphs with the popular describing-func- 
tion method: ‘Our phase-graph method gives the entire transient 
and steady-state response, furnishing at a glance the number, 
size, and duration of overshoots, and the location and stability of 
limit-cycles. Moreover, the phase-graph method is theoretically 
exact and requires the plotting of only two loci. Since the fre- 
quency-response approximation also requires the plotting of two 


loci and since it establishes no more than the location and sta- 
bility of limit-cycles, it would seem that it can compete with the 
phase-graph method solely because it is easier to derive and to use 
for synthesis. But in fact, the phase-graph method can be ex- 
tended only to other piecewise-linear devices, while the frequency- 
response method . . . is subject to no such restriction. On the 
other hand, frequency response can be used only for synthesis of 
(usually linear) compensating—not optimizing—networks, The 
phase-graph method can be used for the synthesis of linear or 
nonlinear devices, both for compensation and optimization. . . .”’ 

Since then the writer has further developed the phase-graph 
method. For example, he has proved that the phase-portrait of 
a wide class of continuous nonlinear differential equations is 
topologically equivalent to that of a “sufficiently close’’ piece- 
wise-linear approximating equation; hence the phase-graph 
technique can, in principle, be applied to almost any non- 
linearity. These and other results will appear in his book Non- 
linear and On-Off Control Systems, to be published by Princeton 
University Press in 1957, 
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AvuTuor’s CLosuRE 


It is interesting to know that Dr. Bass and others have been 
working along the same lines as the author and it will be most 
useful when the material quoted by Dr. Bass is made generally 
available. The author’s own interest in the technique began in 
the summer of 1953 and in December of that year the main 
outlines of the method were given in a talk at the University of 
Minnesota, Department of Electrical Engineering. A descrip- 
tion of the method with preliminary results was also circulated 
at the Cambridge University Symposium on Nonlinear Control 
Problems, held in September, 1954. 

Just as it became clear that a method devised for the study of 
relay control systems could be applied to any piecewise linear 
system, so has it since become apparent that the method can be 
applied even more widely to systems with continuously variable 
gain characteristics and possibly also to those with parameters 
that are functions of the dependent variable and its derivatives. 
For such an extension to be admissible the important feature of 
the response is that it should have a fundamental oscillatory 
mode that predominates over all others, except possibly a sub- 
sidence mode. Under such circumstances the response will 
correspond to that of a second-order system. This is an extension 
of the technique of analysis already adopted for the study of 
linear systems. In practice, many nonlinear systems, as for 
example an aircraft or missile in flight, are fortunately of the 
necessary type. Having accepted this approach a useful appli- 
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32 
cation of the method is to the analysis and recording of the 
empirical information obtained from tests, as observed by Dr. 
McDonald. This may well yet prove to be the most valuable 
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contribution that this technique has to offer, as there is cur- 
rently no serious competitor in this field. Characteristic curves 
derived empirically provide information about system behavior 
which can be used more directly than frequency-response curves 
and describing functions, even if these are obtainable for a system 
functioning as a whole. 

It may be noted also that a typical transient response can be 
represented by a curve similar to that shown in Fig. 32, which 
shows the variation in amplitude with frequency and can be used 
to obtain immediately the response from any initial amplitude. 
Fig. 32 shows a system with a stable oscillation of amplitude 
z, and frequency «,. 

It will be appreciated from the foregoing remarks that the 
virtual restriction of this method to second-order systems is not so 
severe a limitation as might at first appear, and that furthermore 
the essential simplicity thus obtained makes it applicable not 
only to analysis but also, in some cases, to problems of synthesis 
and optimization. In particular, it affords a particularly con- 
venient approach for the treatment of linear systems with dead 
band and hysteresis, as the characteristic curves of any linear 
system must be straight lines. 
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An analysis of pneumatic transmission tubing dynamics 
based on a system of evenly distributed fixed parameters is 
presented. The driving-point impedance and the output- 
input frequency response of pneumatic tubing are derived 
from the frequency-response approach with small signals. 
Both calculated and experimental results are plotted for 
selected lengths of tubing. The correlation between 
calculated anc test results for frequency response with 
amplitudes of +5 per cent of conventional full-scale signal 
(3-15 psig) or less is good. The relations obtained are very 
useful in determining the effects of output loads on pneu- 
matic-device dynamics and the limitations imposed on 
process control by various-length pneumatic transmission 


NOMENCLATURE 


_ The following nomenclature is used in the paper: 


Where upper and !ower-case letters are used for the same varia- 
ble the lower case indicates instantaneous value, the capital 
letter the vector notation. 

Subscript r denotes receiver. 

Subscript 7 denotes input. 

Where dimensions are specified, the inch-pound-second system 

= capacitance per unit length = ib in, writ 

pressure force, Ib 
volumetric flow rate, in.*/sec 

V-1 


= length of tube, in. 
inertance per unit length, —— 

= polytropic exponent gate 
pressure deviation from mean, psi dyer fhe: amas 
mean pressure, psia 


tube inside radius, in. 
Ib-see /, 
ins 
ips 


we 


\ 


resistance per unit length, 


= velocity, 
time, sec 
specific volume, in.*/Ib 

= distance from center of tube, in. 
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inertant reactance per unit length, — : 


shunt admittance per unit length, 
Ib-sec 


impedance per unit length, 
in. 


lb-se 
characteristic impedance, ——— 


propagation constants, in.~! 
»2 
mass density, 


in. 
dimensionless vector quantity defined by Equation 
[3] 
viscosity, 
angular velocity, radians/sec 
2xf, where f is frequency of oscillation, cycles/sec 
(eps) 
INTRODUCTION 


Any analysis of the dynamics of pneumatic control systems 
must include the transmission tubing. Since the tubing imposes 
a load on the pneumatic devices, it affects device dynamics as well 
as the relation between device output and the signal received at 
the end of the transmission lines. Since there is this interrelation 
between the device and the transmission line, it is desirable to de- 
fine the driving-point impedance of tubing in terms that will per- 
mit the use of modern operational methods of analysis. 

Experimental data on pneumatic transmission have been pub- 
lished by Eckman and Gess (1)* and by Bradner (2). Iberall (3) 
has presented a theoretical analysis of the input-output relation 
for a tube terminated in a volume subject to a sinusoidal pressure 
signal at the input. This analysis is based on incompressible vis- 
cous flow in the tube and is then modified to account for com- 
pressible flow in the tube, finite-signal amplitude, end effects, 
fluid inertia, and heat transfer. Moise (4) has published a linear- 
ized solution for the frequency response of volume-terminated 
tubing. He also presented experimental data on the frequency re- 
sponse of long lengths of tubing when driven by sinusoidal pres- 
sure signals of different amplitudes, 

The analysis presented in this paper is linearized to a form 
selected for convenience in engineering computation of the dy- 
namics of complete pneumatic systems. Vector notation is used 
and the pneumatic parameters of resistance, capacitance, and in- 
ertance introduced, corresponding to the analogous electrical 
quantities of resistance, capacitance, and inductance. Pressure is 
made analogous to voltage, and volumetric flow rate corresponds 
to current. By this approach the considerable body of informa- 
tion on electric transmission lines now in the literature is made 
available for analysis of pneumatic transmission! In order to 
make this form applicable the following assumptions and limita- 
tion must be imposed: The pressure-signal amplitude is small 
relative to the total absolute pressure. The end effects are negli- 
gible. There is no steady flow through the tube. The final as- 


3 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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sumption is that the resistance, inertance, and capacitance 
parameters are distributed uniformly throughout the tube. 

Plots are included in this paper showing the correlation be- 
tween the derived expressions and actual test results. The tests 
were conducted using */;s5-in-ID standard !/,-in-OD drawn copper 
tubing with selected terminal volumes, since this is the most com- 
monly used tubing. One test with */s-in-OD copper tubing is pre- 
sented for comparison. A mean level of 9 psig was selected for 
the tests as this is mid-scale of the standard industrial pneumatic- 
control range. Emphasis is placed on driving-point impedance 
and short runs where resonances occur, since test data on these 
aspects of transmission have not been previously published. 


DERIVATION OF RELATIONS GOVERNING FREQUENCY RESPONSE 
or TUBING 

Development of Resistance and Inertance Parameters for Tubing. 

The resistance parameter R arises from the effects of viscous 

drag between neighboring fluid particles. Referring to Fig. 1 and 
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fy = friction force 
fm = inertia force 


s = velocity 
p = pressure 


1 


reviewing briefly, when flow is laminar the net viscous shear force 
df, acting on the surfaces of an incremental annular ring is 


df, = (fy + = + dr)dlu ( 


ds 
diy — =2rdl 
z = distance from center of tube 
= fluid viscosity 


velocity gradient 


dl 
+ dzx)dl = 


Expressing the mass of the fluid increment as 2726 dz di (where 
6 is the mass density) the inertiaforce willbe 
+ 


inner surface of increment 
outer surface of increment 


df, = dedi) 


where t = time. 
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Setting the sum of the friction, inertia, and pressure force, 
(df, = 2x dx dp), equal to zero and simplifying 


os os 
dx d — +— }|dr—2 
dx dp + (. + » ) wx dx 0 


1 
de? Or Ot 
In this analysis it is assumed that the pressure is uniform over 
any plane normal to the tube axis. At low frequencies of oscilla- 
tion when the fluid inertia forces are negligible, (i.e., when — 


is insignificant) the solution for velocity as a function of distance 
from the center of the tube is 


8 


Tien tears 


where r = tube internal radius. 

The velocity distribution across the tube at any instant of time 
is parabolic with zero velocity at the tube wall. Expressing the 
volumetric flow rate through the tube 7, as a function of the pres- 

dp 
sure gradient, —— 


dl 
J "Ours dz 
0 


dp 
8u dl 

8u 

or = iR, where R = -y the resistance per unit length of the 
tube. 

The inertance parameter for tubing results from the inertia 
property of the air and becomes significant at high fluid accelera- 
tion, which occurs at high frequencies of oscillation. In the case 
where the acceleration forces dominate over viscous-drag effects, 
the velocity becomes uniform across the tube and Equation [1] 
reduces to 


Confining the discussion to flow and pressure signals which vary 
sinusoidally with time and using vector notation, the imaginary 
quantity jw may be substituted for the 0/df operator 
dp 
— = jwdS 
where w = 2zf, with f the frequency of oscillation, expressed in 
cycles per second (eps). 

Again in this case, relating the pressure gradient to the flow 
across the section 
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the inertance of the air in the tube per unit length. 

Over intermediate frequency ranges where both inertia and 
viscous-drag effects are significant in governing fluid motion, the 
pressure gradient becomes the following function of the net flow 
through a given section of the tube 


i) Ct 


Thus, at low frequencies, where the velocity distribution is para- 
bolic, the effective inductance of tubing per unit length is 4/3 the 
value it assumes at high frequencies. 

In the cases tested in this investigation, however, it was found 
adequate to assume A equals unity for all cases. This gives the 
following equation which is completely analogous to the electric 
transmission line 

dP 

I(R + 
This approximation causes no error at the two ends of the fre- 
quency range. At low frequency the inertant reactance (pneu- 
matic equivalent of inductive reactance) is negligible relative to 
the resistance. At high frequency the velocity profile flattens 
out and A — 1 as used in Equation [5]. There is, however, a 
range of frequencies around wl /R = 1 through which the magni- 
tude of the per unit length impedance given in Equation [2] could 
be 20 per cent higher than that given by Equation [5]. Also the 


[3] 


3 
this function can be approximated by 


(C2) 


as shown in Fig. 2. 
The general solution of Equation [1] is given in the Appendix. 
The impedance quantity (R + AX_,)dl, which relates pressure 
drop to flow over an incremental length of tubing is thus seen to 
be more complex than that of the simple R-L arrangement used 
in the electrical transmission-line analogy, owing to the changing 
nature of the velocity profile with frequency. It is interesting to 


note that 
Lim (R +XX,) = +: x,) 


phase angle associated with the former could be 7 deg larger than 
that given by Equation [5]. The preceding work is all based on 
laminar flow, however. Turbulence tends to flatten the velocity 
profile and hence reduce or eliminate the error in the effective 
inertance. In no case in the test work has the correlation between 
test and calculated relations been observed to be adversely 
affected by use of the approximate Relation [5]. 

The resistance derived in the foregoing work is based on fully de- 
veloped laminar flow. Turbulence would tend to increase the re- 
sistance. The mean per unit length resistance was derived from 
dynamic test data and was found to vary with tubing length and 
terminating conditions as well as with the amplitude and fre- 
quency of the drive signal which determine flow amplitude, In 
general, for 1.2 psi peak-to-peak drive signals over intermediate 
frequencies, and where tubing lengths exceed 100 ft, the effective 
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resistance was found to exceed by 20 per cent the calculated 
value based on static laminar-flow conditions. Moise (4) calcu- 
lated friction factors on the basis of static flow tests and showed 
improved correlation, especially at large amplitudes. While the 
same trend of increasing R with flow was found in this investiga- 
tion, it was considered sufficient for the purpose here to increase 
R by 20 per cent over the calculated value in all cases considered. 
Where turbulence becomes excessive, however, friction-loss 
effects cannot be represented by an evenly distributed resistance 
parameter. The treatment of that case is beyond the scope of this 
paper. 

Summarizing then, for the cases investigated it was found 
suitable to determine the mean per unit length values of re- 
sistance and inertance from the following relations 


a Since the viscosity of air is a function of temperature only, the 


resistance is a function of temperature and an inverse function 
of the tube cross-sectional area, squared. The inertance is a 
direct function of the absolute pressure level, an inverse function 
of absolute temperature, and an inverse function of the cross-sec- 
tional area of the tube. 

Development of Capacitive Parameter for Tubing. The capaci- 
tive parameter for tubing results from the compressibility of air. 
In the development of expressions for the pressure gradient, the 
effects of possible incremental changes in the net volumetric flow 
rate of air particles passing through an incremental length of 
tubing di were ignored, since 


Lim (i + = 


dl 
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However, at a given point in the tube, pressure variations with 
time may be related directly to the difference between volumetric 
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Solving Equation [8] for (dv)/(dt), substituting in Equation [9], 
and simplifying, the following equation is obtained 
di oF dp 
dl 
np a 
where C = (mr*)/(np), the capacitance per unit length. For 
sinusoidal variations in flow and using vector notation 


where Y = jw(, the “shunt” admittance of tubing per unit length. 

The admittance Y, which relates the flow gradient to the pres- 
sure at a given point, has the same form as that of an evenly dis- 
tributed system of shunt capacitors in the electrical transmission- 
line analogy. Note that the absolute pressure p is assumed es- 
sentially constant in order for C to be constant. This then re- 
stricts the derived expression to small amplitude pressure signals 
about a constant mean pressure level, i.e., where tubing is either 
“dead ended”’ or terminated in a volume, and the d-c flow is zero 
at every point in the tube. The tests reported in this paper have 
been limited to 1.2 psi peak-to-peak and smaller amplitudes. 

It is reasonable to assume that the polytropic exponent will 
vary from unity or isothermal, at low frequencies up toward 1.4, 
corresponding to a reversible adiabatic compression, as the fre- 
quency increases, owing to reduced heat-transfer periods. For 
%/\-in-ID tubing an assumption of n = 1 has proven satisfactory 
up to several cycles per sec. 

Referring back to Equation [10] it can be seen that the capaci- 
tance per unit length of tubing varies directly with the cross- 
sectional area of the tube and inversely with the mean pressure 
level. Additional capacitance due to changing tube volume with 
varying pressure is entirely negligible for commercial metallic 
tubing and standard operating levels. 


flow rates across an incremental length of tube. Consider anin- 


crement of tube of length di with inflow (7 + di) and outflow 7, © 


Fig. 3. The net inflow into the section is 


where 


v = specific volume of air in section 
r = radius of tube 
i = volumetric flow rate 

Assuming a polytropic compression with the resultant relation 
pv" = const, and differentiating with respect to time 
dp 


dv + - 
dt dt 


where p = pressure, absolute units, and n = polytropic exponent. 
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Development of Transmission-Line Equations for Tubing. Inthe — 
foregoing it was demonstrated that with certain reservations, 
the expressions for the flow and pressure gradient permitted the 
effects of fluid inertia, viscosity, and compressibility to be pre-_ 
sented by a fixed system of evenly distributed Z-R-C parameters, Me 
analogous to the electric transmission line as shown in Fig. 4. | 
The equations for flow (J) and pressure (p) developed at any dis- 
tance / from the receiving end, and at a given frequency, may be 
found by combining Equations [5] and [11] and using the 
boundary condition that for! = 0; P = P,; I = 1, 
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Equations [12] and [13] may be used as the working equations 
for the exact solution of long lengths of transmission tubing where 
the end effects may be neglected. P and J are the vector repre- 
sentation of pressure and volumetric flow at a distance / from 
the receiver. For the usual case of interest, that of the relation be- 
tween the pressures at the sending and receiving ends of a tube of 
total length J, the following equation is obtained by dividing 
Equation [12] by P, and inverting 
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Term VzY is a complex quantity and may be represented by 
(a + j@) called the “propagation constant” which determines 
how a pressure wave is propagated through a length of tubing with 
reference to change in magnitude and phase. 

Term Vz Z/Y has the units of an impedance and in electrical 
systems is referred to as the surge, or characteristic impedance 
Z, of a line. 

As in the case of electrical transmission lines, then, the behavior 
of transmission tubing is determined completely by two parame- 
ters; the characteristic impedance Z») and the propagation func- 
tion (a + j8)l. A direct method of determining the values of 
these parameters, on the basis of tests on a long line, will be dis- 
cussed later in the text. 

The relation between P, and J, is governed by the impedance 
of the receiver Z, and may be expressed as 


where Y, is called the admittance. Z, or its reciprocal Y, gives 
the vector relation between the sinusoidal pressure and flow at the 
receiver. For example, if the line is terminated in a fixed-volume 
tank, the flow into the tank is related to the pressure by the vector 


relation 


\ C, is capacitance of tank = - 
2 
tank volume 


4 = polytropic exponent 


where 


P,) = mean pressure level in absolute units 


Equation [14] may be revised so that the input-output pressure 
relation or transfer function may be expressed as a function of the 
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857 
admittance of the load and the characteristic impedance and 


propagation constants of the tubing as follows 


P, 


[16) 


Similarly the driving-point impedance of tubing Z,;, which relates 
the net rate of flow J; into the sending end to the input driving 
pressure P;, may be derived by dividing Equation [12] by Equa- 


tion [13], yielding 


P, 
=Z 


Equation [17] which defines the loading effects of tubing is of 
particular use to those concerned with the evaluation of the dy- 
namic performance of pneumatic devices with varied output loads. 
The dependency of the driving-point impedance on tubing length 
and the load in which the tube is terminated can be seen from in- 
spection of this equation. 

Through the use of hyperbolic functions, Equations [16] and 
[17] may be reduced to the more simple forms 


P, M sinh [A + 7B] 
P, sinh [(A + al) + 7(B + 


— Z,; = Zo tanh [(A + al) + + 


where the quantity [A + 7B] may be determined from 


tanh [A + jB] = Z, 
The propagation constants a and 8, and the characteristic im- 


pedance Zo, may be determined from the expressions developed 
earlier in this paper or from the summary of relations given in the 
Appendix. For */\s-in-ID tubing at 59 F and 9 psig mean level, 
the values of these functions are given in Figs. 5 and 6, which cover 
a frequency range of 2 to 600 cpm. 

In evaluating Equations [18] and [19] and the function [A + 
7B), it will be necessary to refer to charts of hyperbolic functions 
of a complex variable. Such charts have been published by Kim- 
bark (10), Kennelly (11), Smith (12), and others. Figs. 7 and 8 
are charts of y = tanh z and y = sinh z, respectively, published by 
Kimbark. In these charts y is located as a complex variable in the 
rectangular co-ordinates, and z in the curvilinear co-ordinates. 

Lumped System Approximations. In analog-computer 
studies, it may be necessary to develop lumped approximations to 
the distributed system. In these studies, the expanded forms of 
Equations [16] and [17] are used. For example, in the case of a 
tubing run terminated in a volume, and representing e* (¢ +48)! by 
a power series, Equations [16] and [17] become the following con- 
vergent series expressions 
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w here, fer C, = the volumetric capacitance of the receiver 


Over low-frequency ranges where Equations [21] and [22] may 
be approximated by 
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a length of tubing terminated in a volume with capacitance C, 
may be represented by the electrical circuit given in Fig. 9 which 
has identical transfer lag and input impedance properties. 

Over broader frequency ranges where the higher-order terms 
appearing in Equations [21] and [22] become significant, the 
approximations become more complex. The method of deter- 
mining the approximations and the error introduced is discussed 
in the electrical literature such as reference (5). 


Test Meruops AND RESULTS 


Tests were run using two sizes of standard drawn copper tub- 
ing '/, in. OD—0.186 in. ID and #/, in. OD—0.291 in. ID. The 
emphasis was placed on the smaller tubing since this is the most 
commonly used size. Termination volumes of 1.2 cu in., 
and 92.5 cu in. were used. Special connection fittings were 
used to keep the ID constant for long lengths. The tube was 
smoothly coiled with an 18-in. diam. Fig. 10 is a schematic 
diagram of the test setup. Reference (7) gives details of the sine- 
wave generator used. Flow into the tubing was determined by 
measuring the pressure across a small glass tube for which the 
flow-pressure-frequency relation had been determined by test. 
Flow for the tube calibration was determined from the pressure 
variation in a fixed-volume tank into which the capillary dis- 
charged. A polytropic exponent of 1.0 was assumed in the calibra- 
tion calculation. 

The mean pressure was held at 9 psig for all tests. Peak-to- 
peak drive amplitudes from 1.2 psi down to 0.17 psi were used. 
The drive amplitude was held constant for most tests as frequency 
was varied. Pressure was measured with a Statham gage read on 
an oscilloscope. Pressure calibration was determined at low fre- 
quency against an accurate gage. Since the same Statham gage 
was used for all measurements, calibration accuracy was not im- 
portant. Phase was determined by means of Lissajous patterns 
on the oscilloscope. In all cases only the estimated fundamental 
component was measured and distortion neglected. Distortion 
of sufficient magnitude to markedly affect the Lissajous figure 
was encountered only at the highest frequencies tested and most 
of this was introduced by the input flow measuring tube. The 
accuracy of measurement attained of course varied with the size 
of the signal, the frequency, and the distortion encountered. As 
an indication of the order of magnitude of the reading errors 
expected, the following average deviations are listed: +10 deg 
phase, +0.05 on amplitude ratios, and +10 per cent of the im- 
pedance magnitude. 

Comparison of the Test Results With the Theory. For ease of 
comparison the test results (Figs. 11 to 14) are plotted on the 
same sheets with the points calculated on the basis of the theory. 
Calculated points for both isothermal and reversible adiabatic 
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compression are plotted. The calculations were modified to in- 
clude the effects of volumetric loading at the gages. As can be 
seen from the plots, the experimental results tend to follow the 
isothermal relation over much of the frequency range investi- 
gated. For the shorter tubes where resonances occur, impedance 
changes rapidly with frequency at the higher frequencies. Thus it 
can be seen that while the trend for the isothermal and adiabatic 
are not too different, the actual values at any high frequency 
may be considerably different for the two cases. For this reason 
the uncertainty in polytropic exponent causes considerable doubt 
in estimating the impedance at any particular high frequency. 
Fortunately, the general trend can be estimated reasonably well 
and this is all that is required for many applications of this 
theory. 

As shown in Figs. 15 and 16 discrepancies between theory and 
test occur at resonance points where the impedance becomes very 
small. For the constant drive amplitudes used in the test, the 
flows become large, causing an the resistance 
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parameter over the constant value assumed in the theory. A 
method of adjusting the resistance with flow might be used to re- 
duce this error. The effect of this increased resistance is to 
smooth out the curves but not to shift the basic trends. Other 
than in these two areas, the correlation is quite satisfactory. 
Determination of Tubing Parameters From “Long-Line” Tests. 
Figs. 17 to 19 are the results of tests performed on a 750-ft dead- 
ended run of */j-in-ID transmission tubing. For all practical 
purposes, the line may be considered to be of infinite length; there- 
fore one without reflections. In these tests, pressure variations 
were recorded at distances of 30 ft, 80 ft, and 180 ft from the 
sending end. At these points, the tubing runs from the sending 
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end could be assumed to be terminated in their characteristic 
impedance Zp). The response of pressure signals over the dis- 
tance plotted in Figs. 17 and 18 may then be related to the driving 
signal P; simply by 
P, 
Pe. 
At a given frequency, the amplitude of the pressure signal will, 
therefore, be an inverse exponential function of the distance from 
the sending end. Simultaneously, the phase shift (—() will be a 
direct function of this distance. The slopes of the lines plotted in 
Figs. 17 and 18 then offer a quick means of evaluating the propa- 
gation constants of the line. The experimentally determined 
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values of a and 8, given in Figs. 17 and 18, correlate closely with 
the calculated values plotted in Fig. 6. Fig. 19 is a plot of the 
driving-point impedance of the 750-ft run, which is shown to 
correspond with the theoretical characteristic impedance Z, of 
the line. 

With the data thus obtained on a, 8, and Zp, the behavior of 
the line under any operating condition may be determined by 
reference to Equations [16] and [17], or Equations [18] and [19]. 

The frequency range covered in the plots is limited to that over 
which the volume of the input and we Statham gages may 
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DISCUSSION AND CONCLUSIONS 


On the basis of the correlation between test results and the 
theory it is felt that the theory constitutes a useful working tool 
for analyzing pneumatic transmission lines, By the development 
of a form completely analogous to the electric transmission line, 
the considerable body of work on electric transmission available 
in the literature has been made applicable to pneumatic transmis- 
sion. One aspect of transmission covered in the literature is the 
concept of wave motion and standing waves. Examination of 
this concept is helpful in developing a physical understanding of 
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certain phenomena, commonly found in acoustics. It is interesting Thus = 1/V LC 
to note that the maximum velocity at which pressure waves may Substituting the values of L and C developed in this text for 
be propagated through a tubing run may be shown to approach pneumatic transmission lines for air at 59 F and, assuming com- 
as a limit the speed of sound in air. pression to be reversible adiabatic (i.e., n = 1.4) Sh wa 
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As clearly shown by the resonances obtained with short lengths 
of tubing, the inertance or mass effect of air is significant in 
pneumatic transmisson using common industrial tubing sizes and 
operating pressure levels. When short runs terminating in large 
volumes are used, such as shown in Figs. 20 and 21, phase angles 
exceeding 90 deg can be obtained without attenuation at frequen- 
cies on the order of 2 cps. In these cases, the tubing-volume com- 
binations exhibit the properties of underdamped second-order 
systems. The damping increases as line length increases. For a 
fixed length, reducing the terminal-load volume or increasing the 
diameter of the tube reduces the damping but raises the resonant 
frequency. 

In Fig. 14, it is shown that a phase angle of 180 deg was ob- 
tained without attenuation for a 50-ft length of */,.-in-ID tubing 
terminated in a 1-cu-in. volume at a frequency of 7 eps. For- 


- tunately most industrial processes are such that a frequency of this 


order of magnitude cannot occur. For long lines, Figs. 22 and 23 
bring out the advantage of using a valve positioner or volume 
booster to take the load of the valve top off the transmission line 
and thereby speed up the transmission. 

The loading imposed on a pneumatic device by the output tub- 
ing has been shown to be considerably more complex than that of 


-asimple volume. Since this loading has a considerable effect on 
the device dynamics it is important that it be considered in dy- 


namics specifications, Some reduction of the testing necessary for 
dynamics evaluation can be realized by examining Equation [17]. 
Noting that 


(a + j8) = VZY 


(18) 
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as a limiting value with increasing frequency. Practically, for 
3/,,-in-ID tubing at temperature and pressure levels of 59 F and 9 
psig, respectively, @ will remain essentially fixed at this value for 
all frequencies above 4 cps. Applying the values derived for the 
yer unit length L-R-C parameters of standard */;,-in-ID tubing 


R 
= §.5 X 10-‘in.-', for n 
Then, for tubing lengths exceeding 150 ft and at frequencies above 
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and Equation [17] reduces to Z; ~ Zo. Thus, for lengths of */,-in- 
ID tubing exceeding 150 ft, the driving-point impedance will ap- 
proach the characteristic impedance Zo of the tube with increas- 
ing frequency and hence tend to be independent of tubing 
length and the size of the terminating load. Theoretical calcula- 
tions on standard */,,.-in-ID tubing runs (dead ended or terminated 
in any size volume) indicate that the input loading effects, when 
the lengths exceed 200 ft, are essentially the same at — 
above '/: cps regardless of the termination volume 

Further, noting that ‘eae 
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and 


the driving-point impedance of long lengths of tubing will ap- 
proach the form of a resistance to “ground” (with a value of 
V/ L/C), with increasing frequency; while at low frequencies, the 
loading effect of tubing resembles that of a simple volume. 

The Appendix presents a summary of the relations derived in 
this paper and gives numerical values for the parameters for */ Od 
in-ID tubing at 59 F and 9 psig mean level. 
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Appendix 
SumMMARY OF RELATIONS AND NUMERICAL VALUES 


Referring to Fig. 24, for air at 59 F where f = frequency, expressed in cycles/sec. 


Figs. 5 and 6 are plots of a, 8, and Z, as functions of frequency 
for the foregoing operating condition. 


Limiting the analysis to sinusoidal flow and pressure variations 
prea RECEIVER WITH with time, jw may be substituted for the 0/dt operator and vector 
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Applying the equations to [25] and collecting terms 
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Equating terms on the left and right of the equation to evaluate the constants and substituting back into Equation [26] 


4u id 
f Applying the boundary condition that the fluid velocity is zero at the tube wall to evaluate A» 


(a) + (AE) (a) 


The total volumetric flow rate J through a given section is found from : : 
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7 ' Comparing the preceding equation with the relation 
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Discussion 


R. P. Biaurano.‘ The writer wishes to compliment the authors 
on their paper which reduces this theory to a point where engi- 
neering solutions are practical. 

The analytical functions provided and the plotted data will 
prove extremely useful to those process-control engineers in the 
chemical and related industries. 

The authors exploit the electrical transmission-line theory to 
where it is possible to derive transfer functions and impedances 
from the physical-property data on the transmitting fluid and the 
dimensions of the system under investigation. This basic ap- 
proach, along with the approximations made, have been shown to 
correlate with their experimental data on pneumatic systems. 

The analysis can be extended and undoubtedly will find addi- 
tional future applications as a process design tool. In process 
systems involving long pipelines fed by pumps and terminating 
in reactors it will be possible to design deliberately for minimum 
reflected energy by making the terminating impedance Zp (reac- 
tor entrance design) equal to the characteristic impedance Zo of 
the process pipeline. In fact, it can be shown for the general 
transmission line that the reflection coefficient is id ” 


Zp — % 
Zr + Zo 


It is possible, from this single fact, to minimize or eliminate com- 
pletely such things as water hammer in dense-liquid pipelines 
and pressure pulsations originating at a pump on the sending end 
of the line. 

This paper provides an engineering tool which makes it possible 
to design a particular dynamic characteristic into the process. 
Industrial design and/or research departments should be en- 
couraged. to use and extend such analytical tools. 


P.S. Buckiey.’ Although there have been several good papers 
on the theory of pneumatic transmission lines, this is the first 
which reduces the subject to useful, engineering proportions. 
The authors show both theoretically and experimentally that for 
small-amplitude sinusoidal driving signals one may predict the 
driving-point impedance and output-input transfer function with 
adequate accuracy by a simple, linear treatment which is almost 
identical mathematically to that used for electric transmission 
lines. Pneumatic-circuit elements—resistance, capacitance, and 
inertance—are all derived from readily available static data on 
tubing and load geometry, gas density, temperature, pressure, and 
viscosity. This means that much of electrical engineering tech- 
nology of distributed systems may be transposed to the analysis 
and design of pneumatic transmission systems. 

In the chemical and petroleum industry extensive use is being 
made of pneumatic control systems with an operating range of 
3-15 psig the components of which are connected together by */.- 
in-OD (sometimes 4/s-in-OD) tubing. Process-control engineers in 
these industries will find considerable use for the plotted data on 
driving-point impedances and output-input transfer functions for 
various tubing lengths of 50 ft or greater with various loads. 

For tubing lengths much less than 50 ft, the method of estimat- 
ing resistance used in this paper leads to low values of resistance 
except for very small-amplitude driving signals. The reason is 
that for a given amplitude driving signal, the pressure drop per 
foot of tubing—and thereby the flow—is greater for a short length 
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mington, Del. 
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of tubing than for a long piece of tubing. Turbulent flow then re- 
sults for smaller signals. The writer has found, therefore, that it 
is preferable to correlate resistance with the pressure drop per 
foot of tubing. In this way one may estimate the effective re- 
sistance for any signal amplitude and any line length. 

This paper has interesting implications which go far beyond 
pneumatic transmission lines. The transmission of compressible 
fluids through pipelines is common in the chemical and petroleum 
industries. Hence, one may predict the dynamics of many proc- 
ess lines by the methods presented in this paper or by simple ex- 
tensions thereof. The writer has found electric transmission-line 
theory of great help in analyzing distributed process systems. 


A. R. Catueron.® The authors are certainly to be congratu- 
lated upon the thoroughness with which the study has been 
carried out, combining as it does a complete series of tests with a 
full theoretical analysis. 

A few years ago, the writer had occasion to make tests quite 
similar in nature to those which form the foundation for the 
paper. The work was not carried beyond the test stage and no 
mathematical analysis was made. The data were plotted and 
filed for future use. When this paper appeared, the resemblance 
between many of the curves shown and those in our own test 
series was apparent, and results from both tests were replotted 
for better comparison in cases where the conditions were similar. 
All of our tests were made with an input amplitude of +0.1 psi, 
and the terminal volume (a pressure pickup) had a capacity of 
about 2cc. Tubing sizes were the same, and the lengths were the 
same in the case of 100 ft (Fig. 12) and 50 ft (Fig. 14). 

To refer to Fig. 12 of the paper, our tests show gain peaks at the 
same frequencies, with the curve running at, or slightly below, the 
test points given in the figure, the lower level being particularly 
apparent at the higher frequencies. The one exception appears at 
130 cycles per min (epm), where our gain reaches a level of 1.2, 
compared to 0.9 or 1.0. The phase curve also runs slightly below 
the points presented, a matter of 10 deg at the most. The Fig. 14 
data were compared in the same way and, again, we confirm the 
authors’ test data very closely, except for the peak at 235 cpm 
where our gain reaches 2.15 instead of 1.5 to 1.9. Our phase 
curve agrees with that of the paper with the exception of the 
change of slope between 350 and 600 cpm, which was much less 
pronounced. Our run was carried on to a frequency of 1000 epm 
with a second gain peak (to 1.03) appearing at 850 cycles, 
and with a rapid increase in phase beyond 650 cycles reaching 
320 deg at 960 cpm. 

For comparison with Fig. 22, we had runs made with 200 ft, 
300 ft, and 400 ft of line, respectively, again at +0.1 psi ampli- 
tude. Our results follow the pattern of the calculated and test 
values given in the paper, but with less attenuation in this case; 
as much as 30 per cent less at some frequencies. This seems 
reasonable since the tests for the paper were made at an amplitude 
of +0.6 psi. Our data cover a wider frequency range, to a gain of 
0.06, which value occurred at frequencies of 125 epm for 400 ft, 330 
cpm for 300 {t, and 980 epm for 200 ft. The phase curves show 
quite close coincidence with the calculated values of the paper, — 
and they reach 320 deg at 95 cpm for 400 ft, 133 cpm for 300 ft, 
and 220 cpm for 200 ft. The corresponding gains are 0.135 at 95 
epm for 400 ft, 0.275 at 133 epm for 300 ft, and 0.38 at 220 cpm 
for 200 ft. 

Operation of process controls at frequencies above 1 cps has 
been rather uncommon in industrial practice—when it has oc- 
curred, there sometimes have been peculiarities in the per- 
formance. This demonstration that resonance and standing 
waves can exist in pneumatic lines should certainly help in clarify- 
ing these problems, and it will surely promote a better under- 
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standing of the principles of pneumatic transmission of data, as 
well as the unrealized possibilities of this technique. 


F. D. Ezexiex.? The experimental results as well as the 
theoretical analysis that the authors present in the paper make a 
worth-while addition to the present knowledge of the dynamical 
behavior of pneumatic lines. In order to minimize the errors re- 
sulting from the introduction of lumped-system approximations, 
the writer wishes to submit the following technique for analyzing 
a pneumatic line. By considering such a line to be made up of a 
lossless, distributed-parameter conduit in series with a lumped- 
friction joint, the block diagram, Fig. 25, may be constructed. 


This representation characterizes a hypothetical conduit in terms 
of a four-terminal network having two inputs P, and P, and two 
- outputs W, and W,. The procedure by which this diagram has 
_ been obtained is outlined in detail in a paper by H. M. Paynter 

and the writer.® 

The following nomenclature is used: 


line area, sq in. 

velocity of sound in air, ips 

acceleration of gravity, in/sec.* 

upstream pressure, psia 

downstream pressure, psia 

upstream flow (into line, positive), lb/sec 

downstream flow (out of line, positive), lb/sec 

time delay equal to length of time it takes a pulse travel- 
ing at the speed of sound to get from one end of the line 
to the other, sec 

= time-delaying component 
summing component 

= component representing functional relationship between 


a 
c 


P, 
P, 
W, 
W, 
T 


two variables 


A. 8. Iperauu.* The reader of this paper can only assess the 
value of the treatment given with some knowledge of the his- 
torical background of the problem. Both the authors and the 
writer in his 1950 paper (authors’ reference 3) on the same sub- 
ject, have been remiss in supplying this background. To correct 
this the following sketches briefly some self-consistent historical 
highlights concerning the subject and the writer’s comments on 
this paper. 

1 Newton derived the velocity of propagation of an elastic 


x on 


: 

ny 7 Assistant Professor of Mechanical Engineering, Massachusetts 
_ Institute of Technology, Cambridge, Mass. Assoc. Mem. ASME. 

* “Computer Representations of Engineering Systems Involving 
Fluid Transients,” by F. D. Ezekiel and H. M. Paynter, Paper No. 
56—A-120. 

“Effect of a Hydraulic Conduit with Distributed Parameters on 
Control Valve Stability,”” by F. D. Ezekiel, ScD thesis, Department, 
of Mechanical Engineering, Massachusetts Institute of Technology, 
Cambridge, Mass., 1955. iste 
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where 
V = velocity of propagation 
E = elastic modulus of medium 
p = density of medium 
He applied this result to a gaseous medium to obtain 


¥(2)-< 


mean absolute pressure of medium : 
this velocity has become known as the sscreniennedll A 
velocity of sound 


Pe 


2 Laplace corrected this expression by pointing out that the - 
waves of rarefaction and condensation will travel without ‘‘sensi- 
ble loss in heat”’ (i.e., adiabatically) sothat = = 


E. 
p 
is the velocity of propagation where 


velocity of propagation 
E, adiabatic modulus 
As applied to a gas, this results in 


YP 


ratio of specific heats 
Laplacian velocity of propagation in an ideal gas 


where 


yY = 


= 


The mathematical implications of the velocity of propagation, | 
in that it refers to propagation of a disturbance in a distributed — 
medium, is that a wave motion in space is associated with a dis- 
turbance in time. Thus any measure of the disturbance (as for 


by a function of the form 
in a one-dimensional problem; more generally 


=Vvir+ 


in a three-dimensional problem 
where 


y measure of a disturbed parameter (pressure, velocity, — 
temperature, density, etc.) 
x measure of distance in a one-dimensional problem 
r vector measure of distance in a three-dimensional prob- 
lem 
time 
In particular problems we may consider functions of the form | 


t = 


= 12) 


or more generally, we may consider these as primitive generating — 
functions from which solutions for specific boundary conditions 
may be built up. Thus the Laplacian result would require terms 
like 

Cot) 


where C> is used to denote +/(E,/p). 
In a problem involving a driving function (say the sinusoid 


then these functions take on theform 


4 
Py 


We have thus assigned a value to a. 

This result states that a sinusoidally driven wave is accom- 
panied by a sinusoidal variation of ‘‘amplitude’’ in space. The 
quantity jw/Cpo, or more generally, the factor that multiplies spatial 
distance, is called the “propagation canstant.’’ In this instance, 
it may be noted that the propagation constant is imaginary (i.e., 
real unattenuated space waves are produced). 

This result is the basis of the elementary acoustic theory of 
plane waves, and thus, to some degree of success, can be applied 
to finite ‘‘plane waves’’ as one might encounter in a large diameter 


accounted for. 
3 However, it was pointed out by Stokes that even in a plane > 


unbounded wave in a fluid, the equation 
ot? 


Co 


is not obeyed, but, due to viscosity 


ol? Ox? 3 
where 


wu = viscosity of fluid medium ie 


e 


result leads to a complex propagation constant 


ee 


for small w or u, = propagation constant. 
More generally, the definition of the propagation constant is 
written 


The quantity a is referred to as the “‘attenuation factor’’ (since 
it represents attenuation in space), and is referred to as the 
“phase factor’’ (since it represents a phase shift). The quantity 
is referred to as the “phase velocity.” 

Thus Stokes’ derivation showed that, even in free space, the 
possibility of an unattenuated plane acoustic wave no longer 
existed. 

The elementary rudiments of transmission theory are well 
known and sketched out in books on electric transmission-line 
theory and acoustic-transmission theory. However, the basic 
problem, for application to pneumatic transmission lines, as was 
well pointed out by Taback in his NACA technical note, is to 
compute correctly the propagation constants of such a problem, 
since, different from the electrical case, they are not intrinsic — 
properties of the line but of the line and fluid and of the hydro- 


dynamic-flow regime. 


tube. Thus, for example, the nominal theory of organ pipes is — 


a 
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4 Helmholz applied the ideas of the damping effect of viscosity 
to a wave limited in space (i.e., to one traveling in a tube), and 
then 
5 Kirchoff proceeded to show that the effect of heat conduc- _ 
tivity of the fluid is just as great as the effect of viscosity in 
modifying the propagation of waves in tubes. Since the more 
general result was obtained by Kirchoff, we may follow his results. 
Assuming sufficiently small velocities, the complete set of linear 
equations that Kirchoff used were as follows: 


(a) Mechanical equations of motion 


Ou 1 Op O 
ot Po or = + = (VP) 
Ov 1 Op O 
po oy = + 3 dy (V 7) 
(b) Equation of continuity ¢ 
ot Oz oy 
(c) Equation of energy 4 
7 Os 7 


(d) Equation of state for an ideal gas 


u, ¥, w = components of velocity 
400 s = condensation [p = po(l + s)] 
T = absolute temperature 
= kinematic viscosity (= 
k = thermal conductivity : 
c, = specific heat at constant volume 


From these equations, he derived what has become known as 
the Kirchoff equations of sound 


[ cot 4 | v9 


n 4 3 
+ [ cx? + 3 | 


(= thermometric conductivity) 


Kirchoff applied this equation to driven waves contained in a 
tube under the assumption of small viscosity to obtain 


2[ vn + (1-7) v4] 
Sh 
where r = radiusoftube. 


1+ 
Co 


oy 
Solutions of this equation lead to terms of the form er : 
3 p C,? Cy? 
Here 
Ae 


6 +On the other hand Rayleigh applied the Kirchoff equations of the ipfluence of tube diameter and frequency on the velocity”; 

to the case of large viscosity to obtain a and “An examination of the literature indicates that much of the 

eriticism to which the Helmholz-Kirchoff formula has been sub- 

= ) 4.3 = in the past was unjustified’’; and “the following free space 

- Cy ry ¥ a? velocities for the pure dry gases have been deduced (by the H-K 

equations) from the observations. The probable accuracy is of 

It was soon recognized that the sharp discriminant between the order of 1 in 1000 except for hydrogen where it may be a little 
these two cases (small viscosity versus large viscosity, or large __less.’’ 

tube versus small tube; or high frequency versus low frequency) Thus the Kirchoff results were known to be correct for large 

was the quantity tubes (for values of z greater than 100) and the Rayleigh results 


«ay were known to be correct for small tubes (for values of z less than 


1). 
What then remained to be done? Somehow in transition as a 


In the writer’s 1950 paper, the following definition was used f< ; 


ry 
z= — Vo 


» a solution was required that went over continuously between 
If zis Jess than 1 and the velocity low enough, the tube is nar- these extremes. 
row, the Rayleigh result holds, the inertia may be negected, 7 Illustrative of common acoustic solutions is one taken from 
Poiseuille’s law for the velocity distribution holds, there is Crandall.'* The equation of motion is taken as 
laminar and lamellar flow in the tube, the system is overdamped ’ —— ( 
and the flow is isothermal! — ir 
is of interest to quote Rayleigh’s discussion of this case: ed 
“One result of the investigation may be foreseen. When the (‘The same equation as assumed by Rohmann and Grogan) with 
_ diameter of the tube is very much reduced, the conduction of heat — the solution 
from the center to the circumference of the column of air becomes 
- more and more free. In the limit the temperature of the solid 


__ walls controls that of the included gas, and the expansions and mr 


rarefactions take place isothermally. Under these circumstances 
there is no dissipation due to conduction, and everything is the a 
- same as if no heat were developed at all. Consequently the co- =) 
efficient of heat-conduction will not appear in the result, which |... alate Pat 
will involve, moreover, the Newtonian value of the velocity of 
sound, and not that of Laplace.”’ Jo = Bessel function of zero order 
The Rayleigh result was to be expected in the sense that for A = an undetermined constant 
slow enough oscillations, the static result (Poiseuille’s law) 
should hold at each point in the tube. The only question at issue 
would be at what value of the parameter of the system would 
regime break down. This can and has been answered ina 1 op So(Kr) 


ways, all equivalent to the statement that z must be = Oz dz “Jo(Kro) 
ess than 
On the other hand the Kirchoff result did not prove out so Where Tin bat, pony 
easily by experimental investigation. The basic experimental re- ro = tube diameter 
quirement was that the result of the Kundt-tube experiment r = here is the radial variable 

(sonic resonance in a tube) should be correctable to obtain the : k 
Laplacian free-air velocity of sound. Since from a strictly theo- The mean velocity (over the section) becomes 
retical point of view, the validity of the sciences of the mechanics : [ 


Applying the boundary condition of vanishing velocity at the 
wall 


of continuous media, of hydrodynamics, and more particularly of - — 5| 
statistical mechanics hung in the balance, it was necessary that KroJo(Kro) 
_ the Kirchoff results be given searching inquiry. It was so tested (The identical result that is given in the writer’s paper, authors’ 
_ (many references discuss it exhaustively.)"' However, by 1933 reference 3, as Equation [75].) 
_ the major elements of controversy over the Kirchoff result were If the impedance is defined by 
oi fairly well resolved. The following is quoted (slightly out of con- 
_ text, avoiding some minor arguments) from one of the latest and 
most sound investigations.* In summary the authors state: 
“The results indicate that for all the gases (tested), the Helm- 
a holtz-Kirchoff formula is quantitatively correct in its statement 


pany, London, England, second edition, 1894-1896, sec. 350. % ~ *@ 
11 See for example: ‘“The Specific Heat of Gases,” by J. R. Parting- Krodo(K ro) 
ton and W. G. Schilling, D, Von Nostrand Company, Inc., New 
York, N. Y., 1924. 13 ‘Theory of Vibrating Systems and Sound,”’ by I. B. Crandall, D 
_ 18“The Velocity of Sound in Gases in Tubes,” by G.C. W. Kaye Van Nostrand Company, Inc., New York, N. Y., 1927. 
and G, G. Sherratt, Proceedings of the Royal Society of London, Eng- 14**Transmission Line Theory,” by R. W. P. King, McGraw-Hill a. 
- series A, vol. 141, 1933, pp. 123-143. Company, Inc., New York, N. Y., 1955, p. 48. . 


“Theory of Sound,” by Lord Rayleigh, The Macmillan Com- (Kn) 
i 


Sat 
: 
4 
: 


872 
(A minor note should be taken of two means of chooging the 
normalization for impedance. One choice of impedance is based 
on the line, another on the medium. Thus different authors’ re- 
sults may differ by a factor of the area of the tube mro?.) 
For small values of the argument | Kro| 
z? 


Jo(zx) = — = + — 


This result agrees with the Rayleigh result. 


For large values of the argument |Kro| 


The: QU; 


xJo(2) 
so that 


This agrees with the Kirchoff result. 

Unfortunately, the approximate methods and assumptions that 
Crandall gives run into difficulty in assuring a correct value for the 
propagation constant. 

8 Quite probably the most rigorous completion of Kirchoff’s 
investigation was given in the writer’s 1950 paper. The details of 
the theoretical program undertaken cannot be given briefly. 
Suffice it to say that the equation set chosen was complete; that 
is, it included the complete three-dimensional linearized (small- 
amplitude) equation of motion, continuity, energy, and the as- 
sumption of the existence of an equation of state. The rigorous 
treatment of this investigation established another self-consistent 
criterion for the validity of the results; namely, that the flow re- 
gime pertains to continuous media in which equipartition of energy 
is assured. Mathematically these criteria were that 


soles 
W ith these two sdtebe reno a result was obtained which 
went over continuously from the Rayleigh to the Kirchoff results. 


The “‘exact’’ equations given by the writer are contained in 
Equations [74] and [75] in his paper; namely -~ . 


Vo 


2J1(Kro) 
KroJo(Kro) 


> 
K? = —j 


— 


o> = mean Prandtl number (- a) 


To the best of the writer’s knowledge, the first rigorous expres- 
sion for the attenuation parameter was derived for his 1950 paper. 

The explicit statement of the restrictions under which these re- 
sults hold are as follows: 

(a) Small maximum Reynolds number (below 2000), 

(b) Any elastic fluid in which 7? 


2Coro 


and driven at a frequency such that 


(c) Long tube (i.e., above a certain minimum length his results 
will hold. However, end corrections may or may not be sig- 
nificant). 

Under these restrictions, the writer’s paper gives the “exact’’ 
answer. Investigators may either attempt by elementary means 
to derive these results, may use his results as the basic for appro- 
priate approximations, or more significantly derive results that 
obtain (and these are needed) where the restrictions he has stated 
are violated. 

Since the publication of the paper in 1950, the writer has taken 
exception to all efforts that in his opinion are a step backward on 
this subject. The results of Rayleigh and Kirchoff are no longer 
to be questioned, and the rational transition between these results 
given in the writer’s paper are also no longer to be questioned 
theoretically (they are only open now to experimental challenge). 

Thus on the basis of this historical introduction one may 
criticize the present paper. 

The authors’ equation of motion 


4 Or Or 


"equation of mot 
at} 


is given in standard books in acoustics. By virtue of a fortunate 
set of compensations it can give correctly the impedance of a long 
line to be 


‘a 


KroJo(Kro) 


Instead of integrating the equation correctly by means of Bessel 
functions, the authors have chosen an approximate integration 


which leads to 
i(Kr)* 
e 322 seo 


For small values of the argument Kro both these expressions 


give ‘ 
4 
Z= + —y 
To? 3 tad 


(i.e., the exponential term is unnecessary). 


AL 


Spo 
To? 


Z= 


1 
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For large values of the argument the rigorous expression leads 
to 


04) 


whereas the authors’ result leads to 
ent 

_ which is nonsense. 

Thus their basic argument can only be that they have chosen an 
(unjustified) approximation which permits some indeterminate 
expansion beyond z The choice of the elegance of an exact 
result permitting simple tabular solution, as compared to a one 

. or two-term power expansion is not to be resolved simply in favor 

’ of the latter. (A comparable argument that the tedium of using 
tables of sin z makes power solutions of the form z — z*/3 more 

attractive is certainly ridiculous for large values of the argument, 

and only warranted when attention is always focused on small 
values of the argument.) 

When it comes to the propagation constant, their arguments 

H are meaningless. The authors disregarded the warning that 

q Rayleigh gave and that the writer gave in his 1950 paper that 

_ their program is only valid if the Poiseuille regime is assumed, and 
in that case the flow is isothermal. They have disregarded the 

3 thought that if the flow is to be assumed “‘polytropic’’ the coeffi- 

cient of the polytropie expansion may have to be taken complex 

and not simply a real number between 1 and y. Thus the only 

- real recourse they have in their result is to compare it with the 
writer’s. 


= 1 


The rigorous result for the propagation constant is 
2) ,(Kro) 
KroJo(Kro) 


In the 1950 paper the writer stated that a goodly approxima- 
tion to this result can be taken by assuming that either the 
Prandtl number is sufficiently close to 1 (for gases) or that y is 

_ sufficiently close to 1 (for liquids), that one may write =| 


2J1(Kro) 
Krodo(Kro) 
2/:(Kro) 

~~ KroJo(Kro) 


1+(y¥—)D 


Cy? 


This similarity makes the propagation constant a function only of 
_ the same argument Arp as is the impedance. 
The authors’ result is 


For small values of the argument the “exact’’ result is 

Co? (Kro)? 
e 


The a F is 


1.2w? 8 


= 
mCy? (Kro)? 


Ap 


so that it would be necessary to assign the value m = 1.2, instead 
of the unit value they assigned. The basically correct answer is 
that for their assumptions the coefficient that was given the value 
1.2 should be 1 and the polytropic coefficient m should be 1. 


For large values of the argument the exact result is 


w? » .! 


Ce? Kro 
8 

1— 1.2 —— 

| 


Here the authors would have to assume the value m = y. 
However, it should be noted that their deviation from unity is 
not of the correct order. 

In summary, thus lending the authority of publication in an 
ASME Journal to such poorly drawn theory is in the writer’s 
opinion an unwarranted burden on the engineering profession, 
particularly in the light of the relative completeness of previous 
developments. It is to be regretted that the authors and re- 
viewers have not seen fit to acquaint themselves adequately with 
the literature. 


gut 


instead of 


w? 


2 
mC, 


AvutTuors’ CLOSURE 


Mr. Bigliano and Mr. Buckley have suggested interesting 
extensions to the use of the technique of this paper. We are in 
agreement with Mr. Buckley’s method of examining pressure 
drop per foot of tubing when estimating the likelihood of turbu- 
lence. 

Mr. Catheron’s comments and addition to the data are greatly 
appreciated and add to the value of the total material pre- 
sented. 

Dr. Ezekiel has presented a method for computer simulation of 
pneumatic lines that is especially valuable in systems where low- 
order lumped approximations do not give the desired accuracy. 
The higher-order approximations derived as described in the paper 
under discussion become very awkward to handle on an analog 
computer. 

Mr. Iberall is to be thanked for his extensive addition to the 
bibliography and background material. However, he seems to 
have missed the entire point of the paper. The purpose has been 
to present a relatively simple approximate analysis leading to a 
solution in a convenient form for engineering computations. 
At the same time good correlation with test data was required. 
In his discussion, Mr. Buckley has pointed out a principal area 
of application of this paper. The particular form chosen makes 
the theory and familiarity built up for electric transmission lines 
applicable to pneumatic transmission. It also makes the treat- 
ment of the transmission lines as one interacting component of a 
dynamic system practical. 

In this paper the equation of motion has been solved to yield 
the form dp/dl = 1(R + AY _) with all symbols as defined in the 
nomenclature. The dimensionless vector quantity A is plotted in 
Fig. 2. Since A has both varying magnitude and phase, both the 

resistance and the inertance are varying quantities if they are de- 
fined as the in-phase and quadrature components, respectively. 
As explained in the paper, it has been found sufficient for engi- 
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neering purposes to treat both these quantities as constants and 
hence simplify their use. The error introduced by this procedure 
is discussed in the body of the paper. The method of develop- 
ment has been chosen to make it easy to see the order of ap- 
proximation being made by this procedure. Note that the 
quantity wL/R used in discussing the parameters and limit cases 
in the paper is wro*/¥> in Mr. Iberall’s notation. 

Since it was decided to hold R constant with frequency when it 
is known to vary slightly, the correction factor 1.2 was applied to 
the theoretical minimum resistance so as to give the best correla- 
tion between test data and the working equations over a large 
number of tests. With the method and purpose of this paper in 
mind, the correlation between the two methods discussed by Mr. 
Iberall will now be considered briefly. First the quantity Z Mr. 
Iberall discusses is not the impedance of a long line but the im- 
pedance per unit length where the compressibility effects can be 
neglected. If the solution of this paper is written in Mr. Iberall’s 


notation, the solution is 

4 8 1 

ro? 3 

with the sign changed from that mistakenly given by Mr. Iberall. 
This leads to the limit cases 


Z = 8po/ro? + (4/3)jwpo for (Kro) small ae os 


and 


Z = 8po/ro? + jwpo for (Kro) large 


As noted in the paper, it has been found satisfactory to neglect 
the 4/3 factor and treat it as unity since the resistance term pre- 
dominates in the region where the 4/3 factor is applicable. It 
can be seen that for both the impedance term and the propagation 
constant squared, which Mr. Iberall chooses to discuss, the 
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predominant terms are in agreement if the polytropic exponent 
is correctly taken. Of course, the empirical factor used to center 
the resistance parameter in the working range cannot be expected 
to check either limit case. It is the authors’ opinion that separat- 
ing the real and imaginary components of the propagation con- 
stant for the limit cases provides better insight into the behavior 
of pneumatic lines. This has been done in the Appendix. 

It is correct that for the limit case at low frequency with a full 
Poiseuille velocity distribution, the action is isothermal. This 
should not be extended mistakenly to mean that whenever the 
flow is laminar it is isothermal. The usual definition of a ‘“poly- 
tropic” expansion is one for which the equation is 


pv" = K, a real constant 


where p and v are the pressure and specific volume, respectively, 
state functions of the fluid. For the suggestion of a complex ex- 
ponent n to have meaning, a new definition would be required. 
It should be noted that in usual engineering cases the existence 
of a polytropic action is empirically determined. Only the special 
cases of isothermal and reversible adiabatic action can be rigor- 
ously derived. Figs. 17 and 18 provide data against which to 
check the derived propagation constants. 

In connection with the oral presentation, the authors demon- 
strated one application of this paper. On numerous other ocea- 
sions this method has been used in system analysis to good ad- 
vantage. It is the good correlation between test and calculated 
results, together with the ease of handling inherent in the form of 
solution chosen, that gives this method value. On the basis of 
contact with the other reviewers, as well as the method under 
discussion, the authors are forced to conclude that Mr. Iberall’s 
closing remarks are inane. 

The authors wish to thank the discussers for their interest and 
suggestions and the Society for the considerable space devoted to 
the publication of this paper. 
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~ Analysis and Design of a Servomotor 


Operating on High-Pressure | 


The analysis, design, and development of a high-per- 
mene gas servomechanism suitable for aircraft and 
missile applications are described. The flow-control valve 
consists of two upstream orifices of fixed areas and two dif- 
ferentially variable downstream orifices. The areas of the 
variable orifices are controlled by a simple electromagnetic 
actuator. The fluid motor consists of two single-acting 
self-lubricating pistons which actuate the rocker-arm load 
assembly through push rods. Design parameters were ob- 
tained from the results of an analog-computer design 
study. The predicted transient response agrees very well 
with the experimentally derived rise time of 4 millisec. 


NOMENCLATURE 
The following nomenciature is used in the paper: 


dim 
ost 


area, sq in. 

flow area of variable downstream orifice, sq in. 
= downstream-orifice mid-position flow area, sq in. 

area of approach passage to downstream orifice, sq in. 
= flapper pressure-sensitive area, sq in “a ~~ 

ram area, 8q in ay! 

upstream-orifice area, sq in. a 

load-damping coefficient, Ib-sec /in. 


= weight-flow coefficient, \/F /sec 
differential operator d/dt, 1/see 
diameter of approach passage to downstream orifice, in, 
differential mass of gas, lb-sec*/in. 

= error-signal voltage, volt 
command signal, volt 


force developed by valve actuator, lb 
load disturbance, Ib 
gravitational acceleration, in/sec* 
load spring, Ib/in. 
gain of d-c amplifier, amp/volt 
position-feedback gain, volt/in. 
velocity-feedback gain, volt-sec/in. 

= current sensitivity of valve actuator, lb/amp 
effective stiffness of valve actuator, |b/in. 

= ratio of specific heats 


! The work reported was performed at the Dynamic Analysis and 
Control Laboratory, Massachusetts Institute of Technology, and sup- 
ported by the United States Air Force under Contract No. AF 33- 
(616)-2356. This paper is based in part on an ScD thesis, Depart- 
ment of Mechanical Engineering, Massachusetts Institute of Tech- 
nology, Cambridge, Mass., 1955. 

* Vickers, Inc.; formerly, Assistant Professor of Mechanical Engi- 
neering, Massachusetts Institute of Technology, Cambridge, Mass. 
Mem. ASME. 

Contributed by the Instruments and Regulators Division and pre- 
sented at a joint session with the Machine Design Division at the 
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Compressed Gas 


By GERHARD REETHOF,? DETROIT, MICH. 


lag 
load mass, lb-sec?/in. 
= supply-source pressure, psi 
zero-load cylinder pressure with valve in mid-position, 
psi 
pressure on ram 1, psi 
pressure on ram 2, psi 
power, lb-in/sec 
nondimensionalizing power, lb-in/sec 
volume flow to motor, cu in/sec 
= nondimensionalizing volume flow to motor, cu in/sec 
= nondimensional volume flow to motor 
gas constant, sq in/sec* deg F abs 
temperature, deg F abs 
supply-gas temperature, deg F abs 
= gas temperatures in chambers | and 2, deg F abs 
= specific internal energy of gas, in. 
volume under compression at motor mid-position, cu 
in. 
volumes of motor chambers 1 and 2, cu in. 
specific volume of gas, cu in/lb 
weight flow of gas, lb/sec 
flow through downstream orifices, lb/sec 
motor flow, Ib/sec 
“supply flow, Ib/sec 
= valve displacement from mid-position, in. 
= mid-position opening of valve, in. 
load position, in. 
load velocity, in/sec 
load acceleration, in/sec? ‘oe 
orifice-area ratio, Apo/A, 
nondimensionalized valve displacement x/z» 
incremental change in quantity 
= damping ratio 
weight density of gas, lb/cu in. 
undamped natural frequency of open-loop servomotor, 
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The utilization of compressed air for the actuation of control 
valves in the field of process control is widespread and well known. 
The air-pressure supply used to actuate these controls seldom ex- 
ceeds 150 psig. The relatively low speed of response of these con- 
trol systems has led to the belief that pneumatic controls could 
not be designed to meet the much higher speed-of-response re- 
quirements of aircraft, missile, and machine-tool applications. 
Until recently, the highly refined oil-hydraulic contro] systems 
have been used to meet the requirements of these applications. 
Owing to the constantly increasing temperature requirements for 
missile and aircraft components and the high operating tempera- 
tures of nuclear-reactor controls, interest in the development of 
high-speed pneumatic control devices has been renewed within 
recent years. 

In this paper the basic analysis and subsequent design of a 
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specific pneumatic servomotor are presented. The purpose of the 
treatment is to demonstrate a successful approach to the design 
of high-speed pneumatic control systems. 


DESCRIPTION OF THE SYSTEM 


The system is illustrated schematically in Fig. 1. The flow 
valve is supplied with a high-pressure gas from a constant-pres- 
sure gas-power source. The power-control valve consists of two 
upstream orifices of fixed area and two downstream orifices with 
differentially variable areas. The control pressures in the cham- 


bers between the upstream and downstream orifices are piped to 
each side of the fluid motor. In this instance, the fluid motor con- 
sists of two single-acting, self-lubricating pistons which, through 
two spherical-ended connecting rods, apply a torque to the 
rocker arm. The rocker arm can be connected to the load by 
means of a splined shaft. The position of the output member is 
measured by a linear differential transformer which delivers an 
a-c signal. This signal is rectified in a keyed demodulator and 
fed back to the adding circuit of the forward-loop d-c amplifier. 
The push-pull output stage of the amplifier supplies the polarizing 
currentsand differentially varying signal currents to the two coils 
of the E-style electromagnetic valve actuator. The small motion 
of the plugs on the rotor of the valve actuator control the flow and 
pressure conditions in the ram-type motor. An I-beam flexure- 
pivot mounting between rotor and stator ensures frictionless mo- 
tion of the rotor and maintains correct spacing of the air gaps. 
Since the magnetic fields produce a statically unstable valve 
actuator, a leaf spring is mounted on the stator and connected to 
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the rotor by wire links. A constant tension in the wire links pre- 
vents backlash in the motion of the rotor. 

The desired high speed of response of the complete control 
system is obtained by feeding back a signal proportional to the 
velocity of the output member through an amplifier with an ad- 
justable gain. 


CoMPONENT ANALYSIS 


Flow Valve. The control of the flow of fluid power from the gas 
generator to the motor-load system is accomplished by a four-way 
valve consisting of two three-way valves operating in a push-pull 
arrangement. The analysis of the weight flow through the orifices 
is based on the assumption of frictionless adiabatic flow of a per- 
fect gas (1).* 

For a given upstream pressure and temperature, the ratio of 
weight flow per unit area to the maximum weight flow per unit 
area is 


k—1\ 3 P, 


This relationship will be denoted by Amax/A. 

For orifice flow with pressure ratios below the critical pressure 
ratio, given by Equation [2], the value of Amax/A remains at 1. 
Therefore, for the condition of critical flow (Amax/A = 1), the 
weight flow is independent of downstream conditions 


For a specific gas, the weight-flow equation becomes 


k+1 


(ttt) 


Three-Way Valve. From geometric considerations, the down- 
stream-orifice area is given by 


Ap = — 2) 
With the valve at mid-position (x = 0), the orifice area is 
Apo = TD 


Division of Equation [5] by Equation [6] results in the dimen- 
sionless equation 


The eve a through the downstream variable orifice for the 
expected critical-flow conditions is given by 


The weight flow through the upstream fixed-area orifices is given 
by 

2 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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From continuity considerations, the weight flow to the motor is 


[10] 


The appropriate substitutions in Equation [10] result in an ex- 
pression for the volume flow to the motor 


P, 
g & fa 


where 


A 
1 
A 


A nondimensionalizing volume flow is defined as 
Qmo = Ci Apo 
g 
‘Division of Equation [11] by Equation [13] results in the dimen- 
volume flow to the motor 


‘ (A= (4 
% Similarly, the expression for the volume flow to the motor for the 
_ right-hand three-way valve is 


Ps 
Owing to the complexity of the analytical relationships, Equa- 
os [14] and [15] were solved by graphical methods with data 
from reference (2), The assumptions made in the derivation of 
Equation [14] were tested by an experimental investigation of the 
_ weight-flow versus pressure relationships of this type of three-way 
valve. The results of these tests agree very well with the pre- 
_ dicted valve characteristics. Similar agreement for a closed-cen- 
ter three-way valve is reported by Shearer (3). 

Four-Way Valve. The steady-state load-flow versus load-pres- 
sure characteristics of the four-way valve are obtained by 
graphically combining Equations [14] and [15]. This operation is 

_ accomplished by noting that during steady state 


‘The configuration of the four-way valve requires equal values of 
the variable yy for both three-way valves. The load pressure P,, is 


The plot of load flow versus load pressure for a four-way valve 
= 2.0 is given in Fig. 2. rat 
The pressure sensitivity of a flow valve, defined by 
him 


expresses the ability of the flow valve to furnish a certain load 
_ pressure per unit valve displacement with no flow to the motor. 
_ The optimum pressure sensitivity of a flow valve is obtained if a 
_ supply pressure is applied across the load for an infinitesimal valve 
opening. The fixed upstream-orifice construction results in a 
: much lower pressure sensitivity than this optimum since one side 
of the fluid motor retains an appreciable pressure when the other 
side reaches supply pressure by the closing of its downstream 
orifice. The pressure sensitivity for valves of different ratios a is 
_ given by the inverse slope of the plots in Fig. 3. 
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The total weight flow to the valve is given by the sum of the 
weight flows through the upstream orifices 


Armax A max 
Fe ( A A 


‘Plots of the dimensionless weight flow to the valve 
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Of interest are the facts that, for a fixed value of a, one curve 
describes the weight flow for all conditions and the weight-flow 
demand remains remarkably constant over a wide range of operat- 
ing conditions. 

The steady-state output power of the flow valve is given by the 
product of load pressure and load-volume flow 


= (Pi — 


Division of Equation [19] by the nondimensionalizing power 
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results in the nondimensional expression for the power 


Figs. 5(a, b, c) are plots of nondimensional power as expressed in 
Equation [21] for various values of a. A plot of the peaks of the 
power curves as a function of a for several values of ¥ is given in 
Fig. 6. 

A value of a = 2 was chosen for the valve on the basis of the 
following: 


1 Linearity of load-flow versus load-pressure characteristics. 
2 Optimum pressure sensitivity. 

3 Peak power ratio. 

4 Compressibility considerations. 


The weight-flow curves, Fig. 4, show that the higher values 
of q@ result in less variation in weight flow. However, a large 
value of a will be shown to result in a large compressibility 
coefficient for the motor. 

The choice of @ is, therefore, a compromise between com- 
pressibility considerations, the nature of the gas generator, and 
the valve characteristics. 

Gas-Motor Analysis. The analysis of motor performance is 
based on the following assumptions: 


1 Perfect gas. 

2 No resistance to the flow into the chambers. ; 

3 Adiabatic conditions throughout the charging and discharg- — 
ing processes. 

4 Temperature of gas entering the chamber equal to tempera- 
ture of gases in the chamber. 

5 Uniform chamber pressure at all times. 


In Fig. 7, the control volume represents an artificial boundary 
around the chosen volume of gas, across which energy and mass 
flow. The first law of thermodynamics, when applied to the con- 
trol volume of Fig. 7, is 


+ — P,\dV; = d(pVim) 


The first term represents the energy added to and the work done 
on the system whenever an incremental mass of gas dm crosses 
the system boundaries. The second term is the work being done 
by the system on the piston. The third term is the change in in- 
ternal energy of the gas within the control volume. Equation 
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[22] can be modified for use in the gas-motor analysis by substitut- 

_ ing the perfect-gas relationships and noting that dV/dt = 2A. 
Equation [22] then becomes 

dt 


kP. 
(Agi — Qmi) = 0 
1 


Equation [23] expresses the action of one side of the fluid motor, 
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Since a positive load flow on one side results in a negative load 
flow for the other side, the action of the second side of the fluid 
motor can be expressed by 

dP, kP 
(—Api + Qmz) = 0 
For small load-pressure changes near a no-load condition, the 
pressures may be expressed as 
‘ P, = 


the result that 


P, + Ps = 2Pe... 


_ where the constant no-load cylinder pressure with the valve in 
mid-position Po is given by 


-2 Festhoveies, operation about the mid-point of the motor travel is 
4 assumed and, therefore, volume V; remains almost equal to vol- 


ume V2 


V; = Vo. 


tensive nonlinear analog-computer study (4) to result in the 
least stable operation. 

Combination of Valve and Motor Equations. Substitution of 
Equations [14], [15], [27], [28], and [29] into the difference 


dP 


Equation [30] represents the operation of the flow-valve and 
motor system. The first term represents the compressibility flow 
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right side of the equation represents the flow from the four-way 
valve and, therefore, is an analytical expression of the valve 
characteristics. The first term in the outer brackets y is the spac- 
ing, and the second term is the slope of the curves in Fig. 2. 

For the case of a@ > 1.8, (Amax/A),=0 = 1. Furthermore, for 
the assumed small changes in P; and P2, (Amax/A): = (Amas/A)s 
= 1. With these assumptions, Equation [30] becomes 


a@ Vo\ dP, _ 
+ Ap? = — 


al 


) [31] 


F. 


_ The right-hand side of Equation [31] is a linearized expression for 


the four-way valve steady-state characteristics. The validity of 


_ this expression is substantiated by the excellent linearity that 


exists within the expected operating region of the valve charac- 
teristics. 

Electromechanical Valve Actuator. The electromechanical trans- 
ducer was treated as a position and force source having negligible 
dynamic lag. The force equation of the simplified actuator and 
its electronic amplifier is given by 


= KiKe — Ku 


Since all dynamic effects are neglected, the only force acting on 
the rotor of the actuator results from the load pressure 


Gas-Motor Load System. The fluid motor applies a force to the 
mass m, in the presence of a load disturbance F,, damping forces, 
and a load spring. All damping effects are assumed viscous. The 
force equation for the load is 


+ b,2 + Kz = Ap = F, [34] 


Gas Generator. The gas generator is considered a constant- 
pressure gas source which is unaffected by any system variables. 


Systems ANALYsIS 


Open-Loop Characteristics. The open-loop characteristics of the 
simple system are obtained by combining Equations [31], [32], 
[33], and [34] with the load-spring stiffness K = 0. The resulting 
differential equation expressing the open-loop system response to 
an input e(t) in the absence of a load disturbance is given by 


| 
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QmoK ArK ‘) 
| sath = 
be. + 4 ( 
The characteristics of the second-order term in the form of the 
undamped natural frequency w, and the damping ratio ¢ are in- 


structive in predicting closed-loop behavior with position feed 
back. The undamped natural frequency is given by 


2A g*kP, 


+ kbtQmo (i+! 


miVo 


= 

The damping ratio is given by 

b, Vo Qmo QmoA ‘) 


‘QkP, 
2kP,, 


[37] 
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necessary for a rate Ol Change in load pressure, ihe second term Therefore, the system damping consists of three independent a 
is the flow necessary to maintain a steady ram velocity. The phenomena: > ; 


1 Viscous damping acting on the load. 
2 Load-pressure sensitivity of the flow valve. 
3 Load-pressure feedback through the flapper valve. 


Steady-State Closed-Loop Characteristics. In order for the servo- 
mechanism to operate as a position control system, the position of 
the output member must be compared with the desired position 
which is in the form of a voltage signal e*. The load position z, 
therefore, must be transduced into a voltage ez. The error voltage 
is given by 


The position-transducing constant K ,, which is the position-feed- 
back gain, is defined by 


The steady-state gain of the closed-loop system in the presence of 
a load spring is given by 
K,KiP,Apz 


~ K(A, P, + K32) + Py Ar 


In the absence of the load spring, Equation [40] simplifies to 


An important steady-state characteristic of the system is the 
stiffness of the output member to externally applied forces F ,. 
The load stiffness is given by 


KiK,AgP, 
Ksry + 


The conenil term represents the internal stiffness of the control 
system. 

Dynamic Closed-Loop Study. The system equations, Equations 
{31], [32], [33], [34], [88], and [39], can be presented in block- 
diagram form. A diagram of the third-order closed-loop system 
is shown in Fig. 8; position feedback and velocity feedback are 
indicated. The aim of this study is to select values of the system 
parameters which will result in a satisfactory dynamic response 
of the system. The well-known graphical techniques of control- 
system synthesis, when applied to higher than second-order sys- 
tems, lend themselves best to the study and modification of a 
single-system variable such as position-feedback gain. Thus every 
change in any other system constant requires the redrawing of 
either the root locus or the normalized gain-phase diagrams. The 
correct feedback gains for a specific response requirement can be 
determined for each case. The large amount of labor that the 
graphical techniques entail discourages graphical and analytical 
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experimentation. A further limitation of these methods is the 
complexity that results if nonlinearities are included. In this 
study, none of the system constants is fixed. The recourse to 
machine computing techniques to aid in the final selection of the 
system constants was, therefore, a natural consequence. 

The following example illustrates the design process. 


DesiGN EXAMPLE 


The performance specifications for a small pneumatic control 
system are tabulated in Table 1. 
TABLE 1 PERFORMANCE SPECIFICATIONS a 
Steady-state response 


Motor torque at maximum angular velocity, ft-lb 
Maximum angular velocity, rad/sec 
Inertia of load, in-lb-sec?. 


Transient response 
Rise time to a step input (time final amplitude first is reached), 


Maximum overshoot, per cent... .. 


Steady-State Performance Calculations. The maximum power 
output of the system from the data of Table 1 is Pmax = 330 ft-lb/ 
sec. The nondimensionalized power curves, Fig. 5, for a = 2 give 
a maximum power ratio of (P/®o)max = 0.24. The maximum 
power ratio occurs at a ioad-pressure ratio of P,/P, = 0.47. The 
downstream-orifice area with the valve centered is calculated 
from the expressions for the nondimensional power, Equations 


[13], [20], and [21] 
Mo max 


For air at a temperature of 520 F abs and a pressure of 2000 psi, 
the mid-position downstream-orifice area is Apo = 0.00107 sq in. 
In order to prevent a loss of control at the downstream orifice, 
the maximum area of the downstream orifice should be no greater 
than approximately one third of the approach area; therefore 
the mid-position flow area is one sixth of the approach area, with 
the result that D; = 247. An assumed orifice opening of 0.003 in. 
requires a throat diameter of D; = 0.072in. An area ratio a = 2 
results in the following valve design 


For a load-pressure ratio of 0.47, the nondimensionalized motor 
flow g,, = 0.52, Fig. 2. With appropriate substitutions in Equa- 
tions [13] and [14], the ram flow at maximum motor power is 
given by 


Ap = 


D, = 0.113 in. 
0.003 in. 


0.010 sq in. ait 


0.026 in. 
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Qn = Im Cs Apo 
with the result that Q,, = 4.30 cu in/sec and Qmo = 8.27 cu in/ 
sec. The load pressure for the maximum power condition is 940 
psi. If the radius of the rocker arm is assumed to be 1.20 in., the 
required ram area is Ag = 0.421 sq in. The volume under com- 
_ pression for one side of the fluid motor including all passages is 
assumed to be 0.30 cu in., which permits an angular deflection of 
+25 deg. 

Open-Loop Performance Calculations. The validity of the 
choice of the system parameters based on the static requirements 
is examined with the characteristics of the open-loop system. 
The open-loop undamped natural frequency from Equation [36] 
‘is 

= 86.5 cps 
\bL=0 
The open-loop damping ratio with no load damping and an esti- 
"mated stiffness of K; = 4000 Ib/in. for the electromechanical 
actuator is 


= 9.10 
bL=0 


The undamped natural frequency has a sufficiently high value, 


but the open-loop damping ratio is too low (5), An appreciable 
- amount of open-loop damping is desirable in order to reduce the 
effect of variations in the load damping on the stability of the 
closed-loop system, The system can be stabilized effectively 

with open-loop damping ratios as low as 0.10, but since only a 


A study of Equation [37] reveals that several courses of action 
may be taken to increase the open-loop damping: 


1 The pressure-sensitive area A, can be increased. If this in- 
- crease is made and no other system constants are changed, a 


_ xo below the chosen value of 0.003 in. is undesirable. 
2 The quiescent flow Qo through the valve can be doubled. 
If xz» remains constant, a doubling of Quo would quadruple A,. 
In this manner, the damping ratio ¢ is increased to 0.55. However, 
the power drain on the supply source is doubled. 
3. The electromagnetic-actuator net spring stiffness K; could 
be reduced by a factor of 2. However, since a very fast actuator 
j response was assumed in the system analysis, this reduction in the 
speed of response of the actuator no longer may be neglected. 


A compromise solution whereby the upstream-orifice diameter 
_ is increased to 0.031 in. and the electromagnetic-actuator stiffness 
is decreased to 2000 Ib/in. yields the following results for the same 


value of 2 


The effect of these changes on the load sensitivity is negligible be- 
cause a decrease in the actuator spring stiffness offsets an increase 
in the load-pressure-sensitive area of the flow valve. 
The revised design parameters are not final and are subject to 
_ changes during the closed-loop dynamic-response study on the 
analog computer. 
r Closed-Loop System Design. The block diagram of the closed- 
loop system with tachometric feedback is shown in Fig. 8 A 


Qmo = 12.0 cu in/sec 
D, = 9.165 in. 
Ay 0.0211 sq in. 


t = 0.413 
q 
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high-speed electronic analog computer made by George A. Phil- 
brick Researches, Inc., of Boston, Mass., was used in this design 
study. The investigation was limited to a study of the linear sys- 
tem. The following assumptions form the basis for the retention 
of linearity: 

1 Small perturbations are considered in order to simulate 
linear valve operation. 

2 The motor is operated near its mid-position; as a result, the 
volumes under compression remain essentially equal. 

3 The electromagnetic-actuator operation is linear. 

4 All friction phenomena are limited to viscous-type drags. 

5 Backlash in the system is negligible. 


Q = 8,27 cu in/sec 
mo 
= 0. 026 in. 
u 
0.00064 sq in. 


= 0.010 sq in. 
= 4000 1lb/in. 
= 0.421 sq in. 
0,008 lb-sec* 


= 0. 30 cu in. 
° 
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The accuracy of the analog-computer results was checked by 

~ the open-loop velocity response to a step input signal with no load 
spring. Thus, in Fig. 9, the predicted undamped natural fre- 
quency of 86.5 cps and the damping ratio of 0.10 are verified for 
the unmodified system. An increase in the quiescent flow through 
the valve and a decrease in the valve-actuator stiffness result in 
an open-loop velocity response with better damping. The effect 
of introducing position feedback to the modified system is shown 
in Fig. 10. The system is oscillatory. The closed-loop position 
response of the system with a small amount of load damping was 
effectively stabilized by the introduction of some velocity feedback 
as shown in Fig. 11. An optimum amount of velocity feed- 
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FEEDBACK AND PosiT1ION-FEEDBACK GAINS 


back, based on the least oscillatory system, was found to exist for 
each value of position-feedback gain and load damping. Fur- 
thermore, the adjustment of the velocity-feedback gain for least 
oscillatory response became increasingly critical with reduced 
open-loop damping. 

The effect of a simultaneous increase in both position-feedback 
and velocity-feedback gains to attain a faster yet adequately 
damped system is demonstrated in Figs. 12(a, 6). An attempt 
was made to increase the feedback gains in such a way that the 
first peak of the transient response would occur at the final ampli- 
tude. The rise time in Fig. 11 is 7 millisec; in Fig. 12(a) this has 
been decreased to 6 millisec, and in Fig. 12(b), to 4 millisec. 

The sensitivity of the transient response of the optimized sys- 
tem to variations in load damping is shown in Figs. 13(a, b). The 
effects of doubling and halving the load mass are shown in Figs 
14(a, b). 

The results of the analog-computer study predict that a pneu- 
matic control system with an acceptable response can be de- 
signed. 


Test Resutt Wirn 


An experimental model utilizing the dimensions that resulted 
from the analog-computer study has been built. The design de- 
tails of the mechanism are illustrated in Fig. 15. The steady-state 
pressure-sensitivity tests for the flow valve and the load-flow 
versus load-pressure characteristics showed reasonable agreement 
with the predicted results. The transient response of the system 
for small travel of the motor about its mid-position is shown in 
Fig. 16. The 2000-cps carrier frequency of the position signal indi- 
cates that the servomotor has a rise time of about 4 millisec, which 
is in good agreement with the predicted response. The sinusoidal 
nature of the overshoot of the position response confirms the as- 
sumptions of linear system characteristics, in particular, the 
viscous load damping resulting from the grease-extruding pistons. 
Frequency-response tests in the form of Lissajous figures provided 
further proof that the assumptions of linearity were justified for 
small motor travel. 

Experiments were made with several types of piston seals before 
the grease-extruding type of piston was devised. Because the 
analysis and the analog study apply only to viscous friction of the 
motor, the detrimental effect of stiction could not be predicted. 
The stabilization of the system with nonviscous friction is far 
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more difficult, and the resulting motion of the output member 
occurs in small steps. Owing to the reduced compressibility, the 
performance of an oil-hydraulic control system was found to be 
far less sensitive than the equivalent pneumatic system to such 
nonviscous phenomena. Both rubber and Teflon O-rings, Graph- 
alloy piston rings, and cast-iron piston rings were tested with 
various boundary lubricants. With the exception of the grease- 
extruding pistons, semicircular rubber rings placed in under- 
sized grooves with the circular section facing the cylinder wall 


produced the best results. 
ConcLusIONS 


The development of a pneumatic servomotor to meet the exact- 
ing requirements of the design example was the result of sys- 
tematic, thorough preparation. The assumptions used in the 
linear analysis of the components were checked experimentally. 
The design of the system was based on the performance pre- 
dicted by the response studies on the analog computer, Because 
the effects of variations in system parameters were demon- 
str: ated by the analog-computer study, a ae oul of time was 


1. K)KLK, = 1.0 fe 
' K 0.25 ma. b, = 4.0 lb sec/in. 
b. K)K.K, = 2.0 b. by = 1.0 1b sec/in. 
— 
a. m, = 0.0048 Ib-sec?/in. 
m, = 0.0192 lb sec*/in. 
1 
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saved during the process of refining the experimental model. The 
advisability of designing a pneumatic motor with a minimum of 
nonviscous friction is an important conclusion that can be drawn 
from these tests. 

To the author, the most gratifying experience of this project 
was derived from the fact that the system performance could be 
predicted quantitatively on an analytical basis and with a mini- 
mum of cut-and-try fumblings. 
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A 
Discussion 


C. F. Myer.‘ This paper is an important contribution to the 
field in- that it is the first work to develop and experimentally 
check system dynamics for a high performance, flapper valve, 
pneumatic servo. 

The use of the flapper-type valve in a high pressure gas 
system is of particular interest since it requires no lubrication 
and can handle combustion solids found in propellant pow- 
ered gas supplies. Although this type of valving has the 
quiescent power loss associated with open center valving in gen- 
eral, it does, as the author points out, represent a reasonably con- 
‘stant weight flow demand on the power source. This character- 


| 
LEAF SPRING A SECTION A-A the 
FROM AMPLIFIER 
Fic. 15 Assemsiy D 
SEC 
3 z 


istic, when coupled with a propellant supply that has the charac- 
teristic of delivering a constant weight flow, removes the need 
for a power dissipative pressure regulator. It is my opinion that 
this paper discloses the existence of the first dependable, high 
pressure (2000 psi), high performance, pneumatic servomecha- 
nism. 

In our work, it has been useful to represent the closed-loop, 
steady-state gain in terms of the internal stiffness and the ex- 
ternal spring load. Defining the internal stiffness as in Expres- 


sion [42] 


we can write 


KiKaKyArP, 
Ker + A,P, 


AZ _ 
Ae* K,(1 + K/K,) 


This indicates a general problem in using the gas servo for a posi- 
tional mechanism where large and varying external spring loads 
exist; particularly negative spring-like loads (negative hinge 
moments) that exist when powering some types of missile control 
surfaces. For example, a servo we investigated yielded a ratio 
of K/K, = +1/2. This results in a gain change of +100 per 
cent and —33 per cent for (—) and (+) spring loads, respectively. 
Since the pneumatic servo will often be an inner-loop of a system 
with a small gain margin, such gain variations of the pneumatic 
servo could not be tolerated. Higher internal stiffness can be ob- 
tained by using larger amplifier gains, K,, and/or higher feedback 
sensitivities, Ky, provided stability is maintained. This is indi- 
cated later in this discussion. 

The block diagram, Fig. 8, is useful for analog simulation. 
However, for predictions of response by use of Bode Diagrams 
and Nichols Charts, Fig. 8 is not too useful. Considering the use 
of velocity feedback, acceleration feedback which may be of 
academic use only, and neglecting certain terms which approach 


magnitudes that negate their effect, we can represent the servo 
by a block diagram, see Fig. 17. 

This, when interpreted on a Bode Diagram, is Fig. 18. 

Correction to the straight line curves and phase angles may be 
obtained from standard servo books. Through the use of a 
Nichols Chart, the closed loop response can be obtained. 

This straight line technique is of value since it permits the 
analysis of both positive and negative spring-like loads. It also 
permits one to see that (Kz) depresses the velocity constant and 
raises &,, thus permitting greater values of K, or Ky resulting in 
greater internal stiffness. It also shows the reducing effect of 
(Kz) on the damping ratio of the forward gain transfer function; 
however, the damping ratio can be adjusted by the acceleration 
feedback signal. A lead network in the velocity feedback path 
with corner frequencies properly set can be substituted for the 
acceleration feedback. 

If the servo is designed for a power requirement as outlined by 
the author, and for a stiffness requirement, then the only param- 
eters that remain to be set are the values of Kz and K;. 

It has been our experience in analyzing the linear, sinusoidal 
problem by both computer studies and by the straight line tech- 
niques, that the computer became necessary only for a detailed 
exploration of a selected design. 

In developing the expressions for the power requirements of 
the servo, I feel that a better understanding is possible if it is 
pointed out that: 

(a) Nondimensionalizing volume fiow, Expression [13], is the 
actual steady-state quiescent flow per nozzle measured in the 
chamber between the orifice and the nozzle. 

(b) Nondimensionalizing power, Expression [20], is the total 
quiescent power being dumped by both nozzles for the case 
where @ = 2, 

A review of Expressions [36], [37], [40], and [42] indicates 
that for the general case where a ~ 2, the term a/2 will occur as 
indicated below. In addition, there appears to be a typographi- 
cal error in Expression [40] where z» was interpreted as Ky 
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2 A,P, In closing, I should like to emphasize that this paper presents 
[36a] the ground work for design in this field and in this regard we have 
_ tee found the author’s work to be of great value in our own work. 


AuTHOR’s CLOSURE 
seein ) _ The author appreciates Mr. Myer’s interesting and con- 


— [37a]  Structive discussion of his paper. 
a mt 4 Qmobs, a . | The use of such graphical servo synthesis techniques as the 
kP, ied P, 2 xoK; Nichols charts, log-modulus diagrams, and the like, is not ques- 
tioned. However, designing the servo to meet the steady-state - 
Ki KApP, power requirements may, as is shown in the paper, result in an | 
.. [40a] underdamped system. In order to obtain an adequate system 
design, the quiescent power drain may have to be increased 
appreciably over the statically arrived power level. Thus the 
K.K.K,A oP power level of the servo valve is in actuality another design 
fp weet variable in addition to the feedback variables Kp, Kz, Kz, and 
A,P, + Kio bad A,. It is for this reason that analog computer type of trials are 
2 — preferred to graphical type of experimentation. 
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Problems Encountered in the Translation’ of 


Compressor Performance From 


One Gas to Another 


The problem of translating the performance of a con- 
_tinuous-flow compressor from one gas to another has be- 

: come of increasing importance from several viewpoints: 
1 (a) Under certain circumstances it may be possible to test 

_ compressors in a special test medium which extends the 
useful range of test stand to high power or speed ranges. 
(b) It may be desirable to apply a given compressor of 
known performance to the compression of a different gas. 

(c) The fundametnal information that has been accumu- 
lated over the years for air compressors may be useful in 

y improving the performance of compressors for other gases. 
_ For single or small numbers of stages the performance for 
geometrically similar flow at the compressor inlet can be 
translated rather easily from one gas toanother. For large 
numbers of blade rows, however, the translation of the 

_ performance becomes much more difficult. The methods 
used, however, would indicate the changes necessary to 
keep the performance level up when a given compressor is 
applied to some other gas. The experimental methods 
used in testing compressors in a closed loop using Freon-12 

on the test medium are given. The problems of indicating 
the purity of the test gas and maintaining the desired 
operating conditions indicate some of the problems com- 
pressor test stands using special test medium may en- 
counter. It does appear that special test medium for com- 
pressors should be considered asa long-range fundamental 
study rather than a “quick-fix” extension of existing test 


facilities. 
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By M. J. HARTMANN! anv W. W. WILCOX,? CLEVELAND, OHIO 


W = weight flow, lb/see 
W \/0/5 = sea-level equivalent weight flow 
B = flow angle with axis of rotation 
Y ratio of specific heats 
adiabatic efficiency 
= ratio of temperature to standard sea-level tempera- 
ture 
Subscripts Babe 


=, 


design gas . 
ideal or no loss condition = 
test medium 

stagnation condition 

rotor-inlet station 

rotor-outlet station 


relative to rotor 


INTRODUCTION 


In recent years the use of large-capacity continuous-flow com- 
pressors has become widespread in the gas turbine-engine field. 
To obtain accurate aerodynamic performance data over a wide 
range of flow conditions it is desirable to test the compressor as a 
separate component rather than in the engine itself. Moreover, 
in research work it is often necessary to operate at speeds and flow 


conditions not within existing practice. Requirements for some 
- 7 jet engine-compressor components for example run to 40,000 or 
NOMENCLATURE 4 50,000 hp at sea-level inlet conditions. 


Numerous suggestions have been made for means of obtaining 


The following nomenclature is used in the paper: ss the experimental performance in gases other than air. Freon-12, 


= area, sq ft 
velocity of sound, fps 
horsepower 
Mach number 
total pressure, psf 
stream pressure, psf 
= gas constant 
= element rotational speed, fps 
= total temperature, deg R 
= stream temperature, deg R 
= rotor speed 
= stream velocity 
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for example, has been used successfully in wind-tunnel research 

and to a limited extent has been used in compressor testing (1).* 
_ The power requirement in Freon-12 is about 39 per cent of that in 
air and the rotational speed is about 45 per cent of the air value 
for equivalent Mach number. Thus the stress level in Freon 


would be considerably below that for air. Because the ratio of 
specific heats for Freon-12 is about 1.125, some differences from air 
- must be expected and a means of translating Freon-12 results into 


_ air-equivalent performance is necessary. Other combinations of 

gases have been suggested, as in reference (3), which meet this 
objection by duplicating the specific-heat ratio of air. Reference 
(3) indicates that such gas mixtures could reduce power require- 
ments to '/; or '/s of the air requirement. To the best of the 
authors’ knowledge no test has been run in these “exotic” mix- 
tures. Perhaps the less obvious practical difficulties outweigh 
the obvious gains. 

In recent years a great pool of aerodynamic know-how in the 
form of empirical and analytical parameters has been built up 
from compressor tests in air. It would be desirable to apply this 
air-compressor “know-how” to many industrial problems (for 


3 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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example® pumping natural gas, cooling gases, and many indus- 
trial processes). As these principles are applied to compressors 
dealing with less familiar gases it should be possible to improve 
the level of performance of these compressors. Again a means of 
translating test results from one gas to another is required. 

In this paper the methods of translating compressor per- 
formance from gas to gas will be discussed. Some examples are 
given using air as design gas and Freon-12 as the test medium. 
Limitations of the system are discussed. The experimental 
methods and the equipment used in a compressor-test rig using 
Freon-12 as a test medium are given. In addition, the problems 
encountered are discussed as they may affect the practicablity of 
using Freon-12 or other gases as a test medium. 


ComPpRESSOR PERFORMANCE IN Gases DiFreRENT Ratios 
oF Speciric Heat 


This section will deal with the problems of converting com- 
pressor performance from one gas to another in which the ratio of 


specific heats is different. The general approach will be to set 
operational conditions equivalent to obtain geometrically similar 
inlet flow and then to evaluate the changes in over-all flow con- 
ditions and performance. It is assumed that both gases can be 
described with sufficient accuracy by the perfect gas laws. 
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Methods of Setting Equivalent Speed and Weight Flow. Con- 
tinuous-flow compressors such as the axial-flow and the mixed- 
flow compressor rotors, shown in Fig. 1, will be considered in this 
paper. It can be presumed that aerodynamic performance will be 
similar when geometrically similar flow is obtained everywhere 
around the rotor blades and passages. Geometric similarity is 
obtained when the flow angles, Mach numbers, and the physi- 
cal geometry of the compressors are the same. This condition of 
geometric similarity is probably sufficient since for this type of 
compressor the sizes and flow velocities are of sufficient magnitude 
so that the Reynolds number on all bounding surfaces does not 
change from a turbulent to a laminar boundary condition and the 
effects of compressiblity are of major importance. A more com- 
plete discussion of these conditions of similarity is given in ref- 
erence (2). 

To obtain geometrically similar flow at the compressor-rotor 
entrance it is necessary that the inlet relative flow angle and 
Mach number be set equal. Typical entrance Mach-number dia- 
grams are shown in Fig. 2. These will be referred to as equivalent 
entrance Mach-number diagrams (since the flow angles and Mach 
numbers are equivalent). Equivalent entrance diagrams will be 
obtained in different test mediums when the rotational speeds are 
set by Equation [1]. For identification purposes one gas has been 
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-_ referred to as the design gas (dg) and the other as the test medium 
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(All equations are developed in the Appendix.) Thus, when the 
absolute inlet Mach number is known and is the same in both 
gases, the ratio of rotational speeds in the two gases to obtain 
geometrically similar flow at the compressor inlet can be deter- 
ned by Equation [1]. It can be seen readily that if a radial 


~ 


RELATION oF FLtow oF FREON-12 AND AIR 


variation in inlet absolute Mach number exists over the inlet 
annulus (when inlet guide vanes are used, varying inlet Mach 
numbers is a general case), the ratio of rotational speeds for ob- 
taining the matched inlet diagram would be different for various 
elements along the inlet radius. Conversely, with a fixed speed 
ratio, and variable M,, it is impossible to obtain exactly geo- 
metrically similar flow over the entire compressor inlet. The 
error involved may be judged by the variation of the second term 
on the right-hand side of Equation [1] as the absolute value of 
the inlet Mach number varies. 

In Fig. 3 the ratio of rotational speeds for Freon-12 to air 
for various absolute inlet Mach numbers is shown. (Freon-12 in 
this superheated region departs somewhat from a perfect gas but 
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for this comparison an average y = 1.125 was used, reference 3.) 
The ratio of rotational speeds varies from about 0.435 to about 
0.462 over the range given. It can be presumed from this that 
small variations in inlet absolute Mach number along the radius 
(usually My.max — Mi,min < 0.1) would result in only a small 
departure from geometrically similar flow along the compressor- 
inlet radius. 

For the foregoing conditions of equivalent entrance Mach- 
number diagrams, the ratio of equivalent weight flow between the 
two gases can be given as 


2(y-1) 
= dg 


~ *) ( y-1 27-1) 
6 Jas R (1 +— 


Similarly to the ratio of rotational speeds, the ratio of equiva- 
lent weight flows between the two gases is dependent only on the 
gas properties and absolute inlet Mach number. The ratio of 
weight flows is a constant only when M,; is constant over the entire 
radius of the inlet annulus. Equation [2] has been solved over a 
range of inlet absolute Mach numbers for Freon-12 and air and is 
plotted in Fig. 4. The ratio of weight flows varies from about 
1.84 to 1.89 over the range given. Thus, for small gradients of 
inlet Mach number (Mi.max — Mi,min small) the weight-flow ratio 
will be considered as a constant. 

The preceding discussion has dealt with the problem of obtain- 
ing geometrically similar flow at the compressor-rotor entrance for 
a change in the gas being compressed. It has been shown that if 
the absolute Mach number varies over the radius of the inlet an- 
nulus it is not possible to obtain exact geometrically similar flow 
all along the radius of the compressor inlet at a given operating 
condition. For the gradients of inlet Mach number normally 
encountered, however, these departures from geometrically 
similar flow would not be significant. 
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Relative Flow Through the Rotor Passage. The preceding section 
has indicated a method of obtaining geometrically similar fiow 
over the rotor entrance and the necessary departures from simi- 
larity between gases with different ratios of specific heat. We 
may now examine the flow through the rotating passage. Since 
geometric areas remain fixed it will be assumed that the effective 
flow-area ratio of a relative stream tube remains the same for the 
two gases. Such a relative stream tube is sketched in Fig. 5. 
The flow Mach number in the two gases at the discharge from the 
rotor can be related by the continuity equation in the form 


y+1 
l 2(y7-1) tm 
Me, tm’ (: 
2 tm 


2(y-1) 


. 3) 


The relative inlet and outlet Mach number to the stream tube 
are assumed or known for the design gas. The relative inlet 
Mach number in the test medium is assumed equal to that in the 
design gas to obtain geometrical similarity. Without heat trans- 
fer the relative total temperature change can be considered as an 
effect of change in radius over the rotor and is given by 


wr? y —1 ( 
= 


Thus the relative temperature ratio is a function of the geometry 
and inlet conditions of gas properties and can be 
evaluated for both gases being considered. 
However, two effects must be considered in de- 
termining the relative total pressure ratio along 
the stream tube. First, the ideal relative total 
pressure ratio is given by the temperature ratio 


is 
P = (7) ... [5] 


This may be evaluated for both gases. However, 
for flow with losses, the relative total pressure P,’ 
is somewhat less than the ideal relative total pres- 
sure ratio P,ideai’ and may be expressed as 


= ( Ps 4 
Usually the loss in total pressure is given as a 
fractional value of the inlet dynamic head and it is 


probably a reasonable assumption that this loss is 
equal in the two gases. This may be expressed as 


= tm Pi’ — dg 
It will be presumed that this loss in dynamic head 


is known for the design conditions; that is, it may 
have been acvemed | in the design or may have 
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CONDITIONS 2 The second point of interest here is 

Bo the fact that if an arbitrary but equal loss 
is applied in Freon and in air the efficiency 

Bon f Bar in Freon is somewhat higher than in air. 

Mo at M5 e 3 The ratio of power required in Freon 

. ‘ to that of air is about 0.377 to 0.399. 

4 If additional blade rows are used 
such as stators or additional stages it is 
important to know the change in absolute 
flow Mach number and absolute flow angle 
between the two gases. In general the 
absolute discharge Mach number from 
these arbitrary vector diagrams is slightly 
lower in Freon than in air. Again in the 

wrp/a latter two cases a sizable difference in 

ged! Mach number does exist. The discharge 
absolute flow angle is somewhat larger for 

Freon than for air. Whereas this amounts 

to only 1.54 deg at the greatest point it 

DESIGN GAS TEST MEDIUM should be pointed out that such a change 
Fic. 6 Discnarce Frow Diagrams in DesicGn Gas anp Test Mepium ~ in flow angle to following blade rows may 
cause a sizable change in flow conditions, 

been obtained from a design adiabatic efficiency or experimen- especially if it is compounded through several stages. 
tal data. Then the foregoing expression can be used to obtain 5 The ratio of weight flows and rotational speed are tabulated 
the actual relative total pressure (P2’)tm test medium, since this in this table. The weight-flow ratios range from 1.87 to 1.89 and 

is the only unknown. Thus all necessary values can be obtained _ the rotational-speed ratios range from 0.445 to 0.46. 

_ to evaluate the right-hand side of Equation [3]. The relative These five arbitrary vector diagrams serve to illustrate the 
_ discharge Mach number oa then be determined. In this case variations in computed performance between Freon and air ob- 
” (M2 Jem was determined by plotting values of the left-hand side t.ined when geometrically similar flow at the rotor entrance is set 
of the equation for- the desired — of Mach numbers. and constant area ratios are assumed over the rotating channel. 

* By working from absolute to relative inlet conditions and from — The methods outlined do indicate that there would be some dif- 

- to outlet relative conditions the relative temperature and ferences in performance between Freon and air. The following 

pressure and Mach number at the discharge can be determined. — gection will consider the problems encountered when these 

| he relative discharge Mach number can be converted to & methods are applied to an actual compressor rotor and will com- 

_ velocity by obtaining the velocity of sound from the relative dis- pare a few test results obtained in Freon to those obtained in 
charge temperature. Now presuming that the relative discharge 

flow angle is the same for both gases and is known, the dis- Application of Transformation Methods to a Compressor Rotor. 

charge-vector diagram shown in Fig. 6 can be obtained. The The methods of transl: iting for the single stream tube, the com- 

_ rotor-performance values (absolute total pressure ratio and total pressor performance outlined in the preceding section can be ap- 

_ temperature ratio) and efficiency can be determined in the test plied to a rotor passage. Approximate translation could be made 
medium. Thus a method of translating the compressor per- of the over-all performance by using a mass-average inlet and 
formance along a stream tube from one gas to another has been outlet. vector diagram. In this case the relative stream-tube 

outlined. changes would be taken as an average of the changes over the 

Relation of Analytical Performance and Flow Variables. To ob- 

tain a feel for the change in performance from one gas to another TABLE 1 ANALYTICAL RELATION OF COMPRE SSOR ROTOR 
- Table 1 was prepared to illustrate the relative conditions for a PERFORMANCE IN FREON AND AIR 

series of five arbitrary vector diagrams in Freon-12 and in air. 

In all cases the absolute inflow direction is axial. The first three 

- eolumns of this table are for a relative inlet angle of 45 deg and 

relative discharge flow angle of 35 deg (all angles measured from Y 

the axis of rotation) and the inlet and discharge axial velocities pots 

are set equal. The rotational speeds are, respectively,800,900,and 
1000 fps in air. Columns 4 and 5 are for vector diagrams of 60 
deg relative inlet flow angle and 0 deg relative outlet flow angle [ DESIGNATION 3 “symeo.s. | casei 
and for rotational speeds of 1100 and 1300 fps. The change in  [assumen ROTATIONAL SPEED IN AIR, RPM |lu//B ain 800 | 900 |1000 
relative stream conditions over the second two rotors would be 
rather large. The five vector diagrams thus computed can be con- a ut BO 

sidered as covering a very wide range of conditions. The follow- [ratio oF EFFiciencies a 1.01 

_ing important observations can be made from this table: 


CASE I! 


HP, 
RATIO OF HORSEPOWERS FREON 
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1.06 
399 
‘The ideal total pressure ratio is shown as the ratio of total [Guano w DISCHARGE WACH NUMBER 
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_ pressure ratio of Freon-12 over that for air. In the three vector [CHANGE iN DISCHARGE FLOW ANGLE Bo,rreon ~A2,ain| - 


diagrams of case I this ratio is slightly less than I. In case IT slicpiaeiidial tildes (W/6/8)ppeon 


where the change in relative stream conditions is rather large the 
effect of changing gases on total pressure ratio is somewhat — gario of RoTATIONAL SPEEDS 
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(B) SERIES OF STREAM TUBES WHICH 
TOGETHER FORM THE TOTAL PASSAGE 


1000 1200 1400 


COMPRESSOR TIP ROTATIONAL SPEED, FT/SEC 


16.8 Supersonic-COMPRESSOR PERFORMANCE IN AIR AND FrREON-12 From REFERENCES (1, 4) 


total rotor passage as shown in Fig. 7(A). If the distribution of 
discharge angle and Mach number over the discharge annulus 
must be known with some precision (especially if the rotor-dis- 
charge annulus is of considerable height), it may be desirable to 
make a more extensive analysis of the discharge-flow conditions. 
It would be necessary under these circumstances to divide the 
rotor passage into a number of stream tubes and compute the 
changes along each of these stream tubes as illustrated in Fig. 7(B). 
Thus the means of translation may vary slightly from one case to 
another depending on the requirements. 

The following discussion will consider some comparisons of 
rotor performance in Freon and in air for which the inlet condi- 
tions are set to give approximate geometric similarity. The data 
for references (1) and (4) are for two rotors of different sizes but of 
the same geometric design. (Area ratio and angles were main- 
tained equal.) The rotor of reference (1) was 16 in. diam and run 
in Freon, whereas reference (4) was 24 in. diam and was run in 
air. A few comparisons of peak total pressure ratio and adiabatic 
efficiency are indicated in Fig. 8. Over the range of speed given 
the total pressure ratio in Freon ranges from about 93 to a little 


over 95 per cent of that obtained in air, and the efficiency is be- 
tween 2 and 4 percentage points higher in Freon than in air. 
These differences in performance between Freon and air are of the 
order indicated by the arbitrary vector diagrams used in the pre- 
ceding section. 

Another comparison was obtained from unpublished data where 
a few data points were obtained in Freon and in air. One data 
point at which matching inlet conditions were nearly established 
is given in Fig. 9. The relative Mach number in the two gases 
and the over-all performance are tabulated above the figure. 
The rotor-inlet relative Mach number in air was 0.02 less than 
Freon, thus there is a slight departure from matching the inlet 
Mach-number condition. The ratio of mass-averaged over-all 
total pressure ratio obtained in Freon was about 0.99 of that ob- 
tained in air and the adiabatic efficiencies were equal in Freon and 
in air, Of special interest in this figure is a variation of pressure 
ratio, Mach number, absolute discharge, and absolute discharge 
angle across the discharge, passage. At the hub the total pressure 
ratio was slightly lower in Freon than in air, whereas at the tip the 


total pressure ratios are equal. The absolute discharge Mach 
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Fie. 10 Compressor PeRvORMANCE Map 


number indicated is slightly higher for Freon than in air. This is 
contrary to the arbitrary vector diagrams shown in the previous 
section. However, the difference is small and may be in the order 
of inlet mismatching between the Freon and air data points. 
The absolute discharge flow angle seems to be about 4 to 5 deg 
higher in Freon than in air. This is the direction of change indi- 
cated by the arbitrary vector diagrams; however, the change is 
somewhat larger than that which may have been expected. Here 
again the slight mismatching between Freon and air at these par- 
ticular points may have caused a portion of the larger difference 
in discharge flow angle. 

It has been indicated by the arbitrary vectors and the few bits 


+ DAF. 


APPROXIMATE CONVERSION FROM Arr TO FREON-12 


of data available that, if geometrically similar flow was set, the 
pressure ratio and adiabatic efficiency for a single-blade row are 
nearly the same for Freon and air. Thus, if the performance map 
of a compressor is available as shown in Fig. 9 for one gas, the 
performance may be estimated in another gas if the equivalent 
weight flow and rotational speed are changed to the required 
values. To make these changes it is only necessary to know the 
gas properties and the approximate absolute inlet Mach number. 
The performance map may then be considered as an approximate 
map in the other gas since the total pressure ratio and adiabatic 
efficiency would be essentially unchanged. This could be verified 
by a few conversions at specific points as outlined in the preceding 
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sections. It should be pointed out 
that the arbitrary vector diagrams 
used and the experimental perform- 
ances given were all for a condi- 
tion of little or no radius change 
over the rotor (r/rz = 1.0). In 
the case of large changes in radius 
such a simple translation of com- 
pressor performance probably would 
have to consider this effect on tem- 
perature and pressure rise. 

An entirely different condition 
exists, however, in the case of a 
multistage compressor. Geometri- 
cally similar flow could be set up 
in the first stage. However, the 
succeeding stages would then be 
operating away from their design 
point; that is, the Mach number 
and flow angle would be changed 
from their design. Thus the 
change of gas for this type of 
eompressor becomes very compli- 
cated and requires additional in- 
formation. .It would be necessary 


SUCTION LINE 


PRESSURE SENSITIVE 


ENTRANCE 


FREON ANALYZER / 
to have available data or the neces- i* 2 / 


sary assumptions for the slightly i 
different flow angles and Mach 

numbers. This deviation in flow 

conditions may not become serious for several stages and thus 
the methods used may be useful. Also after passing through 
several blade rows to obtain good performance it may be neces- 
sary to set the blades at new angles to account for these changes 
in flow conditions. The method used here would be useful to 
determine the desirable changes. In such cases it would be nec- 
essary to consider the detail flow changes over stationary blade 
rows as well as the rotors. These changes in flow conditions can 
be handled by the same method used in this paper. 
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Tue Use or SpectaL Test MEpIUM FOR COMPRESSORS 


The approximate nature of the transformation of compressor 
performance for gases of different specific-heat ratios has been in- 
dicated. This would imply that such a gas as a test medium would 
find application only under certain conditions. The following 
are examples in which it may be desirable to use such a test 
medium: 


1 Extremely high equivalent effective rotative speeds may be 
obtained at relatively low mechanical speeds. Thus the aerody- 
namic problems at these speeds can be studied independently of 
the mechanical problems and thus evaluate the possible gains 
available. 

2 If model manufacturing cost or time is greatly reduced be- 
cause of the reduced stress level at the lower rotative speeds, the 
research program may be facilitated in this manner. 

3 Testing in such a medium should probably be limited to a 
small number of stages since in general the problem of matching 
flow angles and velocities into additional blade rows will become 
serious as the number of stages is increased. 

4 It would seem that testing in a medium with a change in 
ratio of specific heats should be limited to investigating opera- 
tional principles since the approximate nature of the results would 
not lend itself to obtaining design control data. As design 
methods are improved and reduced to basic flow parameters this 
limitation may be partially removed. 

5 A long-range research program in which the models are de- 
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signed for the test medium could obtain considerable design data 
at relatively small investment in power and test equipment. The 
data must then be reduced to basic flow parameters to be useful 
in the design of compressors for the required gas. This would be 
a possible advantage in a very long-range program. Such a pro- 
gram would require development and the construction of special 
test models. This is the type of program suggested in reference 
(4). 

Jsing gas mixtures which give a specific-heat ratio equivalent 
to that of the design gas as a test medium would avoid some of 
the aerodynamic translation of performance values. In such a 
test medium the rotational speeds are related by the functions of 
the gas constant R; however, there is a great reduction in power 
requirements as indicated in reference (3). The proper mixture 
of gases must be supplied to a closed test loop and closely con- 
trolled to maintain this mixture. It is thought that some of the 
mixture and control problems may be indicated by a discussion 
of the experimental problems that were encountered in testing 
Freon-12 and will be given in the following section. 


EXPERIMENTAL PROBLEMS 


A schematic diagram of the test rig using Freon-12 as a test 
medium for a compressor investigation is shown in Fig. 11. The 
test loop is closed. The test medium flows from the entrance tank 
through the compressor rotor and test section, the collector, the 
coolers, and back to the entrance tank. One throttle valve was 
used at the discharge of the test section. The back pressure on 
the compressor rotor is set by this throttle valve. The design is 
such that a minimum volume of high-pressure test medium is 
maintained between the compressor rotor and the throttle valve 
(thus the quantity of Freon in the test loop is kept small). The 
remainder of the test loop was maintained near atmospheric pres- 
sure. The pressure level in the entrance tank was maintained 
near atmospheric pressure by the quantity of gas in the test loop. 
In spite of the fact that the seals around the shaft were reasonably 


one and the usual pipe flanges were used with gaskets and ex- 
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both in and out of the test loop always occurred. Since there isa 
vast number of instruments and joints in such a test rig, it is ob- 


- - vious that in a test rig of this size (16-in-diam test section) special 


sealing methods must be considered to keep the leakage small. 


To operate the test loop at 97 per cent (by weight) pure Freon 
it was necessary to use a purification cycle. Gas mixture was 
drawn off to the Freon compressor after which it was condensed 
and the noncondensables (mostly entrained air and vapors) were 
dumped to the atmosphere. Freon liquid was supplied to the test 
loop. The purification cycle also was used to control the quantity 
of fluid in the test loop in the following manner: (i) An expansion- 


type valve was set to expand the incoming liquid to a gas; (ii) an 


automatic throttling valve, sensitive to the inlet-tank pressure, 


7 controled the quantity of fluid being taken out of the test rig into 


the purification cycle. The expansion valve could be adjusted to 


= the flow quantity within the control range of the valve in the 


ore by the flow of water to the coolers. 


suction line. 
Temperature level in the entrance tank was controlled auto- 
k Very good control 
of the test-loop conditions was possible with this automatic sys- 


tem. It should be pointed out that with this system the quantity 
_ of gas in the test loop must be changed for each test point. The 
; ‘watetion was kept as small as possible by the small volume of 


high-pressure gases between the compressor rotor and the throttle 
_ valve. This system responded to these changes very rapidly and 


_ no undue delay in setting test points was involved. 


Freon purity was measured continuously and indicated on a 


_ chart recorder which was calibrated to read percentage of Freon. 


A sampling line in the entrance tank carried a small quantity of 
test gas to the analyzer, which compared the electrical conduc- 


tivity of this gas with that of pure Freon. This analyzer was very 


sensitive and showed considerable advantage over other devices 

inuse. The use of this device greatly facilitated the tests. 

One other problem that was encountered seems important. A 
certain amount of oil leakage into the test gas is inevitable. Ina 
closed test loop this contamination may build up until it cannot be 
tolerated. In the test rig described, the trouble occurred in the 

_ purification circuit. The oil vapor carried to the Freon system 
formed a wax at the condensation temperature of Freon-12. In 
this case a refrigeration-system oil was substituted in the test rig. 
The oil vapor thus removed in the purification cycle was sufficient 
to keep the test loop reasonably clear of oil. 

From these experimental problems some implications can be 
drawn concerning the problems of testing with gases other than 
air which have been blended to obtain special values of specific- 
heat ratios. It seems apparent that a purification system is 
necessary to charge the system and maintain the necessary con- 
centration and control as well as salvaging the gas mixtures at the 
end of a test run. The present concept of a purification cycle is 
to separate the gases and remix them in their proper proportions. 
Some gases may be considerably more difficult to separate than 
the Freon from the leakage air encountered in this test loop. 
It is necessary to know with considerable accuracy that the gas 
in the test loop is of the proper mixture. Thus a good method of 
analyzing these gas mixtures must be worked out. It would seem 
that chemical-absorption or density-balance methods are too 
time consuming and tedious. It should not be necessary to 
operate a compressor test facility for extended periods while the 
test gas is analyzed and corrected. Thus there are some problems 
involved which indicate that testing in such gas mixtures would 
require considerable development, time, and money. It does 
appear that the use of special gas mixtures for testing compres- 
sors, under certain circumstances, may be economical over a very 
long period. It certainly cannot be considered as a quick fix for 
extending test facilities. 


CONCLUSION 


The following concluding remarks can be made concerning the 
translation of compressor performance from one gas to another 
and the use of special test mediums for obtaining compressor per- 
formance: 


1 The methods of translating compressor performance from 
one gas to another are rather long and cumbersome. However, 
if approximate results are desired, they can be handled quite 
simply. 

2 As the number of blade rows increases, the translation of 
compressor performance becomes much more difficult because 
geometrically similar flow cannot be set at all points. 

3 Fundamental data obtained in Freon or other test mediums 
may be useful in designing compressors for air. However, the 
substitution of these test mediums to extend the range of a test 
facility may introduce additional problems. 

4 Gas mixtures with a specific-heat ratio equivalent to the de- 
sign gas may be used as the test medium and would avoid the 
problem of translating the compressor performance. 
mechanical problems involved in a test stand using such a test 
gas and the problems involved in obtaining the gas mixture and 
maintaining it would probably tend to decrease the usefulness of 
such a test medium, 
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Appendix 


AND MeEtTHops NECESSARY FOR TRANSLATION OF 
CoMPRESSOR PERFORMANCE 


The prediction of compressor performance in some gas other 
than the design gas depends on matching certain conditions be- 
tween the two gases. Quite obviously geometrically similar flow 
at the blade-entrance section should be matched as closely as 
possible and the variations in flow through the rotor passage 
computed. Geometrically similar flow at the blade-row entrance 
would require that the relative flow Mach number and angle be 
the same in the two gases (as illustrated in Fig. 2). 

The first point to be determined is the rotational speed at which 
the inlet equivalent Mach diagrams are obtained. The relative 
Mach number and flow angle must be the same and thus © 


(“") (“") 
a; de 7 a, / 
(ai )um (4 = 


(a 
ao / de 


which when considered as a perfect gas 


(wr: jum 


(wn, Jae 


? 
— 
| 


1 

( | : 2 
VaghagT ae = 


1 
M 


(wr 


1 
M, 
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Since the equivalent inlet Mach diagrams are assumed we can 
now determine the relation between the gas flow rates of the two 
gases by writing 
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Having set operating conditions to obtain equivalent flow at 
the inlet, the flow through the rotor must be considered. The 
continuity equation can be written for the rotating stream tube 
shown in Fig. 5 for a given gas 


Pr 'M, ‘ay 'A 1 ‘= Ae’ 


(Since stream conditions are equivalent in the relative and abso- 
lute reference frames the primes can be dropped from a and p but 
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then substituting for ao’, po’, the perfect gas law and the isentropic 
relation for the ratios of velocities of sound and density as a 
function of Mach number 


Now if we write this for the two gases, presuming that we 
have set (M,’)im = (My’)ag, and that the effective flow areas are 
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Now collecting the unknown terms including relative discharge 
Mach number in the test medium 
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Thus the terms on the right-hand side of the equation are known 
from the design gas and the conditions set in the test medium ex- 
cept for the ratios of relative total temperatures and pressures. 
Without heat transfer the relative total temperature ratio can be 
obtained from the known inlet and outlet radius, rotational speed, 
and gas properties, as indicated in the following equation 


2 
T'/T;' = 1 ( 
4,1 
and an ideal relative total pressure ratio 


(P2'/P Jiaeat = (a) 


A loss in total pressure ratio must be considered 


P.’ 
= 


If the loss in total pressure is considered as a fractional value 
of the inlet dynamic pressure and assumed equal for the two cases 


pr’ tm pi’ dg 


The total pressure loss may be assigned in this manner to a de- 
sign or it may be determined from test data in one of the gases. 
Sufficient information is then available to determine the relative 
discharge Mach number in the test medium. 

Since the relative discharge Mach number and total tempera- 
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ture are known the relative stream velocity of sound can be de- 
termined (also being equal to the absolute stream velocity of 
sound). Thus the discharge relative velocity is known and, as- 
suming that the relative flow angle is the same in the two gases, 
these can be combined with the discharge rotational speed to com- 
pute the absolute discharge vector diagram. 

The following determination of performance 
possible in either gas. The total pressure ratio could be obtained 
by a series of pressure ratios for the required Mach numbers and 


values is then 


the loss and relative total pressure changes as shown in the follow- 
ing 

P, 


x 
P,! Pr, ideat’ 
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where the relative and absolute stream pressures are equal at inlet 


and outlet and for temperature ratio 


In the foregoing equations all ratios of pressure and tempersa- 
ture are determined as a function of the Mach number or other- 
- wise previously determined. The efficiency thus ob- 
tained in both gases can be determined 


adiabatic 


— 


a 


at geometrically 


and the ratio of power requirement to operate 
similar flow conditions can be determined from 


Discussion 
>. 


J.T. Hamrick.‘ The authors are to be congratulated on the 
presentation of an excellent paper. It points up many of the 
problems of using simulated gases and should serve as a stimulus 
to manufacturers now faced with the problem of testing with 
simulated gases, and also to users faced with the problem of pump- 
ing gases which vary in ratio of specific heats over a period of 
time. For such cases, extreme care should be used in the aero- 
dynamic design of the compressor, and especially the impeller, in 
order to assure as wide a range of operation as possible. 
umple, where surge is caused by an unstable eddy on the driving 
face of a centrifugal impeller (see Fig. 2 of paper by Hamrick and 
Beede’), a change in the gas properties may result in a significant 
shift in the compressor range. This effect was noted® with the 
injection of water into the compressor inlet. Injection of water 

did not significantly change the inlet conditions in the impeller, 
but the greater compression within the impeller with the injection 


For ex- 


_ of water led to a lower volume flow rate through the latter part of 


the impeller passage and the occurrence of the unstable eddy at a 
higher weight flow than previously. This trouble was corrected 
by the addition of splitter vanes to reduce the aerodynamic load- 
ing and eliminate the eddy. ven after this correction, the 
surge line moved to a higher weight flow than previously because 
_of the change of flow angle into the diffuser vanes, but the shift in 
this ease could be tolerated. 
For multistage compressors, 


variation in the gas properties 


could result in rotating stall in the latter stages, a phenomenon 


which has led to embarrassing blade failures in jet engines. In 
fact, variation in the specific-heat ratio of the test gas might be 


her. | oan excellent method of inducing rotating stall in a multistage 
ors for research studies or it could be used by the manu- 


facturer to indicate the proximity of a rotating-stall condition in 


a compressor. 


= of boundary-layer effects in a compressor. 


\ further use of the variation in the specific-heat ratio is the 
For ex- 
an axial-flow or centrifugal compressor, a 


imple, if in either 


variation in specifie-heat ratio resulted in a maximum efficiency 
at a ratio other than the design specific-heat ratio, then an im- 


<_ proper allowance for boundary layer has been made. 


The performance values and flow condition in the two gases can 


be compared. 


4 Engineering Specialist, Thompson Products Inc., Cleveland, Ohio. 
5 “Some Investigation With Wet Compression,” by J. T. Hamrick 
and W. L. Beede, Trans. ASME, vol. 75, 1953, pp. 409-420. 
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Heat-Transfer Rates to Crossflowing 
Mercury in a Staggered Tube Bank—I 


By R. J. HOE,? D. DROPKIN,?® ano O. E. DWYER‘ 


An experimental heat-transfer program has been under 
way for some time at the Brookhaven National Laboratory, 
_ the general purpose of which is to obtain and correlate 
heat-transfer coefficients for liquid metals flowing outside 
4 
_of tube banks. This paper covers one phase of the program; 
_ive., the measurement of heat-transfer coefficients for 
mercury flowing normal to a staggered tube bank. The 
‘ factors studied were (a) linear velocity, (6) tube location in 
é@e bank, (c) circumferential variation of the local co- 
for a single tube, (d) type of contact, i.e., “‘wet- 
_ ting’ versus “‘nonwetting,” and (¢) pressure drop. 


NOMENCLATURE 


» following nomenclature is used in the paper: 


= heat-transfer area per tube, sq ft : 


= cross-sectional area for flow, sq ft 
= heat-transfer area, sq ft 
= aconstant = 3.413/E/k, (inside surface area of tube) 
= specific heat of fluid evaluated at average bulk tempera- 
ture, Btu/lb-deg F 
specific heat of fluid evaluated at average film tempera- 
ture, Btu/Ib-deg F 
outside diameter of tube, ft 
equivalent diameter = 4 (free volume)/(surface area of 
tubes), ft 
voltage drop in heating element corresponding to area A 
friction factor, dimensionless, defined by Equation [14] 
conversion factor, 4.17 X 108 (lb mass) (ft)/(hr)* (Ib 
force) 
local heat-transfer coefficient, Btu/hr-sq ft-deg F 
average heat-transfer coefficient for a given tube, 
Btu/hr-sq ft-deg F 
electric current, amp 
thermal conductivity of fluid evaluated at average bulk 
temperature, Btu/hr-ft-deg F 
thermal conductivity of copper, Btu/hr-ft deg F 
thermal conductivity of fluid evaluated at average film 
temperature, Btu/hr-ft deg F Le 
number of rows of tubes across which fluid flows 
Prandtl number, C,,u,/k, 
Reynolds number, D,V maxp;/M,; 


1This paper is based upon a research project conducted at the 

Brookhaven National Laboratory by R. J. Hoe for the PhD degree 
_ from Cornell University. The work was sponsored by the U. 8S. 
_ Atomic Energy Commission. 

2? Engineer, Knolls Atomic Power Laboratory, General Electric 
Company, Schenectady, N. Y. 

3 Associate Professor of Mechanical Engineering, Department of 

_ Thermal Engineering, Cornell University, Ithaca, N. Y. 

4 Head, Chemical Engineering Division, Nuclear Engineering De- 
partment, Brookhaven National Laboratory, Upton, N. Y. 

Contributed by the Heat Transfer Division and presented at the 
Semi-Annual Meeting, Cleveland, Ohio, June 17-21, 1956, of Tue 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, March 1, 

1956. Paper No. 56—SA-28. 


Ap pressure drop, psf 
P tube pitch, distance between centers, ft 
= 3.413 JE = rate of heat transfer from whole tube, 
Btu/hr 
= radius of tube, ft 
inside radius of tube, ft 
= outside radius of tube, ft 
bulk temperature of fluid, deg F 
= local outside wall temperature of tube, deg F 
tube-wall temperature at radius r, deg F 
shell-side velocity of fluid flowing parallel to tubes, fph 
geometric mean of the velocity across tubes and that 
around baffles, fph 
shell-side velocity of fluid across tube bank and based 
on minimum flow area, fph 
= density of fluid, pef 
= absolute viscosity of fluid evaluated at average bulk 
temperature, lb/(hr)(ft) 
absolute viscosity of fluid evaluated at average film 
temperature, Ib/(hr)(ft) 
angle from forward stagnation point, deg 


INTRODUCTION jax. 

The use of liquid metals as heat-transfer media for nuclear reac- 
tors has received considerable attention in recent years. Liquid 
metals have the following important advantages over other types 
of coolants: High reactor temperatures are possible at low pres- 
sures, excellent heat-transfer characteristics, and absence of 
radiation damage. At the present time, there are several reac- 
tor types (either operating, under construction, or in the design 
stage) which involve the use of liquid metals—both alkali and 
heavy. 

The theory and practice of liquid-metal heat transfer are not as 
yet on such firm bases as those for conventional fluids, and con- 
sequently heat-exchange equipment cannot be designed with the 
desired degree of precision. A considerable amount of liquid- 
metal heat-transfer research has been carried out in recent years; 
but nearly all of it has been confined to flow inside tubes. How- 
ever, crossflow information is also necessary for the design of cer- 
tain types of heat-exchanger equipment, particularly shell-and- 
tube heat exchangers. 

The present investigation was undertaken for the purpose of 
measuring crossflow heat-transfer coefficients for mercury flowing 
normal to a staggered tube bank. It was assumed that data ob- 
tained on mercury would be applicable to the other heavy metals, 
owing to the fact that they are all quite similar in so far as their 
thermal and physical properties are concerned. For experimental 
work, mercury has the great advantage over the other heavy 
metals and their alloys, of being liquid at room temperature. 
This greatly simplified research equipment and experimental 
methods. 

The experimental conditions and scope of the present investiga- 
tion are summarized briefly in Table 1. Owing to the fact that the 
bulk temperature of the mercury could not be varied appreciably 
in the present study, Prandtl number was not studied as an inde- 
pendent variable. 
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TABLE 1 EXPERIMENTAL CONDITIONS AND SCOPE OF IN- 
VE 


ESTIGATION j 
0.500 


Length of tubes, vertical, in 7.0 (approx) fm 
Tube spacing. : Equilateral triangle 
Tube pitch, in. 11/16 

7 tubes wide X 10 tubes deep 


100 (approx) 


Tube size, OD, in 


Bulk mercury temperature, deg F 

Maximum temperature rise of ~~ tad in 
passing through tube bank, deg 

Prandtl number 

Reynolds number range 

Linear-velocity range, Vmax, fps.......... 


1/2 (approx) 
0.022 


15,000 to 83,000 


0.42 to 2.25 


REVIEW 


The mechanism of heat transfer in a turbulently flowing liquid- 
metal stream is quite different from that in a nonmetallic fluid. 
The principal difference is due to the great disparity in the 
thermal conductivities of the two types of fluids. Whereas in the 
case of ordinary fluids, the majority of the heat is transferred to 
the turbulent stream by eddy conductivity, in the case of liquid 
metals it is by molecular and ionic conductivity. For this reason, 
the relationships which have been developed for nonmetals will 
not apply to liquid metals. 

Little progress has been made in determining crossflow co- 
efficients for tube banks by theoretical analysis, owing to the com- 
plexity of the flow patterns. However, in the case of ordinary 
fluids, considerable success has been achieved with the use of di- 
mensional analysis. 

Prior to this study, to the authors’ knowledge no heat-transfer 
data had been obtained on a liquid metal flowing normal to a tube 
bank. The two closest systems, on which results*have been re- 
ported are (a) an unbaffled shell-and-tube heat exchanger with 
NaK on the shell side, and (6) a half-moon-baffled shell-and-tube 
heat exchanger also with NaK on the shell side. In the first case, 
Brooks and Rosenblatt (1)° correlated shell-side coefficients by 

the equation j F 


} pc 
(Ae 
k k he 


with a mean deviation of +15 per cent for the data; and in the 
second case, Tidball (2) correlated shell-side coefficients by Dono- 
hue’s (3) equation, the corresponding average deviation being 
+25 per cent. Donohue’s equation is 


hD (C 
k k 


and was derived from data on water and oil flowing in baffled shell- 
and-tube heat exchangers. Brooks and Rosenblatt, Tidball, and 
Donohue all measured over-all heat-transfer coefficients and sub- 
tracted the resistances of the tube wall and tube-side fluid from 
the measured over-all resistances to calculate the shell-side co- 
efficients. 


THEORETICAL CONSIDERATIONS 


The local heat-transfer coefficient h is defined by the equation 


If it is assumed that circumferential heat flow is relatively small, 
Iquation [3] can be written 


5 Numbers in parentheses refer to the Bibliography at the end of the 


‘paper. 
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The average coefficient A for a given tube ¢ an be de fined i in two” 
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ways: By the equation 


A= 


and by the equation 


tion Sal. 
Combining Equations [3a] and [4] we get 


360 
f, [q/A(t, 
h= — 


& 
he: 360 


t,)| dé 


Now, comparing Equations [5] and [6], it is seen that (¢,— ¢,) is 
being averaged in the former, while 1/(t,, — 4,) is being averaged 
in the latter; otherwise, the two equations are the same. The 
values of h from these two equations will differ depending upon 
the variation of t,, with 0; the greater the variation the greater the 
difference. In the present study, the variation of t, with @ was 
such that it is estimated that h by Equation [6] is, in general, 
about 15 to 20 per cent above h by Equation [5]. In this paper, 
values of h were calculated by means of Equation [6]. 
The method of calculating local coefficients from the experi- | 
mental data when circumferential heat flow is taken into account a 
is outlined in the following: a 
For steady state and no heat transfer along the axis of the tube, _ 
the partial differential equation in cylindrical co-ordinates for 
two-dimensional heat flow is : 


1 
r? 
Assumed boundary conditions are 
oT 
or 
| 


T (ro,0) = + a,, cos nO 


n=1 


Integration of Equation [7] yields 


o 
Tr,0) = Ao + Bolnr + (Agr™ + cos n8...(8] 
l 


n 


Using the boundary conditions to determine the coefficients and Af 
constants, Equation [8] becomes 


r = nf + 
T'(r,0) = a + Cr; In — + a, ) cos 
r r 


2 2n 
bad n=1 


(9] 


Differentiating Equation [9] with respect to r and aenatiating bs 
r, for r, we get 


Cr 


n=l 


and finally, at a particular value of @ 


| 
360q 
a= 360 .. [5] 
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I-quation [il] gives the true local heat-transfer rate, as it takes 


into account both radial and circumferential heat flow through 


the tube wall. 


I-XPERIMENTAL EQUIPMENT 


The experimental equipment used in the present investigation — 


consisted of a liquid-metal circulation loop with the following 
major components: 


Pipe schedule-80 alloy-steel pipe (5 per cent 
Cr, '/s per cent Mo) connections are flanged with tapered-insert 
steel gaskets. 

2 Pump—canned motor molten metal pump— 
centrifugal 15 hp 220 volt a-e. 

3. Test seection—steel vessel with stainless-steel insert consist- 
ing of straightening tubes of type 304 SS 1 in. X 8 in. long; a 
calming section; and the tube bundle in a rectangular lattice. 

4 Cooling section—double-pipe heat exchanger consisting of 
2'/.-in. schedule-40 steel pipe 5 ft long over a section of the pri- 
mary loop. Site cooling water was used as coolant. 

5 Motor generator set—7'/2 hp 440 volt a-c motor with 5-kw, 
This set is used to supply direct current 


direct-drive 


240-volt d-c generator. 
to the heating element. 
A flow diagram of the loop is shown in Fig. 1. The tube bank, 


Fig. 2, consisted of 70 tubes, '/s-in. OD with an active length of 7 
in. The lattice was an equilateral triangular arrangement, seven 
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rows wide by ten rows deep, with a pitch or distance between. 
centers of !!/;¢in. Twelve of the tubes were available for test, as 
indicated in Fig. 2, while the remainder, made of '/2-in. type 347 _ 
stainless steel, were dummies. 

The test elements consisted of '/:-in-OD, type K copper tubes, — 
0.049 in. thick and 10'/2 in. long. Most of the elements were — 
chrome-plated on the outside wall with a 0.0005-in. chrome plate — 
to prevent amalgamation of the mercury and the copper. How- _ 
ever, some elements were left bare so that the effect of “wetting” - 
could be determined. The tubes were sealed in the lattice by 
means of packing glands with Teflon gaskets and packing nuts. 
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The surface temperature of the tube was measured by means of 
thermocouples imbedded in the walls. The method of making 
these thermocouple tubes was as follows: First, a fine slit 6'/2 in. 
long X 0.006 in. wide X 0.015 in. deep was milled in the outside 
wall of the tube. Into this slit was placed a no. 36 or no. 40 gage 
constantan thermocouple wire which had been specially coated 
with “Formvar’’ insulation. A bare copper wire of a diameter 
slightly larger than the slot width was then forced into the slot. 
An ohmmeter was attached to the constantan wire and the tube to 
detect a break in the insulation while the copper was being worked 
into the slot. If a break occurred, the wire was replaced. When 
the copper was properly wedged into the slot, it was then worked 
into the surface at the point where the constantan wire came out 
of the slot. This process stripped the insulation off the constantan 
wire and caused a metallic bond between the copper wire, the 
constantan wire, and the tube wall immediately at the surface. 
A thermocouple junction was thereby formed near the tube-wall 
surface at the middle of the tube section exposed to the crossflow 
of mercury. In all, nine thermocouples, 40 deg apart, were placed 
around the circumference of the tube. The fine slots used for the 
thermocouple would have very little effect upon the heat-flux 
pattern and an accurate determination of the surface temperature 
could be obtained. The tube was then polished and chrome- 
plated or, in a few cases, left unplated. 

The temperatures were measured and recorded on high-speed 
recorders so that fluctuations in the temperatures could be ob- 
served readily. All thermocouples and recorders were calibrated. 

The heat source consisted of an electrical heater inserted inside 
the test element, electrical energy being supplied from the 5-kw, 
240-volt, d-c generator. Because of the high heat flux required 
and the small space available, special heaters had to be developed. 
These heaters consisted of corrugated molybdenum wire wound 


evenly on a 6-mm-diam capillary Vycor tube. An outer tube of 9- 
mm OD and 7-mm ID was then slipped over the assembly, heated, 


and collapsed under vacuum. It was found necessary to flush the 
assembly with an inert gas several times before sealing, to pre- 
vent oxidation of the molybdenum wire at the high temperatures. 
Platinum wires were welded to the molybdenum before sealing in 
the quartz. Nickel wire was then used for the leads. To further 
insure against oxidation, helium was supplied as a cover gas to the 
heater during operation. The electrical heater was fitted inside 
the test element with mercury added to the annulus to give good 
thermal contact. A diagram of the assembly of the test element 
is shown in Fig. 3. 

The bulk temperature of the mercury was measured with cop- 
per-constantan thermocouples which were located upstream and 
downstream from the lattice and connected to recorders. The 
mercury flow rate was determined by means of a calibrated flow 
nozzle and differential pressure gages 

The power input to the heater was determined by means of a 
calibrated voltmeter and ammeter. The pressure drop across the 
tube bank was measured with precision differential-pressure gages. 
In measuring pressures, the mercury levels were controlled in seal 
pots by means of two probes. The probes in a given seal pot 
operated through relays and solenoid valves to regulate the gas 
pressure above the mercury and thereby bring the level of the 
mercury between the probes. Differential-pressure gages then 
read the difference in gas pressure in the two seal pots. 

Auxiliaries included ventilation equipment for removal of mer- 
cury vapor, control equipment for the M-G set, and mercury- 
vapor detection equipment. 

Since heat-transfer experiments may be affected adversely by 
foreign materials in the system, great precautions were taken to 
obtain a clean system. The inside of the loop was cleaned con- 
secutively with steel wool and wire brush, ‘“Turco,’’ a commercial 
acid rust-removing solution, hot water and detergent, water, tri- 
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chloroethylene, and ethyl alcohol. After circulating the water, 
the system was dried and evacuated. The same was done after 
the alcohol wash. Then, while under vacuum, the system was 
heated with an acetylene torch to remove all the alcohol. The 
vacuum-heating process was resumed after filling the system with 
helium. Finally, the system was filled with helium to a pressure 
slightly above atmospheric. 

The mercury, which was triple distilled, was pumped into the 
sump under a blanket of helium. About 1400 lb of mercury were 
used, this amount being enough to insure that the intake to the fill 
pipe was covered at all times, thereby preventing floating foreign 
material being raised into the test section from the sump tank. 

EXPERIMENTAL PROCEDURE 


The first series of tests consisted of measuring the pressure drop 
across the lattice as a function of flow rate. During these tests no 
heat-transfer measurements were made. The flow was regulated 
by either throttling or bypassing the flow to the test section. 
Pressure-drop data were taken over the 15,000 to 80,000 Reynolds- 
number range, the lower limit being determined by the precision 
of measurement and the upper one by the capacity of the pump. 

The heat-transfer coefficients were determined by supplying a 
measured heat input to a test element; and, when steady-state 
conditions were reached, measuring the temperature difference 
between the tube surface and the bulk stream at several points 
around the circumference of the tube. 

The bulk temperature of the mercury was obtained by taking 
the average of the temperatures upstream and downstream of the 
lattice. This temperature difference was very small—usually in 
the order of 0.5 deg. 

Since the bulk temperature of the mercury was near ambient, 
the heat losses from the system were small, thus allowing equi- 
librium to be reached quite rapidly. The fluid properties used for 
evaluating the Reynolds number were taken at the average film 
temperature, which was in general between 105 to 115 F. 

Data were obtained using the chrome-plated element for 11 dif- 
ferent tube locations in the lattice, several runs being made at 
each location. Two runs were made using a bare copper element 
at a central tube location and one run at the No. 1 tube location 
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Fig. 4 Averace Heat-TrRANSFER COEFFICIENTS FOR CHROME- 
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which was at the front of the bank. Since mercury amalgamates 
readily with copper, these tests were destructive. A copper tube 
lasted about two days before the thermocouples malfunctioned. 


RESULTS 


Interior of Tube Bank. The values of the physical properties 
— in the correlation work discussed later were taken from the 
“Liquid Metals Handbook"’ (4) and evaluated at average film 

temperature, which was in general between 105 and 115 F. These 
- values, in the present case, are not appreciably different from those 
- evaluated at the average bulk temperature. 

_ Fig. 4 shows the observed average coefficient on a single-tube 

basis h for tube locations 3, 4, 5, 6, 7 (see Fig. 2) plotted against 

Reynolds number. Within experimental error all locations gave 
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Fic. 5 Heat-Transrer Coerricients UNDER WETTING AND 


Nonwettine ConpiTions IN INTERIOR OF TUBE BANK 


- the same results. The straight line drawn by sight through the 
i; _ points is represented by the equation CHROME PLATE 
h = 11.6(.D,V 


i is seen that the scatter of the data is less than +10 per cent (in- 


_ dicated by dashed lines), except for a few points around a Reynolds 
number of 80,000. At this flow rate, instability arose, presum- 
_ ably due to fluctuations in degree of thermal contact. This phe- 
- nomenon will be the subject of later investigation. The exponent 
_ of 0.52 in Equation [12] compares with 0.6 for nonmetallic fluids 
_ flowing normal to tube banks in the same Reynolds-number range. 
The results of two runs made with copper tubes at location No. 
_ 5 are shown in Fig. 5, along with the line from Fig. 4 for compari- 
son. It is seen that the copper tubes with their excellent wetting, 
gave coefficients considerably higher than those for the chrome- 
plated tubes. 
The wetted tubes were more sensitive to flow rate, giving a line 
_ of 0.66 slope as compared with 0.52 for the nonwetted chrome- 
plated tubes. At a Reynolds number of 50,000, the copper tubes 
gave a coefficient about 35 per cent greater than that for the 
chrome-plat ' tubes. This difference in coefficients between 
wetted and nonwetted tubes is in general agreement with the re- 
sults of many investigators who have worked with liquid-metals 
systems. 
_ The equation of the line, as drawn through the data points, for 
“the copper tubes is 
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h= 3.45( 


Front of Tube Bank. Only two runs were made on a tube in the 
front row, and this tube was in the middle of the row. One of 
these runs was made on a chrome-plated tube and the other on a 
copper tube. The results are shown in Fig. 6. In this case, the 
difference between wetted and nonwetted tubes was found to be 
greater than in the case of the interior tubes. At a Reynolds 
number of 50,000, for example, the front tube showed that wetting 
increased the coefficient about 65 per cent, whereas for the interior 
tube the increase was only about 35 per cent. 

Under wetting conditions, the curve for the front tube fell 
slightly below that for the tubes in the interior of the bank; but 
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Fic. 8 Variation or Tuse-WaLL TEMPERATURE, AS 
(te — t)), Loca, Heat-TRANSFER COEFFICIENT WITH ANGLE 
AROUND CHROME-PLATED TUBE FOR REYNOLDS NUMBER OF 2 X 10* 


under nonwetting conditions the front tube gave relatively much 
lower coefficients. For example, at a Reynolds number of 50,000 
the front and interior chrome-plated tubes gave average co- 
efficients of 2450 and 3600, respectively. This difference between 
front and interior tubes, in the case of nonwetting conditions, is 
in general agreement with experimental results on air (5) and 
water (6). No satisfactory explanation can be advanced for the 
fact that, under wetting conditions, the few data obtained on the 
front tube came so close to those for tubes in the interior of the 
bank. 

Sides of Tube Bank. Two runs were made each at tube loca- 
tions 8 and 10; the first being in the seventh transfer row from 
the front and the first row of full tubes from the left side, and the 
second being in the eighth transverse row and the second longi- 
tudinal row of full tubes from the right side of the bank. The 
two runs at each location checked very well. The results from 
these runs are summarized in Fig. 7 for four different Reynolds 
numbers. It is seen that the coefficient begins to fall off at about 
the third full-tube row from the side, the coefficient for the first 
full-tube row being about 80 per cent that for tubes in the central 
portion of the tube bank. This general result is what one would 
expect on the basis of the reduced flow near the sides of the lat- 
tice. To the authors’ knowledge, these are the first results show- 
ing the transverse variation in the coefficient for tubes in a stag- 
gered tube bank where there are half tubes at the side walls. 

Circumferential Variation of Coefficient. The variation of the 
local coefficient h around the circumference of a tube is shown, for 
typical cases, in Figs. 8 and 9. Values of h were calculated from 
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Fie. 10 Rewative Variation or Heat-TrRansrer Co- 
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the original data by means of Equations [10] and [11]. The 
figures also give the outside tube-wall temperature as a function of 
angle. Within the precision of the data, both sides of a tube fac- 
ing downstream gave the same temperature profiles. In Fig. 8, 
where the results are for a Reynolds number of 2 X 10‘, there is a 
fourfold variation of the coefficient from the forward to the rear 
stagnation point. In Fig. 9, the variation is about fivefold for a 
Reynolds number of 8 X 10*. 

It is significant to point out that, if it had been assumed that 
there were no circumferential heat flow, the angular variation in 
the local heat-transfer coefficient would have turned out to be 
only about half that shown. These coefficient profiles are much 
smoother than those which have been obtained on air (7, 8) where 
weight losses from naphthalene tubes were measured and the 
mass-transfer/heat-transfer analogy (9) then used to estimate 
local heat-transfer coefficients. 
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Fig. 10 shows a comparison of present results with those re- 

_ ported by previous investigators on air under otherwise compara- 

ble conditions. Both the air profiles show relatively high maxima 

at about 120-130 deg, actually about */, of that at the forward 

_ stagnation point. There is another important difference between 

_ the metal and nonmetal profiles; at the same Reynolds number, 

there is roughly twice the variation in the coefficient around the 

tube for the mercury as there is for air. This is presumably due 

for the most part to the great difference in the values of the 

Prandtl numbers for the two fluids. Conceivably, it also could be 

partly due to the very much greater mass-flow rate of the mercury 

for the same Reynolds number, tending to reduce the heat-trans- 

- fer resistance at the front of the tube and increasing it at the rear. 

Although the air profiles have been calculated from mass-transfer 

: data, it is difficult to see how this fact alone can account for the 
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great difference. 

Since the profile curves shown in Figs. 8 and 9 were based on 
data obtained on chrome-plated tubes, it is likely that the relative 
r smoothness of the curves may be due, in part at least, to the ex- 
_istence of nonwetting conditions. 
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large variation in the local coefficient, and therefore the 


temperature, around the tube circumference in the case of liquid 


metals in crossflow could impose serious stress conditions in the 
tube wall at the zero stagnation point; which means that the ques- 
tion of circumferential variation of the coefficient is very im- 
- portant in heat-exchanger design where there is crossflow of a 
liquid metal. 

Pressure Drop. The pressure-drop results are shown in Fig. 11 
where they are compared with those of other investigators on air 
(10), water (6), and oil (11). The average deviation of the data 
points from the line in the figure was about 5 per cent. The fric- 


tion factor f was evaluated by the following conventional equation 


‘for crossflow 
Ap = (AfV%maxpN )/(2go).... .. [14] 


It is seen that the present curve falls appreciably below the indi- 


Brass: common curve. This result, in part at least, may be due to 


_ the nonwetting conditions which existed in the tube bank. 


CONCLUSIONS 
The results of the present investigation lead to the following 
Ss, regarding the crossflow of mercury in a staggered 
tube bank: 
1 The local heat-transfer coefficient varies smoothly from a 


maximum at the forward stagnation point to a minimum at the 
rear stagnation point in the Reynolds-number range 15,000 to 


80,000, the magnitude of the variation corresponding to a factor 


of 4-5. 
2 The average heat-transfer coefficient for a tube in the in- 
terior of the bank varies as the 0.52 power of the velocity for non- 


3 wetted tubes and 0.66 for wetted tubes. 


3 For tubes located in the interior of the bank, wetted tubes 
- give heat-transfer coefficients considerably greater than those for 
ett tubes; e.g., at a Reynolds number of 5 X 10‘ they are 
35 per cent greater. For a tube located in the front row, the 
‘difference was found to be much greater, the corresponding figure 
= 65 per cent. 
4 ~The lower coefficients obtained in the front row of the tube 
- bank compared to those in the interior, for the nonwetted tubes, 
are in general agreement with results obtained with ordinary fluids. 
- § Tubes located at the side walls give coefficients about 20 


_~iper cent below those for tubes in the interior of the tube bank. 
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valuable contribution, both from the practical and theoretical 
viewpoints, to the problem of heat transfer to a cross-flowing 
liquid metal. 

It is not clear whether the authors calculated the over-all 
average coefficient, using Equation [6], by assuming constant 
heat flux or whether it was assumed variable as in the calculation 
for the local coefficient of heat transfer. If the condition of con- 
stant heat flux was assumed, the question would arise as to 
whether or not the calculated values of the over-all coefficient 
would be representative of the actual case in which circumferen- 
tial conduction occurs. 

MacDonald and Quittenton*® have suggested that the apparent 
wetting effect which has been observed is due to mechanical 
gas entrainment in the liquid metal. A number of investigators 


have reported findings concerning the effect of wetted and non- 
wetted conditions on heat transfer; the findings show that there is 
Were any precautions taken to re- 


considerable disagreement. 
duce gas entrainment? 

Fig. 10 of the paper gives a very good indication of the effect of 
the turbulent wake behind a cylinder upon heat transfer to liquid 
metals. For curves B and C representing the flow of air, it can be 
seen that a marked increase in the local coefficients will occur for 
the wake region behind the tube, this increase being due to the 
effects of eddies and vortexes. On the other hand, there is no in- 
crease in this same region for curve A, which represents the flow of 
mercury. This would indicate that the turbulent effects within 
the wake upon heat transfer are small compared to thermal con- 
duction within the fluid. 


J. W. Mauste.ier.’ This work on mercury in crossflow has 
shed much needed light on a gray area in heat transfer. The 
authors are to be congratulated on the caliber of the work and 
the careful correlation of results. Determination of local co- 
efficients is always to be desired and variation of coefficient 
around the tube is interesting—an extension of effort on this fac- 
tor would be most desirable. 

It may be of some interest to point out results obtained with 
NaK-56 (56 wt per cent potassium) in crossflow.” This work 
was curtailed before some of the facets of the experimental tech- 
nique could be checked, but the data comprise the only work on 
NaK in crossflow. Two exchangers with '/:-in-OD tubes were 
used, one with staggered °/s-in. triangular pitch and the other 
with °/;-in. square pitch. Twenty five tubes were arranged in five 
rows of five tubes each, which is a smaller array than normally 
used. Exposed tube length was 6'/; in., and all tubes were active 
with NaK-56 as the heat source inside the tubes. 

Outside-film coefficients were determined from the over-all co- 
efficients, inside-film coefficient based on Martinelli’s work, and 
the tube-wall resistance. Reynolds numbers ranged from 3000 to 
70,000 and temperatures from 420 to 900 F with corresponding 
Prandtl numbers of 0.0128 to 0.0068. 

Film coefficients as a function of Reynolds numbers were 


h = 7.11 Re®-® staggered pitch 
h = 2.88 Re®-"4 in-line square pitch 


There was a definite spread with Prandtl-number change in the 
staggered-pitch exchanger (h versus Re on a line drawn by sight 


8A Critical Analysis of Metal ‘Wetting’ and Gas Entrainment in 
Heat Transfer to Molten Metals,”” by W. C. MacDonald and R. C. 
Quittenton, Preprint No. 8 for Heat Transfer Symposium, American 
Institute of Chemical Engineers, December, 1953. 

* Mine Safety Appliances Company, Callery Plant, Callery, Pa. 

10 ‘*Heat Transfer and Pressure Drop With NaK-56 Flowing Per- 
pendicular to Vertical Tubes,”’ by M. J. McGoff and J. W. Mausteller, 
Memo Report 87 (BuShips Contract NObs-65426) Mine Safe Appli- 
ances Company, July 29, 1955. 
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through data) but none with the in-line square. Plotting A as a 
function of Peclet number closed the spread to give h = 98.5 
Pe®-7°, The higher coefficient on Reynolds number for the in-line 
square arrangement would be expected because of the greater 
effect of increasing turbulence. The L/D is rather low and pre- 
diction of the inside-film coefficients may be prejudiced which 
would affect the slope of the data; however, with identical entry 
sections, and so on, the two exchangers should be directly com- 
parable. The data fall in the region which might be expected. 


J. M. Savrno.'! The work presented here provides needed in- 
formation for the designer of liquid-metal heat exchangers of the 
crossflow staggered-tube type. Because of the scarcity of such 
data for liquid metals, designers have been forced to use the 
available information for nonmetallic fluids. The authors state 
that the data obtained with mercury would be applicable to 
other heavy metals because the thermal and physical properties 
are all quite similar. To use the average heat-transfer-coefficient 
results for liquid metals other than mercury, the data should 
have been presented in a more generalized form; e.g., the Nusselt 
number (Nyu) versus the Peclet number (Npe Nre Nper). 
This would also facilitate comparisons with data for nonmetallic 
fluids. 

In the comparisons of the circumferential film coefficients (Fig. 
7 of the paper), the inclusion of the data of Dwyer et al.' for 
water through a bank of staggered tubes would have been very in- 
teresting. The tube bank was 10 rows wide and 20 rows deep, 
and the tubes were spaced in an equilateral-triangle arrangement 
with a pitch-to-diameter ratio of 1.58. The water temperature 
was 360 F. The ranges of pressure, Reynolds number, and 
Prandtl number were 380 to 410 psig, 28,000 to 1,000,000, and 
0.93 to 0.97, respectively. Fig. 12, reproduced from the ref- 
erence, is for a cylinder in the central section of the tube bank, 
and it is seen that the coefficients at the rear stagnation point 
were about 80 per cent of those at the front stagnation point. The 
results for tubes near the side walls were essentially the same as 
for those in the center of the lattice. For the front row of tubes, 
the coefficients at the rear stagnation point exceeded those at the 
front by 15 per cent. Admittedly the conditions for the water 
tests were not comparable to the results shown in Fig. 7. How- 
ever, it is significant to note that the results of the water tests do 
not resemble those of air even though the Prandtl numbers are of 
the same order of magnitude. If the water data were replotted 
using h/h instead of h for the ordinate, the curves would all lie in 
the range 1.2 < h/h < 0.8, Fig. 13. The curves for Nre < 230,000 
would be essentially straight and very nearly horizontal, while the 
curves for Nre < 230,000 would retain the characteristic increase 
and decrease in h/h for increasing angle. It is important to 
note the sharp contrast in the variation and in the general shape 
of curves for the three fluids, particularly for Nre < 100,000. 
It appears from this comparison that the differences between the 
data for air, water, and mercury cannot be attributed simply 
to the variation in Prandtl numbers. 

The data related to the effect of wetting on the heat transfer 
was viewed with interest because the wetting problem has not 
been resolved and there is a need for more studies. Purely from 
intuitive reasoning, it seems that the type of wetting is one of the 
important factors which may affect the heat transfer. For ex- 
ample, wetting by the addition of an agent to reduce the surface 
tension is decidedly different from wetting by amalgamation; as 


11 National Advisory Committee for Aeronautics, Lewis Flight 
Propulsion Laboratory, Cleveland, Ohio. 

12 “‘Heat-Transfer Rates for Crossflow of Water Through a Tube 
Bank at Reynolds Numbers up to a Million,” Part 2—‘Circumfer- 
ential Variation of Film Coefficient for Individual Tubes,” by O. E. 
Dwyer, T. V. Sheehan, and J. Weisman, ASME Paper No. 54—F-20. 
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a result, the thermal resistance at the interface between the wall 
and the liquid metal for each type of wetting may be different. 
Other additional factors which would need to be considered 


are the cleanliness and roughness of the wall, the purity of the 


liquid metal, and the ambient temperature and pressure. Per- 


_ haps additional wetting studies could be incorporated into the 


heat-transfer program at Brookhaven National Laboratory. It 

would be of value to know how each of the two types of wet- 

ting would affect the local and average heat-transfer coefficients 
of the cylinder and the friction factor for the entire tube bank. 

The mercury data in this paper show that the film coefficients 

_ increase with wetting by amalgamation. The authors stated that 


ra _ the bare copper tubes used for these tests were destroyed in two 
hours. It seems that the mercury attack upon the copper would 


_ soon roughen the cylinder surface, change the wall thickness 
_ around the cylinder, and change the thermocouple calibrations. 


_ Under these conditions, the validity of the results would be open 


- to question. Whether or not the effects of mercury attack were 
present would depend on how soon the tests were run after 
installing the bare tube in the mercury and the length of time 


needed to make the runs. Some comment would be desirable ex- 


plaining how the mercury-attack effects were avoided and how 
the reproducibility of the data was checked. 


R. A. Trppauu."* The authors are to be commended on the 


18 The Griscom-Russell Company, Massillon, Ohio. 


907 
scope of the work reported and the unique experimental methods 


developed. It is particularly gratifying to see fundamental work 
presented in the field where so many unknowns exist. 


5 


It should be pointed out, however, that additional work on one — 


_ shell-and-tube heat exchanger used to heat sodium in a segment- 


cut baffled shell was reported in the Sodium-NaK Supplement of 
the Liquid Metal Handbook, July, 1955. 
work, Equation [2], presented in this paper was modified to 
Nu = Pr 
This equation varies only in that the Prandtl number is now 
raised to the 0.6 power instead of the '/; power and is more con- 
sistent with liquid-metal heat-transfer data observed inside 
tubes. 

It would be quite interesting if data were available from the 
present work to determine the effect of the Prandtl number on 
the heat-transfer coefficients in crossflow. 

The writer also would be interested in hearing any comments 
on the variation of slopes for the wetted and nonwetted tubes. 


Autuors’ CLOSURE 


Messrs. Grosh and Cess raise two questions. In reply to the 
first, a constant heat flux was assumed in the computation of 
average heat-transfer coefficients. It was found that if a varia- 
ble heat flux were used, the values of h would have been higher 
by less than 4 per cent. To answer the second question, just 
normal precautions were taken to minimize gas entrainment. 
The effect of gas entrainment has been determined in a later 
study and will be presented in a second paper.'* Under non- 
wetted conditions, the effect of slight gas entrainment on the co- 
efficient was not great; while under wetted conditions, it was not 
detectable. 

Mr. Mausteller presented some timely information concerning 
NaK crossflow heat transfer. However, we suspect that his re- 
ported coefficients are susceptible to significant error inasmuch as 
they were obtained indirectly by subtracting calculated tube- 
side and tube-wall resistances from measured over-all resistances. 

We can appreciate Mr. Savino’s desire to have the present re- 
sults presented in the form of generalized equations, but it was 
not possible to do that here without making an assumption as 
to the effect of Prandtl number. The effect of Prandtl number 
has since been determined, and consequently the second paper 
to which reference is made" will include the generalized equa- 
tions. Mr. Savino raised a matter which has not been satisfac- 
torily explained, i.e., the shape.of the coefficient versus angle 
profile curves obtained by Dwyer and co-workers at Brookhaven. 
It is felt that the relative flatness of these curves may be due, 
in part, to a certain amount of averaging of the tube-wall tem- 
peratures as measured; although this is not believed to be the 
chief explanation for the unexpected results. 

Mr. Tidball raised the question of the effect of Prandtl number 
on the coefficient and suggested an exponent of 0.6 for this modu- 
lus in the modified Donohue equation. This is in line with re- 
cent results obtained at Brookhaven which showed that in an 
equation of the type 


Nre = a + b (Ner)* 


the exponents c and d were the same and equal to 0.67. 

Finally, the authors wish to express their appreciation to those 
who took part in this discussion, for their very pertinent questions 
and comments. 

14 “‘Heat-Transfer Rates to Crossflowing Mercury in a Staggered 
Tube Bank—II,” by C. L. Rickard, O. E. Dwyer, and D. Dropkin, 
to be published. 
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Forces and Power 


Required to Turn> 


Aluminum and Seven Alloys 


By O. W. BOSTON! anno W. W. GILBERT? 


Turning tests on pure aluminum 1100-H14 and seven 
aluminum alloys were made to develop the formula for the 
tangential cutting force as a function of the material con- 
stant, the feed in inches per revolution, and the depth of 
cut in inches, when cutting dry, with a solid high-speed 
steel tool ground for turning aluminum. Equations for 
each metal have been developed and it is shown that the 
constants and exponents vary for each metal. Unit net 
power at the cutter has been computed for several sizes 
of cut for each metal and the values for a light cut and a 
medium-size cut have been plotted against each of the 
mechanical properties of the materials. These data show 
that knowing the Brinell hardness, the ultimate or yield 
strength of the metal or the shear strength, values of the 
unit net horsepower at the cutter can be computed with 
considerable accuracy. 


TT HIS paper presents the results of a number of tests dealing 


INTRODUCTION 


with cutting forces, and attempts to correlate them with 

the mechanical properties of the materials machined. The 
nominal chemical composition of the wrought-aluminum alloys 
received in 2-in-diam bars is given in Table 1. The mechanical 
properties of the pure aluminum and the seven alloys are given in 
Table 2 for each of the metals. In Table 2 the new temper 
designations for each alloy and temper are given, together with 
the old temper designations. The new designations were first 
published in the company’s booklet.* 

Cutting tools selected for these tangential-force tests were of an 
18-4-1 type of high-speed steel in the form of solid bars, '/2 in. 
square as illustrated in Fig. 1. These were ground carefully to a 
tool designation of 20-deg back rake, 40-deg side rake, 10-deg end 
relief, 10-deg side relief, 10-deg end cutting-edge angle, 15-deg side 
cutting-edge angle, and a sharp nose. The bars cut to 24-in. 
lengths were clamped in the jaws of a chuck on the left end and 
supported on a live center on the right, in a 14-in. American Tool 
Works Company ‘‘Pacemaker’’ engine lathe. The lathe was 
driven by a 15-hp d-c motor powered from a Reliance Electric 
Company’s motor-generator set to provide field and armature 
voltage control so that speeds from zero to 3000 rpm in infinite 
steps were available. This made it possible to machine the sur- 
face of any diameter at any desired cutting speed. 

In the first series of tests, the tangential forces are measured 


1 Professor of Mechanical Engineering and Production Engineer- 
ing, Chairman of the Department of Production Engineering, Uni- 
versity of Michigan, Ann Arbor, Mich. Fellow ASME. 

? Consultant, Manufacturing Engineering Services Department, 
General Electric Company, Schenectady, N. Y.; formerly, Professor 
of Production Engineering, University of Michigan, Ann Arbor, Mich. 
Mem. ASME. 

3“*ALCOA Aluminum and Its Alloys,”’ 1948. 

Contributed by the Research Committee on Metal Processing and 
presented at the Semi-Annual Meeting, Cleveland, Ohio, June 
17-21, 1956, of Tue American Society OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, February 
8, 1956. Paper No. 56—SA-14. 


with a tool dynamometer involving the S-4 strain gage and a 
Sanborn recorder. The force was determined for each of several 
speeds from 25 fpm up to 1000 fpm for each of the metals. The 
results shown graphically in Fig. 2 indicate that there is no ap- 
preciable reduction in tangential cutting force as the speed is in- 
creased. The slope of the curves is practically all the same, 
slightly lower to the right for the higher speeds, with a negative 
slope of 0.03 as indicated. For these cuts a constant feed of 0.0078 
ipr and a depth of cut of 0.080 in. were used, All tests were run 
dry with the 20, 40, 10, 10, 10, 15, 0-in. tool of high-speed steel. 

These tangential-force tests were continued for a constant 
speed of 100 fpm when the feed was varied for each of four depths 
of cut, and then the depth was varied for each of four values of 
feed. These results for the 1100-H14 aluminum are shown in Fig. 
3. For the pure aluminum bars only, the tangential forces, as a 
function of feed, give a series of points lying on a curved line 
(dashed ) for each of the four depths of cut. Straight solid lines, 
however, have been drawn to represent these data in order to 
have a single value of exponent for the feed. The slope of the 
lines for variable feed for each of the four depths of cut shown at 
the left in Fig. 3 is0.60. This value represents the exponent of the 
variable f (feed) in the force equation. Similarly, at the right in 
Fig. 3, the slope of the lines for variable depth for each of the 
four feeds is 0.86. This indicates the equation 


Fr = 
By substituting the value of tangential force for given values of d 
and f, the constant is computed to be 5380, to give 


Fp = 5380 


as shown for the 1100-H14 aluminum in Table 3. Using this 
equation with the constant given, the tangential force for any 
other combination of feed and depth may be computed, or the 
values may be selected directly from the curves given in Fig. 3. 

Similar tangential-force data, as a function of feed and depth 
when machining the 2024-T4 aluminum alloy at 100 fpm, are 
given in Fig. 4. In this case the slope of the force lines for the 
variable feed is 0.67, and that for the variable depth lines is 0.96. 
These values give rise to the formula 


Fr = 17,900 


shown for this alloy in Table 3. The constant has been computed 
to be 17,900 using the experimental value of Fr (61 Ib) shown in 
Table 3. 

Similar values of tangeiutial cutting force for variable feeds and 
speeds were obtained for each of the other alloys. A summary of 
the tangential cutting forces, as a function of feed, for the con- 
stant depth of 0.080 in., for all of the alloys is given in Fig. 5. 
This shows that the 7075-T6 alloy requires about twice the cut- 
ting force as the 1100-H14 material. The lines for all the alumi- 
num alloys are straight and nearly parallel (the pure aluminum 
1100-H14, excepted). The slope of the variable feed lines for the 
alloys is represented by an average value of 0.7, which is the ex- 
ponent of the variable, or f°’. This holds fairly well for all alloys 
except the 1100-H14 and 2011-T3. 
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TABLE 1 
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NOMINAL CHEMICAL COMPOSITIONS OF WROUGHT-ALUMINUM ALLOYS FOR 


MACHINING TESTS 
(Per cent of alloying elements—aluminum and normal impurities constitute remainder) 


Man- Mag- 
nesium 


Copper __ Silicon ganese 


TABLE 2 


Ultimate 
Old All strength, 


New alloy, 
New temper® 


new temper 
1100-H14 
2011-T3 
2014-T6 
2017-T4 
2024-T4 
4032-T6 
6061-T6 
7075-T6 
since January 1, 1948. 
» Set = 0.2 per cent. 
¢ 500-kg load on 10-mm ball. 
@ Determined from double-shear test. 
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In Fig. 6 is shown the relationship between the tangential cut- 
ting force and the depth of cut for a feed of 0.0078 ipr, when the 
cutting speed was 100 fpm. The slopes of these lines vary from a 
minimum of 0.86 for the 1100-H14, and 0.80 for the 2011-T3 to 
roughly 0.95 for the balance of the metals. These values repre- 
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Values of C 

and force equation 
Aluminum Fr = 
5380 0-00 
8000 79-08 
20380 0.97 
18800 
17900 79.67 
17850 f 9-69 do.s7 
13850 f°-70 
23600 02 
All alloys¢ Cf d 


e Approximate general equation for all alloys except 1100-H14 and 2011-T3 
when using C for each metal. 
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sent the exponent of the variable depth and are summarized in 
the equations of Table 3, which shows also a general equation of 
Fy, = Cf? d', which is close for all metals except 1100-H14 and 
2011-T3. The constants given in Table 3 should be used for each 
metal, however, for accurate values as was done in computing 
the values in Table 4. 

The unit horsepower, u hp,, that is, the net horsepower at the 
cutter per cubic inch of metal removed per minute is another 
means of representing the machinability of the aluminum and its 
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seven alloys. The net horsepower at the cutter is equal to the =| 
tangential cutting force times the cutting speed V divided by 127.6 
33,000. The unit horsepower at the cutter is equal to this value uhbp, = 396,000 X 0.012 X 0.125 0.215 
of hp, divided by the cubic inches removed per minute. There- 


; fore u hp, equals hp, divided by 12 f d V, or as shown for this cut in Table 4 along with similar values for all 


F,V FP metals for each of four sizes of cut, from a feed of 0.004 in. up to | 

= —— 0.024 in. These data show that the unit hp, is lower for the values 7 

; 12fdV X 33,000 396,000 fd of heavier feeds. For example, for the 7075-T6 alloy, the unit — 

For the 2014-T6 alloy, this becomes hp, is reduced from 0.318 for the cut of 0.004 X 0.010 to 0.189 for 
the cut of 0.024 X 0.125 in. This reduction is due principally to 

127.6 

20a nnn 4a rs the increase in feed. 

306,000 fd at dal Values of u hp, are shown for each of the metals when taking a : ; 


‘Fora feed of 0.012 in. and a depth of 0.125 in. i cut, dry, at 100 fpm for each of four sizes of cut in Fig. 7, For 


u hp, = 


TABLE4 VALUES OF uhpe FOR EIGHT ALUMINUM METALS FOR EACH OF SEVERAL SIZES OF CUT AS COMPUTED FROM EQUATIONS 
OF TABLE < 


Values of Fr and u hpe for each cut 
0.008 = 0.012 
Exponents of = 0.125 

Metals d hpe 


1100-H14 


oo: 


. 125 dy 
0002 0004 0007 001 002 
7) f = 0.024 
d = 0.125 
ane Fr u hpe 2 
108 83.8 0.071 
2011-T 126 119.5 
2014-T¢ 215 206 0.173 
2017-T4 193 178 0.150 
0.152 
166 159 0.134 
235 224 0.189 
- 


912 


the heaviest cut, the highest value of u hp, is for the 7075-T6 
alloy. The next highest value is for the 2014-T6 alloy. The 
values for alloys to 6061 are nearly equal and still lower, but the 
lowest values are for 1100 and 2011. The greatest spread for 
the heaviest cut is from 0.071 for 1100-H14 to 0.189 for 7075-T6. 
The latter is 2.67 times the former. Further, the value of u hp, 
for 7075-T6 for the lightest cut is 0.318 and it is 0.189 for the heavi- 
est cut. The former is 1.68 times the latter. 

The greatest over-all spread for all metals is 0.335 for the 
2024-T4 alloy at the lightest cut to 0.71 for the 1100-H14 alumi- 
num at the heaviest cut. This indicates the range or variation in 
net power at the cutter per cubic inch of metal removed per minute 
when cutting all aluminum metals at various sizes of cut in in- 
dustry. 


INFLUENCE OF VARIOUS MECHANICAL PROPERTIES OF ALUMINUM 
MeErTALs ON Unit Net HorsErpowER 


To show the influence of the mechanical properties of the 
various metals studied in this paper on the unit net horsepower at 
the cutter, wu hp,, Figs. 8 to 13 have been prepared. In each case the 
value of the unit net horsepower is given as the ordinate and 
the mechanical property as abscissa. These figures are intended 
to show the relationships only in general terms. For example, in 
Fig. 8 the unit net horsepower is shown as a function of the Brinell 
hardness of the various metals for both a light cut and a medium 
cut. The values of power are taken from the highest curve and 
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the third from the highest curve of Fig. 7, or from Table 4. For 
the heavy cut, which has a feed of 0.012 ipr and a depth of cut of 
0.125 in., the relationship is almost a straight line. The unit 
power is increased from 0.108 to 0.235 (118 per cent) as the Brinell 
is increased from 32 to 153 (378 per cent). For the light cut, 

however, in which f = 0.004 in. and d = 0.010 in. a general rela- 
tionship is indicated, although the values of power for the 
4032-T6 and 2017-T4 are well below the indicated line while the 
value for 2017-T4 is slightly above. A line through the points for 
2017-T4, 2014-T6, and 7075-T6 alone would show a negative 
slope. 

The ultimate strength and its relation to the unit net horse- 
power at the cutter for each of the metals is shown for the light 
cut and medium-sized cut in Fig. 9. The lines are drawn merely 
to represent the relationship of the values to a normal expectancy. 
Practically all points for the medium-sized cut lie on, or close to, 
the line. The ultimate strength for 2011-T3 is considerably below 
the line and out of order. The point for 2017-T4 is also slightly 
below the line, although it is in relatively close agreement to the 
expectation. For the 118 per cent increase in unit power, there is 
an increase from 17,900 psi for 1100-H14 to 85,100 psi for 7075-T6, 
or 376 per cent. A greater deviation from the indicated line is 
shown for the value for the light cut, however. The point for 
6061-T6 is slightly above the indicated line and the point for 
2017-T4 is somewhat below the line. In fact, a line drawn through 
the points for 6061, 2011, 4032, and 2017 would be quite different 
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from that indicated for the light cut and have a negative slope 
indicating a reverse ratio. 

Corresponding values of yield strength for the light and medium 
cuts, as a function of the unit power at the cutter, are shown in 
Fig. 10. The point for the free-cutting alloy, 2011-T3, is con- 
siderably below the line for the medium-sized cut. Also, the 
points for 2017-T4 and 2024-T4 are slightly above the indicated 
Otherwise, there appears to be a fairly direct relationship 

between the yield strength and the unit horsepower for the 
medium cut. The values for the light cut, as represented by the 
upper line in Fig. 10, show a greater dispersion from the indi- 
cated line. The two low points are for 2017-T4 and 4032-T6, 
while the points for 6061-T6 and 2024-T4 are well above the in- 
dicated line. 

In Fig. 11 is shown the relationship of unit power to the shear 
stress as determined from a double-shear test. Except for the low 
value of power for 2011-T3, a single straight line seems to repre- 
sent the straight-line relationship very well for all the metals for 
the medium cut. For the light cut several of the points are well 
off the indicated line indicating a less definite relationship be- 

_ tween shear stress and unit power. 

The per cent elongation is shown as a function of unit net power 
in Fig. 12. In this case, except for the value for 4032-T6, the 
points lie on an indicated straight line fairly satisfactorily for the 

: light cut. A greater dispersion of the points from the indicated 
straight line for the medium cut is shown. 

The shear stress divided by per cent elongation is the mechani- 


3, cal properties represented in Fig. 13 as a function of unit net 


power. The points for 1100-H14, 2011-T3, and 4032-T6 are well. 
below the indicated line for the medium cut. The point for 7075- 
T6 is high. For the light cut, the points for 1100-H14, 2071-T4, 
and 4032-T6 are all well below the indicated line whereas 2024-T4 
is well above the line. However, there does appear to be a trend 
for higher unit net power for higher values of shear stress over 
per cent elongation for both cuts. 


CoNnCLUSIONS 

When turning dry these several aluminum alloys with the high- | 
speed-steel tool shape indicated as 20, 40, 10, 10, 10, 15, 0, the 
following general conclusions have been reached: 

1 All metals give cutting-force values corresponding to ex- 
ponential equations involving feed and depth, such as FP, = Cf*d". 
However, each metal has its own peculiar exponents, x and y. 
In cutting most steels, for example, one set of exponents of feed 
and depth are obtained, and only the constant will vary for each 
steel. The aluminum alloys seem to be peculiarly individual in 
this respect. 

2 In turning all eight aluminum metals at speeds from 25 to 
1000 fpm, the cutting force remains practically constant for each 
metal. In other words, in this range of speeds there appears to be 
no marked variance in the cutting forces for the different meta!s. 

3 The unit horsepower, that is, the horsepower at the cutter 
per cubic inch of metal removed per minute, varies almost 
directly with the Brinell hardness number of the metals for | 
medium-sized cuts. The free-cutting alloy, 2011-T3, is well below 
the normal line, however. As the unit power is increased 118 per 
cent, the Brinell is increased 378 per cent. The equation for this 
line, so power may be computed from Brinell hardness, is u hp, 
= 0.00105 Bhn + 0.069. 

Example: To determine the unit net horsepower at the cutter, 
u hp,, if the Brinell hardness (Bhn) is known to be 94 (for the 
6061-T6, Table 2) u hp, = 0.00105 Bhn +-0.069. (This is the equa-_ 
tion of a straight line, of the form y mx +b.) Then u hp, 
= 0.00105 K 94 + 0.069 = 0.09975 + 0.069 0.16875 
which corresponds to 0.166 for this medium cut, Table 4. For a 
light cut there is a greater fluctuation of points; the direct rela- “4 
tionship holds for only five of the eight metals. 

4 The ultimate strength of all metals, except 2011-T3, gives 
almost a straight-line relationship with the unit power for the 
medium-sized cut. For the increase of 118 per cent in unit power, 
there is an increase of 378 per cent in ultimate strength. The 
equation for this line is u hp, = 0.00000205 US + 0.071, so unit 
power can be computed from ultimate strength (US). The power 
for the 2011-T3 is low for its strength. For the light cuts the rela- 
tionship is more erratic for the several metals. 

5 The yield strength (YS) increases almost directly as the unit 
net power, except for the 2011-T3 alloy which has relatively low 
power and 2017-T4 and 2024-T4 which have relatively high val- 
ues, for the medium-sized cuts. For the 118 per cent increase in 
power, the yield strength is increased 400 per cent. Values of « 
hp, = 0.000002065 YS + 0.0764. Again, the relationship for the © 
light cut between unit power and yield strength is more erratic. 

6 The shear stress (SS), as determined from the double-shear 
test, gives a very good straight-line relationship between unit 
power and stress, the low values for 2011-T3 being one exception, 
for the medium cut. For the 118 per cent increase in power, 
the shearing strength is increased 378 per cent. For the medium 
cut 0.012-in. feed and 0.125-in. depth with the tool shown in Fig. — 
1, u hp, = 0.00000314 SS + 0.0743. For the light cut this rela- 
tionship is less consistent. 

7 The per cent elongation does not give a satisfactory linear 
relationship to the unit net power for the medium-sized cut for 
the various metals, but a better relationship is shown for the light 
cut except for the value of 4032-T6, which is low. 
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8 The shear stress divided by the per cent elongation does not 
give an over-all satisfactory linear relationship with the unit net 
power at the cutter for either the light or medium cuts. 
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Discussion 


E. S. Howarru.‘ This paper is another substantial contribu- 
tion by the authors to the science of cutting metal. The results 
of their machining tests on aluminum and seven of its wrought 
alloys confirm the fact developed in a previous less comprehensive 
investigation® that the good machinability characteristics of 
aluminum alloys continue at high cutting speeds. In the work 
reported by Templin, no machinability limitation was found for 
the 2024-T4 aluminum alloy at surface cutting speeds as high as 
20,000 fpm. 

The wrought aluminum materials investigated by the authors 
represent a very wide cross section of aluminum alloys, ranging 
from commercially pure aluminum in the one-half hard temper 
(1100-H14) through one of the higher strength alloys (7075-T6). 
The approximately five-fold strength ratio represented by these 
two materials is one of the best indications of the differences in 
characteristics of the materials which were machined. The 
authors are to be complimented on the accuracy with which the 
tests were conducted and the resulting fine correlations which they 
obtained. 

In most cases the data are consistent and follow patterns which 
were anticipated or can be explained. The greatest departures 
were observed in the cases of 1100-H14 and 2011-T3. The for- 
mer of these, being commercially pure aluminum, did not receive 
its strength through heat treatment but rather by being cold 
worked to the one-half hard temper. Additional working which 
took place during the machining operation would, no doubt, 
further strain harden this material in the cutting zone and the 
amount of such strain hardening would probably vary to a greater 
extent for this material than for any of the others. The 2011-T3 
alloy, containing lead and bismuth, is a free-cutting alloy which 
would normally be machined with tools having little or no rake. 
The relatively large rake angles selected for the constant tool 
employed by the authors was a good general selection but such 
angles are not desirable for this free-cutting alloy. Although the 
authors do not describe the characteristics of the chips which 
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resulted in this investigation, I believe that under the large rake 
angle conditions this aluminum alloy, which is free cutting for 
zero rake angle, no doubt produced continuous chips. 

The correlation between the unit net horsepower and the 
mechanical properties of the aluminum metals, as presented by 
the authors in Figs. 8 through 13, is very good. It appears that 
the shear strength of the material is a good criterion of the horse- 
power required for a specific cut. This might be anticipated 
because of the fact that the shear strengths were obtained from a 
double shear test which more closely simulates the machining 
operation than does either the tensile or Brinell hardness test. 

Inasmuch as these machining tests were conducted under 
dry conditions, the frictional characteristics of the aluminum 
metals and their influence on machinability was probably greater 
than would be anticipated under conditions in which a lubricating- 
type cutting compound is employed. It would be interesting to 
extend the mechanical properties which the authors have pre- 
sented in Table 2 to include coefficients of friction between these 
materials and high speed steel. It is believed that a considera- 
tion of these friction values would further explain the departure 
of 1100-H14 and 2011-T3 from the performance of the other 
alloys. 


A. O. Scumipr.* This paper will be kept by many as a ready 
reference to the machining of aluminum alloys. The tests re- 
ported here are most interesting and valuable because of their 
completeness. Aluminum alloys used in the tests are quite 
representative of those commonly machined in the shop. It 
should be stressed again that the tangential cutting force hardly 
changes in value with an increase in cutting speed between 25 
and 1000 fpm. The number of cubic inches of material that can 
be removed per horsepower may vary between 14 and 3, depend- 
ing upon the type of cut and the type of alloy. Many times I 
have pointed out these variations to machine tool engineers and 
shopmen. Too often these factors are not given their proper 
consideration since there prevails a general notion that aluminum 
simply machines easily under any conditions. The correlation 
of physical properties to power required in machining, especially 
in regard to shear stress, is a definite part of the engineering 
groundwork in metal cutting. These data will help the machine 
designer and user to estimate properly the required ma- 
chine capacity not only in turning but also in milling since face 
milling data correlate closely with those given here. 

AvutnHors’ CLOSURE 

The authors appreciate the added information given by Mr. 
Howarth on the properties of the several aluminum metals, 
particularly the pure metal and the free-cutting type. Dr. 
Schmidt’s comments, based on his experience, confirm the results 
given in the paper and add to its value. It is appreciated that 
tests of this nature on the machining of aluminum and its alloys 
could be extended to cover even higher cutting speeds, larger 
sizes of cut, different tool angles, and a variety of cutting fluids. 
We feel, particularly, that information on tool life would be of 
great value, and, of course, such tests should be extended to 
cover a variety of metal-cutting processes to complete the picture. 
These are suggestions for future work. 


® Research Engineer, Charge of Metal Cutting, Kearney & Trecker 
Corporation, Milwaukee, Wis. Mem. ASME. 
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A report on extensive machinability tests from which 
C1119 steel indicated an average tool life six times greater 
than that of the best B1113 and C1213 steels and nine times 

: the tool life of the average of seven varieties of B1113 and 
C1213 steels investigated. 


INTRODUCTION 


SEARCH of the published data on machinability indexes 
for standard steels revealed practically complete stand- 
ardization and agreement among all published tables 
when reduced to a common base. 

Further study revealed almost identical procedure pursued in 
the technique used in establishing these machinability tables. Of 
: “ all the published information uncovered, the ASME publication 
on “Manual of Cutting of Metals’’ was by far the most detailed 

and complete. 

Lathe-turning tests are used for establishing the machinability 
ratings and are expressed in terms of tool-life expectancy at the 

_ three combined elements of speed, feed, and depth of cut. It isa 

splendidly devised system furnishing complete recommendations 

for just about every combination of speed, feed, and depth of cut 
on all standard steels to achieve the desired tool life. Tables are 
listed for 18-4-1 high-speec steel and carbide lathe tools of defi- 
nitely specified shapes. 
Selecting a group of steels among which were B1113 cold drawn 
and C1120 hot rolled, specifications of which are given in Table 1 
an attempt was begun to establish the correctness of the ASME 
recommendations at selected rates of speed, feed, and depth of 


SPECIFIC FOR CHEMISTRY—AISI—SAE 
ARBON STEELS 


Phosphorus 
0.07/0.12 
0.07/0.12 
0.040 max 
0.040 max 


TABLE 1 

Manganese Sulphur 
0.70/1.00 
0.70/1.00 
0.70/1.00 


C1119 0.14/0.20 1.00/1.30 0.24/0.33 


_ Lathe-tool shape No. 4, details of which are shown in Fig. 1, 
was selected for duplication and a depth of cut of !/s in. and a feed 
of 1/g, in. per revolution (ipr) were chosen as a starting point. 

- _Four-inch-diameter round bars 18 in. long were selected to insure 
_ rigidity in the workpiece. At the feed and depth of cut selected, 

using the No. 4 lathe-tool shape, the ASME tables were used to 
_eale ulate the surface speed to give a 15-min tool life while cutting 
dry. 
Reference to Tables 2 and 3, listing the results of these tests, 
4 will show the wide divergence experienced in the specific cases of 
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Comparative Machinability of B11] 
C1213—C1120 HR—C1120 CD 
and C1119 Steels | 


By H. L. BRYDEN,' STORRS, CONN. 


C1120 HR and B1113 CD from those predicted in the “ASME 
Manual.”’ 

Essentially what these tests showed was that B1113 CD, which 
is rated in the ASME classifications 30 per cent higher as a free- 
machining steel than C1120 HR, is actually only 80 to 85 per cent 
as free machining as C1120 HR. In other words B1113 is ap- 
proximately 160 per cent overrated. 

In most cases the end point in these lathe tests was the com- 
plete breakdown of the cutting tool which once begun is almost 
instantaneous. In the instances when complete failure was not 
achieved it was either lack of material at proper diameter to con- 
tinue at specified surface speed or because nothing further would 
be established by continuing. 

It is worthy of note here that all steels tested were first analyzed 
thoroughly to insure they were within the specification range and 
all lathe tools were prepared carefully, being formed by machine 
grinding before hardening and only lightly ground by ma- 
chine after hardening just sufficient to remove the de-carb of 
hardening and insure precise tool angles being maintained. It 
also should be noted that several sources of supply were utilized 
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: TABLE 2 SINGLE-POINT LATHE-TOOL TESTS 
Actual feed, 0.0153 ipr; material, B1113 cold gars: depth of cut, '/s in.; feed, '/e ipr cutting dry; tool 


shape, No. 4 (Fig. 1); tool material, 18-4-1 HSS 
ASME recommendation for 15-min tool life = 


1020 HR. 
178 


(1.86)(1.19) = 394-fpm surface speed. 


Each tool new and machine ground to identical geomet hard i) 1 *). 
Tool life attained in minutes @; ( ) = tool No.; 


183 fpm 224 fpm 227 fpm 


22+ (8) 


5.10 (14) 10.03 (50) 
17.03 + (1) 


18.01 Tis 
16.29-+ (20) 
10.97 (39) 


296 fpm 


1.52 (61 
2.29 (72 
0.55 (80) 


331 fpm 
0.67 (71) 


289 fpm 
1.86 (36) 
0.33 (49) 
0.60 (22) 


TABLE 3 


243 fpm 
4,22 (24) 


352 fpm 
0.29 (23) 


267 fpm 
3.33 (51) 
3.84 (2) 
17.41 (43) 
4.94 (73) 
396 fpm 
2.35 (3) 
0.17 (4) 
0.19 (5) 


270 fpm 
0.72 (17) 


247 fpm 
25.14+ (52) 
590 fpm 
0.065 (69) 


361 fpm 
0.82 (70) 


SINGLE-POINT LATHE-TOOL TESTS 


Actual feed, 0.0153 iprs material, C1120 hot rolled; depth of cut, !/s in.; feed, 1/e ipr cutting dry; tool 
, to 


shape; No. 4 (Fig. 1 ol material, 18-4-1 HSS 


ASME recommendation for 15-min tool life = 


1020 H 
178 


R 
— (1,42)(1.19) = 301-fpm surface speed. 


Each tool new and machine ground to identical geometry (hardness r. 64!/2-65! Cc) 
Tool life attained in minutes @; ( ) = tool No.; + = teal 


245 fpm 
20. 68+ (46) 


252 fpm 
0.59 (13) 


240 fpm 
26 .68+ (10) 


in selecting C1120 and B1119 material for testing as well as in 
choosing cutting-tool materials. 

Once convinced the foregoing results were correct, the various 
steel suppliers were pressed for an explanation of the better tool- 
life experience with the C1120 HR material. 

The explanation given was that B1113 in such large diameters 
(4 in.) was uncommon and that smaller diameters would produce 
results nearer the accepted standards for the two steels. 


SMALL DIAMETERS CHECKED 

As a consequence of this, a test procedure was developed to 
check the smaller diameter (1 in.) steels. 

These tests were conducted on a No. 2 wire feed-screw machine 
with all pertinent data as outlined at the head of Table 4. 

The tool shape used is detailed in Fig. 2 and HSS 18-4-1 tool 
material was used. 

Tools were to be run to complete breakdown or until tolerance 
on the diameter of pieces turned out varied beyond 0.0005 in. In 
every case the tool broke down before the tolerance was exceeded. 
Here again it should be noted that once tool breakdown begins 
complete destruction is almost instantaneous, and leaves no room 
for doubt as to when the end of a run is reached. 

At the outset of these screw-machine tests it was intended 
merely to check C1120 versus B1113, having expected to return 
to accepted standards as predicted by suppliers once normal 
diameters were introduced. When discovered that C1120 was 
outperforming B1113 at the very minimum ratio of greater than 
3 to 1 the question arose as to the grade of B1113 screw stocks 
being tested. 


C1119 INnrRopUCED 


At the same time an opinion was expressed that visibly the 
finish on the C1120 pieces was slightly inferior to those on B1113 
although miecroinch tests indicated no difference. 

Acknowledgment of this criticism led to the selection of C1119 
steel, it being reasoned that if the B1113 appeared to produce a 
better finish, the additional sulphur content must be responsible. 
On the other hand the C1119 steel having practically identical 
chemistry to C1120, with the exception of added sulphur in the 
C1119, should continue the desirable machining qualities of C- 


266 fpm 
19.41+(21) 


285 fpm 
19. 21+4(18) 


272 fpm 
15.90+ (30) 
13.06 + (40) 
308 fpm 

1.62(41) 


274 fpm 
17 .91 + (60) 


333 fpm 
1.02 (56) 
3.70 (58) pe 


Fic. Screw Macuine TurNniNG Toor 18-4-1 HSS 


It was this introduction of C1119 steel showing even further im- 
provement in desirable machining qualities as outlined in Table 4 
and at the same time completely eliminating any further criticism 
as to finish, that the task of submitting all obtainable sources of 
B1113 and C1213 to the same test was undertaken. 

In all, seven different B1113 and 1213 steels were obtained from 
a variety of suppliers and all subjected to identical treatment as 


outlined in Table 4 with results as recorded there. Table 4 is so 
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arranged as to enable a rapid comparison of the average tool life 
experienced among all the varieties of steel stocks tested. 

In consulting Table 4 it should be noted that all tests with the 
exception of the B1113 and 1213 steels were not run to their com- 
plete conclusions so that the claims of superiority are the very 
minimum and if all tests had been continued to their full conclu- 
sion the superiority would be even greater than here claimed. 


CONCLUSION 


A great many more tests were conducted than are recorded 
here both on lathe and screw machine using varied tool shapes in 
which the speed, feed, and depth of cut were varied, to ascertain 
that the superior machining qualities of the higher carbon steels 
(C1120—C1119) over the so-called free-machining lower carbon 
steels (B1113—C1213) maintained at the same approximate 
ratios. 

The selected conditions under which the comparative tests were 
conducted were arrived at only after many preliminary trials and 
finally determined on the basis of obtaining the greatest possible 
amount of reliable information in relation to the time and effort 
expended. 

From the findings here reported a criticism and an explanation 
are offered as to why such an error in accepted machinability rat- 
ings should have gone so long undetected. 

The criticism lies (1) in the technique of conducting tests 
wherein tool pressures are measured as an indication of machina- 
bility and (2) that cutting tools are presumed to be exhausted on 
the basis of a predetermined amount of wear-land growth before 
complete destruction actually occurs. On the tests here reported 
measured tool pressures failed to indicate what tool life would be 
when carried to ultimate failure and in attempting to follow the 
wear-land growth technique an even less reliable relationship 
resulted. On the other hand in the technique here devised, run- 
ning to complete breakdown of the tool and ignoring tool pressures 
and land growths, an end point is reached beyond any dispute 
and no hypothesizing or projecting is necessary; thus any pros- 
pect of error is eliminated from this source. 

As an explanation of the results here reported the opportunity 
for the author to have observed so many tool failures due to the 
many tests conducted and the manner in which failure occurred, a 
pattern of failure eventually took shape of one type of steel 
versus the other. The failure patterns resolved themselves into 
two distinct classes wherein the steels of the higher carbon con- 
tent (C1120—C1119) showed a continually steady increase in tool 
wear almost from the outset but stood up a great deal longer than 
possibly could have been anticipated when inspected micro- 
scopically at intervals during the life of the test. In the case of 
the steels of lower carbon content (B1113—C1213), microscopic 
inspection at similar intervals never revealed tool wear occurring 
as rapidly as in the case of higher carbon-content steels. What 
did occur time and time again in the case of the lesser carbon steels 
was unexpected failure when tool wear-land growth was much 
less than that of tools continuing runs on the higher carbon 
variety. 

In short the tools wore out working the higher carbon steels and 
burned out unpredictably working the lesser carbon steels. 

The explanation is thus advanced that as carbon content de- 
creases the wear promoting carbide decreases and the free ferrite 
increases. This free ferrite in greater amounts is prone to weld to 
the tool with an attendant increase in frictional heat sufficiently 
great to burn the tool. Further the lower carbon steels tend to 
present a less homogeneous distribution of carbide and ferrite 
areas (banding), which creates a variable pressure on the tool as it 
moves alternately through carbon-rich and carbon-poor bands, 
and eventually, when an area of concentrated carbide particles is 


encountered, the heat created in surmounting this sudden de- 
mand is sufficient to destroy the tool instantaneously. 

On the other hand in the case of the higher carbon steels the 
pattern of free ferrite to carbide areas is generally much more uni- 
form and therefore presents a more even demand on the tool. It 
is thus suggested that an increase in carbon content at least 
up to 0.20 aids materially in improving machinability of a steel. 
Whether a further increase beyond 0.20 would be advantageous 
and how far beyond would be a very interesting study. A further 
advantage to an increase in carbon content beyond that presently 
contained in the B1113—-C1213 grades over and above the im- 
proved machining qualities is the better hardening qualities in- 
herent in the higher carbon steels. 

Based on the author’s recommendations, many production 
parts produced on screw machines have been turned out using 
C1119 steel at considerably elevated rates of production with en- 
thusiastic reports of completely satisfactory results. 

It is suggested respectfully that if new indexes were to be es- 
tablished for those set forth in the ASME tables, derived on the 
basis of the technique herein set forth, such tables would be the 
most informative, complete, and reliable of any that the author 


has yet encountered. ve 


The author's research on the comparative ma 
chinability of B1113—-C1213—C1120 and C1119 steels is in 
teresting. However, its main interest is not so much in the 
machinability ratings obtained on the steels tested as in the light 
it sheds on the hazards of accepting results of accelerated tests as 
a yardstick of any particular steel quality, be it machinability, 
corrosion, creep, or any other property reflecting performance 
under actual shop conditions, service-life span, and so on. 

The accelerated machinability test employed by the author is 
widely used in laboratories. It furnishes a tool life measured in 
minutes instead of hours, as in actual performance in automatic 
machines. Results of accelerated tests, such as the single-point 
turning test, may be very informative if critically appraised, but 
should be accepted with reservations unless supported by large- 
scale tests on regular production in machine shops where many 
tons of metals are cut under each of many combinations of feed 
and speed. The author, himself, put his finger on the weak spot 
of his tests when he stated: “‘The failure patterns resolved them- 
selves into two distinct classes wherein the steels of the higher 
carbon content (C1120—C1119) showed a continually steady in- 
crease in tool wear almost from the outset but stood up a great 
deal longer than possibly could have been anticipated when in- 
spected microscopically at intervals during the life of the test.”’ 

The writer first observed this phenomenon more than 25 years 
ago during extensive machinability tests conducted on a four- 
spindle automatic lathe, under dry cutting conditions, so as to 
shorten the tool life. When this test furnished a relative ma- 
chinability rating on a number of heats of a given grade, 3 tons of 
l-in. hexagon bars from each heat were sent to a commercial 
machine shop and machined into bolts under carefully supervised 
conditions. So long as these tests were confined to bessemer 
grades B1112 and B1113, the machine-shop ratings were in line 
with the accelerated test ratings in the laboratory. However, on 
one occasion a low-sulphur open-hearth steel (SAE 1020) was 
tested in comparison with a B1112 heat. Surprisingly, under the 
accelerated test, the SAE 1020 heat showed a higher machinabil- 
ity rating than the B1112 heat, although the type of tool failure 
was different (gradual wear on the open-hearth heat, as com- 
pared with a sharp end point on the B1112 heat). When 3 tons of 


2 Technical Advisor, Battelle Memorial Institute, Columbus, Ohio. 
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- cold-drawn bars from each of these heats were machined under 
normal conditions in the machine shop, the machinability ratings 


were found to be the reverse of those obtained under accelerated 


Similar tests were made on a number of other heats 
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mills generally discourage the use of the grade for that reason. 


AvUTHOR’s CLOSURE 


Mr. Case’s comment regarding the unreliability of accepting 


tests. 
accelerated tests as a basis for production rates is one in which 


the author fully concurs. This very reluctance on the author’s 
part to accept the results of the accelerated lathe tests was the 
reason for extending the tests to the screw machines. The 
basis of this paper is the projection of the accelerated lathe test 
results to actual production rates on screw machines. A tool 
life experience of 41/2, hours actual cutting time in the case of the 
C1119 steels is not considered by the author as an accelerated 
test in the case of normal screw machine operation. Automatic 
screw machine production setups normally call for 6 to 8 turrets 
or tools and in the most extreme case no single tool would be 
cutting more than 25 per cent of the production time per piece 
and in most cases much less. In an extreme case of an estimated 
25 per cent cutting time for a particular tool, this would allow 
more than a 16-hour run between tool grinds which in the case 
of steel jobs is no more than the normal experience on production 
runs. 

The surface speed rate of more than 300’/min for turning tools 
in the case of C1119 steels is fully recommended in actual pro- 
duction runs on screw machines which is fully 50 per cent in 
excess of most experiences uncovered by the author in the cases 
of production runs using B1113 and C1213 steels. 

A note of caution regarding the hot-rolled steels, such as 


(B1112—C1120—C 1020) with the same end results. Eventually, 

this led to the adoption of different end point for the open-hearth 

__ steels—an end point based on a fixed value of tool wear, as com- 
be d pared with a sharp tool failure on the bessemer steels. 

_ Incidentally, phosphorus and to a certain extent nitrogen, 
rather than carbon, appeared to be the cause of the difference in 
behavior of the steels under the accelerated machinability tests. 

- Rephosphorized and nitrogenized (to about 0.012 per cent Ne) 
-— epen-hearth steel behaved similarly to the bessemer grades, in so 
far as the end point of tool failure was concerned. 


8. B. Jones.* The writer is very familiar with the machining 
- qualities of C1119 steel. Over possibly five years, observations 
-_ made on many applications of the grade. The writer’s in- 
terest in the results generally obtained—which often exceeded 
B1113 and lead-content steels—resulted in retaining the author 

to do some of the work on which he has reported. 
_ It may be recalled that three or four years ago the author, Mr. 
_ George Witteman, and the writer appeared before Dr. Boston’s 
- committee in New York and pointed to some of our results. We 
4) said we felt the machining figures in the ASME Handbook 
_ needed revision. For one, the writer still believes they do, at 

_ least in the present instance. 


Mr. R. F. Harvey, until recently chief metallurgist of the 


significant findings with regard to tool life, operational speeds ob- 
tained, and general excellence of C1119. You will find his article 
in a fairly recent issue of American Machinist. 

It is my belief that C1119 would be more generally used on 
difficult machine jobs were it not more costly to produce than 
conventional screw stock. The writer has been informed that the 


r Pe and Sharpe Manufacturing Company, has published very 


3 Precision Machine Tool Repairs Company, East Providence, R. I. 


C1120, should anyone interpret this as their being recommended 
for screw machine runs at accelerated rates; do not attempt 
any such thing, as the type of chip produced from the hot-rolled 
steels will “‘clog’’ up at accelerated rates with the very good 
chance of a complete “smash up” resulting. For a rapid check 
of the accuracy of this data, it is recommended that for a pro- 
duction run on automatic screw machines, presently employing 
B1113 or C1213 steel, simply substitute C1119 steel of identical 
stock size, increase the speed 50 per cent, and continue the pro- 
duction run under these conditions. 
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By R. A. LULA,' A. J. 


The elevated-temperature strength of AISI Types 301, 


305, and 310 stainless steels can be improved by cold-work- 


- ing, provided extensive recrystallization during exposure 
does not take place. The rupture strength of cold-rolled 
materials decreases progressively with increasing recrystal- 


lization and eventually becomes poorer than that of an- 


_ nealed material when the amount of recrystallization ex- 
ceeds 50 to 60 per cent. It is suggested that microstruc- 
tural changes which occur as a result of recrystallization 
account for the detrimental effect that recrystalliza- 
_ tion exerts on high-temperature strength. These include a 


q o-~ in grain size and redistribution of chromium car- 

_bides in Types 301, 305, and 310, and the accelerated for- 
4 mation of sigma in Type 310. iD aa 

INTRODUCTION 

HE ability of austenitic stainless steels to be work-hardened 
to high-strength levels has been used to great advantage 
‘ for many years to provide corrosion-resistant, high-strength 


materials for structural components which operate at atmospheric 


temperatures. The outstanding example of this type of mate- 
rial is cold-rolled Type 301 stainless steel, which is used exten- 
sively for structural applications in automotive truck trailers and 
railway cars. In contrast to the wide use of the cold-rolled, 
: Be He stainless steels at normal temperatures, there has been 
relatively little attempt to extend their usage to elevated tem- 
peratures. This condition undoubtedly has been due to the lack 
of information describing the effects of cold-working on the 
strength and structural stability of these materials when sub- 

— jected to loading at elevated temperatures. This paper is con- 
cerned with the results of an investigation on the effects of cold- 
working on the high-temperature properties of the austenitic 
stainless steels. The steels chosen for this work were Types 
= 305, and 310, with the major emphasis being placed on Type 
301. 


MATERIALS AND PROCEDURES 


AISI Type 301 was chosen initially for this study with addi- 
- tional work being performed on AISI Types 305 and 310 to pro- 
vide wider coverage of the possible structural changes which can 


1 Research Supervisor, Stainless Steel Section, Research Labora- 
tory, Allegheny Ludlum Steel Corporation. Assoc. Mem, ASME. 
. 2 Associate Director of Research, Research Laboratory, Alle- 
gheny Ludlum Steel Corporation. 

8 Metallurgist, Research Laboratory, Allegheny Ludlum Steel 
Corporation. 
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presented at a joint session of the Metal Processing Research Com- 
mittee and Metals Engineering Division at the Semi-Annual Meeting, 
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occur in the austenitic stainless steels at elevated temperatures. 
Type 301 transforms partially to martensite during cold-rolling, 
whereas, the other two grades are sufficiently stable to remain 
completely austenitic. Carbide precipitation in the temperature 
range of 1000-1600 F occurs in all three of these steels, but only 
in Type 310 does extensive sigma formation take place. 

The composition of the particular three heats which were stud- 
ied in this investigation is shown in Table 1. These steels were 
received from the mill in the form of annealed strip and portions 
of each strip were subsequently cold-rolled various degrees in the 
laboratory. The room-temperature properties of the three steels 
in the annealed and various cold-rolled conditions are given in 
Table 2. Samples of the annealed and cold-rolled material were 
studied with respect to structural changes including carbide pre- 
- cipitation, sigma formation, and recrystallization. Stress-rupture 
tests (2-in. gage length) were used to evaluate the effect of cold 

work on high-temperature properties. 


M. JOHNSON,’ BRACKENRIDGE, PA. 


TABLE 1 COMPOSITION OF STEELS 
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TABLE 2 ROOM-TEMPERATURE TENSILE PROPERTIES 
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RESULTS 


Elevated Temperature Properties: Type 301. Conventional 
stress-rupture curves for annealed and cold-rolled Type 301 at 
1200 and 1350F are shown in Fig. 1. The effects of cold work 
on the 100 and 1000-hr strength of this steel at 1200 and 1350 F 
ean be seen in Fig. 2. The following generalizations can be 
derived from these curves: 


1 Improvement in elevated-temperature strength derived 
from cold-working goes through a maximum at some intermedi- 
ate degree of cold work, the exact value of which depends upon 
the temperature and time of testing. Maximum strengthening 
effect is obtained at 1200 F with 30 per cent cold-rolling for both 
100 and 1000-hr rupture life. At 1350 F, very little improve- 


4 
| 
| 
3 
Type Cc Si Mr Ni Ne Cu 
301 0.11 0.30 0.7 7.17 0.046 0.24 
80.072 0.31 1.0 158 0.082 ||. 
310 0.065 0.35 1.4 9.86 0.050 0.16 
69350 127900 45 
CR15......... 90375 —«:150800 32 
CR30......... 1234800 166975 25 
196000 9 
CR 50......... 204150 217000 3 = 
Type 310 
39860 86700 46 
62500 91870 38 
86795 102000 23 
126000 141800 8 ¥ 
Type 305 
Asannealed.......... 26445 77850 77 
CR30......... 109130 122490 20 7 
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‘Fre. 1 Srress-Ruprure Curves or ANNEALED AND CoLp-ROLLED 
Type 301 aT 1200 F anv 1350 F 


ment in 100 or 1000-hr rupture strength can be obtained by cold- 
working with large amounts of cold work (i.e., greater than 30 
per cent for 100-hr rupture strength and 20 per cent for 1000-hr 
rupture strength) being detrimental to elevated-temperature 
strength. 

2 For a constant-rupture life, the increase in strength de- 
rived from cold-working is greater in magnitude, the lower the 
testing temperature. For instance, a 50 per cent improvement in 
stress for rupture in 100 hr at 1200 F can be obtained by cold- 
working, whereas the maximum improvement at 1350 F for the 
same rupture life is about 10 per cent. 

3 Excessive amounts of cold-working can result in rupture 
strengths less than that of annealed material with the minimum 
amount of cold work necessary to do this being dependent upon 
the temperature and time of test. 

Cold-working has a detrimental effect on elongation at fracture 


in the stress-rupture test as shown in Fig. 3. An exception to 
this rule is found in samples which recrystallize, as shown by the 
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50 per cent cold-rolled material which had a low initial elongation 
at very short rupture times but the elongation increased rapidly 
thereafter coincident with a rapid rate of recrystallization. 

Type 305. The stress-to-rupture curves for Type 305 at 1200 
F are shown in Fig. 4. The 100 and 1000-hr rupture stress at 
1200 F is shown in Fig. 5 as a function of the amount of cold 
work. These results are comparable to those of Type 301 at 1200 
F in that 30 per cent cold-rolling produces maximum improve- 
ment for both 100 and 1000-hr rupture life. It is also interesting 
to note that the rupture strengths of the two alloys are essen- 
tially the same in spite of the difference in austenite stability. 
The stress to rupture in 100 hr of the 50 per cent cold-rolled Type 


ELONGATION % IN 2° 
a 


.@ 


dig 


10 
RUPTURE TIME -HOURS 


Fie. 3. Errecr or ON ELONGATION at Rupture 1n Type 301 Srain- 


TYPE 30! 
ry i's RUPTURE IN 100 HOURS 
8 2-CR IS% Cie S, 
‘g 
an 
| 


“4 


STRESS, 1000 PSI 


ANN 

CR 5% 

CR 30% 

CR 50% 

CR 50% +50 HRS. AT I450°F 


FIGURES ON CURVES INDICATE APPROXIMATE AMOUNT OF RECRYSTALLIZATION 


at 


10 


10000 


100 1000 
RUPTURE TIME, HOURS 


Fic. 4 Srress-Ruprure Curves or Type 305 at 1200 F 


305 is about the same as that for annealed ma- 
terial but is substantially less than that for an- 
nealed material for rupture in 1000 hr. 

Type 310. The stress-to-rupture properties of 


_ Type 310 at 1350 F are shown in Figs. 6 and 7. 
_ Minor improvement at this temperature is ob- 


‘ 
- rupture lives of 100 and 1000 hr. 


tained with 5 and 10 per cent cold-rolling with 
The stress- 
rupture properties of material cold-rolled either 
40 or 75 per cent is definitely inferior to that 
of annealed material for both 100 and 1000 hr. 
This effect is due to recrystallization which oc- 
curs very rapidly in heavily cold-rolled materi- 
als at high temperatures and has a detrimental 
effect on strength as will be described later. In- 
formation on the effect of intermediate degrees 
of cold work between 10 and 40 per cent was 
not obtained, but the data on Type 301 at 1350 
F indicate that no further improvement in 
strength would be expected in this range. 
Structural Modifications at Elevated Tempera- 
tures. Metallographic examination of fractured 
test pieces has shown that recrystallization is 


the major structural change which affects the elevated-tem- _ 
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perature strength of the cold-rolled austenitic stainless steels, = 
When recrystallization begins, the rupture strength decreases 
and, in general, when recrystallization exceeds 50 to 60 per cent, aad , 
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the strength is less than that of annealed material. The effect 
of recrystallization can be seen in Figs. 4, 6, and 8, where the 
percentage of recrystallization for fractured test pieces is indi- 
cated on the stress-rupture curves for Types 305, 310, and 301, 
respectively. 

Several structural modifications associated with recrystalliza- 
tion were observed in this study. The first of these, of course, 
was a change in grain size which in general resulted in a refine- 
ment of grain size. This was particularly true of heavily cold- 
worked samples which underwent rapid recrystallization and 
suffered rapid deterioration of elevated-temperature strength. 
Initial recrystallization in heavily cold-worked samples pro- 
duced a high concentration of very fine grains at the boundaries 
of the cold-rolled steel, as can be seen in Fig. 9. In addition to the 
refinement in grain size, the photomicrograph of Fig. 9 indicates 
the partial disappearance of the chromium-carbide phase as 
recrystallization progresses. This resolution of chromium carbide 
during recrystallization is even more apparent in Fig. 10 which 
is a photomicrograph at 2000 of 30 per cent cold-rolled Type 
305 aged for 100 hr at 1350 F. The resolution of chromium car- 
bide in this fashion was common to each of the three types of 
stainless steels. 

Type 310 is unlike Types 301 and 305 in that it is capable of 
developing large quantities of sigma when exposed at elevated 
temperatures. Lena and Curry‘ previously showed that  re- 
crystallization of cold-worked samples during static aging ac- 
celerates the formation of sigma. This effect also was observed 
in fractured test pieces of Type 310 which had recrystallized in 
test, an example of which is shown in Fig. 11. The dark-etching 
phase in this photomicrograph is sigma and it exists in the re- 
crystallized areas of a partially recrystallized sample. 

Owing to the instability of Type 301, it transforms partially 
to martensite during cold-working to the extent that approxi- 
mately 15 per cent of this phase is found in this alloy when cold- 
rolled 30 per cent. The presence of martensite is believed to 
contribute materially to room-temperature strengthening. In or- 
der to ascertain whether this phase is retained during stress-rup- 
ture testing and hence could contribute to high-temperature 
strengthening, dilatometric tests were made on 30 per cent cold- 


4 “The Effect of Cold Work and Recrystallization on the Formation 
of the Sigma Phase in Highly Stable Austenitic Stainless Steels,”’ 
by A. J. Lena and W. E. Curry, Trans. ASM, vol. 47, 1955, p. 193. 


rolled Type 301 heated at a rate of 66 deg F per hr. Results of 
this test are shown in Fig. 12, where the inflection in the heating 
curve at 770 F establishes the temperature of transformation of 
martensite to austenite. The expansion coefficient between 1100 
and 1400 F is the same as for annealed Type 301, indicating 
complete transformation. Hence, the presence of martensite at 
elevated temperatures cannot be a factor in the high-temperature 
properties of this grade. Further evidence for this is shown by 
the similarity in behavior between Type 301 and 305 in spite of 
the large difference in stability of the two steels. Type 305 when 
cold-rolled 30 per cent contains less than 0.5 per cent martensite, 
as determined by a magnetic test, whereas Type 301 in the 
same condition will contain approximately 15 per cent. 


Discussion oF RESULTS 

The data presented in the previous sections of this paper have 
shown that it is possible to improve the elevated-temperature 
properties of the austenitic stainless steels by cold-working, 
providing the degree of cold work and conditions of exposure are 
Although the rup- 
ture strength begins to decrease with the initiation of reerystal- 
lization, improvement in strength is retained until the amount of 
recrystallization exceeds approximately 50 per cent. 

An attempt was made in this study to determine why recrystal- 
lization exerts such a marked decrease in the stress-rupture prop- 
erties of cold-rolled steels. One would expect that restoration of 
an annealed condition through reerystallization would produce 
strengths equivalent to steels tested in the annealed condition. 
However, the data presented in this paper have shown that com- 
plete recrystallization in cold-worked materials results in proper- 
ties which are definitely inferior to annealed materials. This 
fact indicates that the actual recrystallization process during 
testing or that structural modifications which are produced by 
recrystallization are detrimental to high-temperature strength. 
With respect to recrystallization, per se, Becker® has suggested 
that accelerated creep should occur during recrystallization be- 


not conducive to extensive recrystallization. 


cause of greater atomic mobility. This postulation has since been 
confirmed for a number of pure metals. In order to investigate 
this possible effect in cold-rolled stainless steels, samples of 305 
and 310 were cold-rolled, recrystallized by aging at 1450 or 1475 F 


‘Uber Plastizitit Verfestigung und Rekristallisation,” by R. 
Becker, Zeitschrift Technische Physik, vol. 7, 1926, pp. 547-555. 
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and subsequently tested at 1200 or 1350 F. The results are 
shown in the stress-rupture curves of Figs. 4 and 13. For both 
materials, the rupture curves of samples recrystallized prior to 
testing are well below the annealed curves for all rupture lives. 
Furthermore, the 1000-hr rupture strength of samples which were 
recrystallized prior to testing are substantially the same as those 
with equivalent amounts of cold work which recrystallized dur- 
ing test. Asa result of these experiments it can be stated that the 
structural modifications which occur as a result of recrystalliza- 
tion are harmful to high-temperature strength whether the 
recrystallization occurs during the test or prior to testing. These 
microstructural changes include a refinement in grain size and 
modification of carbide precipitation in all three steels and ac- 
celerated sigma formation during recrystallization in Type 310. 


SuMMARY AND CONCLUSIONS 


1 Cold-working increases the rupture strength of Types 301, 
305, and 310 stainless steel, providing the degree of cold-work 
and conditions of exposure are not conducive to extensive re- 
crystallization. 

2 The increase in strength derived from cold-working is 
greater in magnitude, the lower the testing temperature. 

3 The optimum amount of cold-work for beneficiation is de- 
pendent upon testing temperature and time and decreases with 
increasing time at a given temperature or with increasing tem- 
perature at a given time. 

4 The beneficial effect of cold-working on high-temperature 
strength persists through the recovery period prior to recrystal- 
lization. 

5 Recrystallization results in a substantial decrease in high- 
temperature strength of cold-worked austenitic stainless steels. 
The improvement in rupture strength obtained by cold-rolling is 
gradually lost with increasing amounts of recrystallization, and 
the stress-rupture values of cold-rolled materials drop below the 
annealed values with more than 50-60 per cent recrystallization. 

6 The decrease in rupture strength due to recrystallization 
is attributable to structural modifications which occur as a result 
of recrystallization. These modifications include changes in 
grain size and carbide distribution in Types 301, 305, and 310 
as well as the accelerated formation of sigma in Types 310. 

7 Martensite produced by cold-rolling in unstable austenitic 
stainless steels such as Type 301 transforms to austenite at test- 
ing temperatures and cannot contribute to high-temperature 
strengthening. 


Discussion 
T. L. Ropertsuaw.* The authors are to be congratulated on 


the fine work that is well presented in this paper. The discusser 
confesses there is nothing to add to this work; however, the paper 
has stimulated some questions: 

(a) What was the difference in grain size between the specimens 
of 305 and 310 which were (i) as annealed and (ii) aged at 1475 F? 


* Research Assistant, Universal-Cyclops Steel Corporation, Bridge- 
ville, Pa. 
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Would such a difference account for the difference in stress rup- 
ture properties? 

(b) Would the transformation of martensite to austenite 
occurring at 770 F in the cold worked 301 materially reduce its 
properties at 770 F? 

(c) Did the amount of recrystallization vary along the gage 
length of the stress-rupture specimens? 

(d) Did fractures “‘initiate’’ or propagate in a preferred manner 
so far as grain boundaries, precipitates, recrystallized grains, etc. 
are concerned? 


AuTHors’ CLOSURE 


Examination of the Type 310, which had been aged at 1475 F, 
showed that the steel prior to aging had an extremely fine grain 
size which by calculation would amount to an ASTM grain size 
of 18-20. The annealed steel had a grain size of 5-6, This dif- 
ference in grain size undoubtedly contributes to the decreased rup- 
ture strengths of aged samples. As a matter of fact, the suthors 
consider the refinement in grain size possibly the most significant 
microstructural change which contributes to decreased rupture 
life when recrystallization occurs. The effect of grain size alone 
can be seen in the data for aged samples in Fig. 13. The only dif- 
ference in structure between the 40 per cent and 75 per cent cold- 
rolled and aged steel was one of grain size and the finer grained 
75 per cent cold-rolled steel (Curve 5) had a lower rupture strength 
than the 40 per cent cold-rolled steel (Curve 4). 

Since presentation of this paper, we have extended the work to 
include rupture testing of cold-rolled Type 301 at 800 F. We 
have found that full hard Type 301 at this temperature retains 
its elevated temperature strength with the rupture life in 100 hours 
being 145,000 psi and 135,000 for 1000 hours’ life. This would in- 
dicate that the transformation of austenite to martensite does not 
materially reduce the elevated temperature properties of the steel. 
This should probably be expected since the amount of martensite 
is only 15 to 30 per cent with the balance being work hardened 
austenite which does not change on heating. 

A brief examination of several fractured samples of Types 301 
and 305 indicated that the amount of recrystallization in partially 
recrystallized samples may have been slightly greater near the 
fracture. The difference was not great and was nonexistent at 
distances slightly removed from the fracture. 

A number of the fractures in all grades of steel were examined 
since receipt of Mr. Robertshaw’s discussion to determine the 
mode of fracture. All fractures examined failed intergranularly. 
For Type 305 at 1200 F this included annealed samples which 
fractured in 18 and 259 hours; 15 per cent cold-rolled steel in 29, 
114, and 331 hours; 30 per cent cold-rolled in 18.5 and 114 hours; 
and 50 per cent cold-rolled in 112.75, 195.5, and 1508 hours. The 
annealed 15 per cent and 30 per cent samples had not recrystal- 
lized in test in the times mentioned whereas the 50 per cent 
cold-rolled sample had undergone partial recrystallization in short 
time and complete recrystallization in 1508 hours. Regardless of 
the degree of recrystallization, all fractures were intergranular. 
The same observations were found with 301 and 310. These re- 
sults would further indicate the importance of grain size. 
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Avon 


By C. A. DAUBER,' CLEVELAND, OHIO 


This paper describes the 250,000-kw supercritical-pres- 
: sure addition to the Avon Plant of The Cleveland Electric 
nf Illuminating Company. Special features of the third 
-, supercritical-pressure unit designed for an American 
central station include the use of a monotube once- 
through boiler, combination motor and turbine-driven 
7 boiler feed pumps, extruded pipe for main steam leads, 
condenser by-pass demineralization system, and a high- 
temperature water-heating system for the plant addition. 


INTRODUCTION AND Economics 


HE Cleveland Electric Illuminating Company has four 
generating plants and serves a 1700-square-mile area in 
northeast Ohio. This year the company is observing its 
75th anniversary, its earliest predecessor having been founded in 
1881 by the celebrated arc-lamp pioneer, Charles Francis Brush. 
Growth of both company and area is indicated in these words 
spoken during the official ground-breaking for the new unit by 
- the company’s President, Elmer L. Lindseth: ‘In 1881 the Illumi- 
nating Company’s earliest ancestor, The Brush Electric Light 
and Power Company, had one steam generating unit which when 
run at full capacity would light a total of 88 lamps. When the 
new unit begins operation at Avon, the Illuminating Company will 
be able to turn out a total of two million kilowatts... This 
will be two and one-half times our generating capacity at the 
close of World War IT.” 

This tremendous load growth has been a challenge to the com- 
pany’s engineers to design and construct the most efficient and 
economical generating plants. The recent breakthrough of the 
critical-pressure barrier for steam and water, while it provides a 

new tool for higher thermal efficiency, involves a host of intriguing 
problems in such fields as high-temperature metallurgy and 
boiler-feedwater conditioning. This paper is written to attract 
the interest of young engineers who may not be aware that 
electric power generation is an area of technology which has 
achieved, in the case of The Cleveland Electric Illuminating Com- 
pany, a reduction in fuel consumption from 6 lb per kwhr to 0.67 
lb per kwhr in the past 75 years. To these young engineers, as 
well as to those more experienced in central-station design and 

- operation, it is hoped that the information will convey some of 
the challenge that faced engineers of our company when initial 
announcement was made in the summer of 1955 that Unit No. 8 
for the addition to Avon Plant was to employ a supercritical- 
pressure steam cycle. 

Since emphasis in this paper is on unusual features of design, 

many details duplicating conventional central-station practice 
will not be discussed. All aspects of the design had not been 
“frozen’’ at the time of preparation of the manuscript, so some 
portions may be subject to future revision. It was thought that 

a greater contribution to central-station practice could be made 

_ by sharing information at this time than by waiting until the 

station begins operation. 

1 Director of Civil and Mechanical Engineering Division, The 

- Cleveland Electric Illuminating Company. Mem. ASME. 

Contributed by the Power Division and presented at the Semi- 
Annual Meeting, Cleveland, Ohio, June 17-21, 1956, of THe Amenrt- 

_ CAN Society oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, June 17, 
1956. Paper No. 56—SA-69. 
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Extensive studies were carried out to establish the location of 
the 1958 addition, its optimum size, and the most economically 
desirable steam conditions. 

Site location involved a choice between a recently purchased 
location in the Ohio River and several sites in various stages of 
development within the company service area. Strong considera- 
tion was given to the advice of the U. 8. Defense Department to 
locate the unit outside of the Cleveland metropolitan area as a 
part of the policy of plant dispersal. By choosing to extend the 
Avon Plant, located 20 miles west of downtown Cleveland, it was 
possible to obtain a Certificate of Necessity for a five-year amor- 
tization on 65 per cent of the plant investment. Careful analy- 
sis of the cost factors involved indicated that the saving in coal- 
delivery charges for the river site were not as yet sufficient to 
overcome the added fixed and operating charges associated with 
a high-voltage transmission line from the Ohio River to the com- 
pany service area, On the other hand, the Avon site did not in- 
volve comparable transmission-line costs, and it was found that 
the use of money made available by the deferment of taxes 
through rapid writeoff overcame all other economic factors and 
justified the selection of the existing station site on Lake Erie as 
the preferred location. 

Selection of unit capacity size involved a study made in con- 
junction with the Operation Research Staff of Case Institute of 
Technology. An analysis of system reserve requirement, both 
with respect to maintenance and reliability, was carried out. 
This phase of the study resulted in the sizing of the unit at 
250,000 kw and confirmed the in-service date of late 1958. The 
company established a forced-outage probability requirement of 
‘no more than one deficiency in generating capacity in five 
years.”’ 

A number of heat cycles ranging in throttle pressure from 2400 
psig to 5000 psig and in temperature from 1050 F to 1200 F were 
selected for consideration. Preliminary calculations narrowed 
the range to 3000-3500 psig and 1050-1100 F, with single reheat 
to 1050 F. Because of anticipated design and operating prob- 
lems with steam at pressures just below the 3202-psia critical 
pressure, it was decided to move through this range to 3500 psig. 
Furthermore, the company’s policy is to select steam conditions 
one step in advance of the most economical in order to con- 
tribute to the advancement of the art. In dealing with one tur- 
bine manufacturer, it was found that ferritic materials could be 
used to withstand 1100-F main steam temperature. For these 
reasons, throttle steam conditions of 3500 psig, 1100 F were 
selected with reheat to 1050 F. 

Space limitations, together with electrical cost factors, dictated 
the selection of a tandem-compound unit. These considerations 
were influenced by the location of the new unit in an existing 
plant. The new extension to the Avon site will be as shown on 
the plot plan in Fig. 1. 

The layout of the Avon extension is of the fully enclosed 
“ranch type’’ with the turbine-generator shaft oriented parallel 
with the front face of the steam-generating unit as shown in Fig. 
3. This is the best arrangement, since the physical dimension of 
the tandem-compound turbine-generator along the center line 
of the shaft will be 108 ft. Walls for the station extension will be 
constructed of insulated stainless-steel panels with brick pilas- 
ters. 


There will be a centralized control room for all boiler and tur- — 


bine controls. This air-conditioned control room will be de- 
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pumps in service. 


Fic. 3) Prantr Cross Secrion 

signed to accommodate two units and will be located directly 
between the turbines and boilers on the turbine operation floor 
level. Main electrical controls will be located in an existing con- 


trol room installed at the time of the construction of the original 


section of the station. 
Fig. 2 shows a simplified heat-balance diagram for this unit. 
The estimated net plant heat rate at rated load and back pressure 


; is 8620 Btu per kwhr with two steam-turbine-driven boiler feed 


With one turbine-driven and one motor- 


_ driven feed pump in service, the plant net heat rate will be re- 


duced to 8605 Btu per kwhr. 


STEAM GENERATOR 


Steam will be supplied to the 250,000-kw supercritical-pressure 
turbine by a C-E Sulzer monotube steam generator as shown in 
Fig. 4. It will be a pulverized-coal-fired unit of the dual-furnace 
design as manufactured by Combustion Engineering, Inc. 


_ Corner firing using tilting tangential burners will be employed to 


burn low ash-fusion-temperature coal. The unit will be de- 
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signed to deliver 1,715,000 lb of steam per hr to the turbine throt- 
tle at 3500 psig and 1100 F with single reheat to 1050 F. The 
boiler has no drum and is of the forced-circulation once-through 
type. In many respects it is similar to Sulzer monotube units in 
operation in European power plants. The main boiler feed pumps 
furnish sufficient head to force the boiler water through the — 
continuous-tube circuits of the various sections of the boiler as _ 
well as the feedwater and main steam lines. 

After leaving the two parallel lines of feedwater heaters, the feed- 
water is divided into a total of four circuits. Two feedwater cir- 
cuits supply an economizer for each furnace. The feedwater 
flow to the economizers is controlled in each circuit by individual 
feedwater control valves. The feedwater then flows to the water 
walls which occupy approximately the bottom half of the wall 
surface in each furnace. No conventional downcomers outside 
of the boiler are required to supply the water-wall section. The 
boiler water makes a number of up-and-down passes in the fur- 
nace water-wall section before entering the horizontal-tube transi- 
tion zone which is located in a relatively cool convection region. 
The transition zone is where water is converted into steam. As 
will be discussed later, very careful control of feedwater quality 
is maintained to prevent the deposition of solids in the transition 
zone and superheater. 

On leaving the transition zone, each of the two steam circuits 
per furnace is subdivided into two parallel circuits through a — 
series of radiant, platen, and finishing superheaters. These eight 
steam circuits include appropriate stop and bypass valves, which 
are used during start-up and abnormal operating periods. To 
maintain uniform steam-temperature distribution to the turbine, 
the leads from the stop and bypass valves are connected into a 
mixing header. 

In developing a logical and balanced design, it will be necessary 
to obtain variations from some of the arbitrary rules in today’s 
Boiler Codes. This results from the fact that the codes as written 
did not have this type of boiler in view. All the variations have 
been developed and approved by the Industrial Commission of — 
Ohio. As an example, the safety-valve capacity cannot be lo- 
cated on the drum asthereis no drum. Therefore, it is intended 
that all safety-valve capacity will be located at the superheater 
outlet and the safety valves will be set above the operating pres- 
sure, so that they will not affect operation unless the auto- 
matic control and bypass valves do not function. Thus, safety 
valves are even more in the category of occasional departures 
than is the normal case on utility boilers. 


TURBINE-GENERATOR 


The Westinghouse turbine-generator, a cross section of which 
is shown in Fig. 5, is designed for a maximum throttle flow of 
1,715,000 lb of steam per hr at a pressure of 3500 psig and tem- 
peratures of 1100 F with reheat to 1050 F. With two turbine- 
driven boiler feed pumps in service, the maximum capability of 
the main turbine is 250,000 kw. The 3600-rpm inner-cooled 
generator has a rating of 273,460 kva at 22 kv, 0.85 power factor, 
0.64 short-circuit ratio, and 45-psig hydrogen pressure. Pro- 
vision is made to operate the generator at 60 psig. A 1200-kw 
exciter driven by a 715-rpm induction motor operating at 375 
volts supplies excitation current. 

The tandem-compound, triple-flow turbine receives super- 
critical-pressure steam which at full load is expanded to 2000 
psia in the steam-cooled superpressure section. The steam then 
passes to the very-high-pressure section where its pressure is re- 
duced to 750 psia. Reheated steam returns to the high-pressure 
turbine at 1050 F where it expands to 240 psia. After passing 
through the intermediate-pressure turbine, the steam enters the 
triple-flow low-pressure sections at 45 psia. The design con- 
denser pressure is 1.0 in. Hg. 
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The entire control and protective system on this turbine is 
hydraulically operated. The main steam controls include servo- 
motors for moving the governor valves which determine the flow 
to the turbine, the speed-responsive governor, and the speed 
changer, which adjusts the speed range in which the governor will 
control the servomotors. The interceptor valves are closed dur- 
ing start-up and up to a steam flow of 30 per cent of maximum. 

The protective system includes the main steam throttle valves, 
the reheat stop valves, the overspeed trip valve and its connected 
devices for tripping the main steam throttle, the governor, inter- 
ceptor, and reheat stop valves whenever the turbine reaches a 
predetermined overspeed. A load-limit device also is provided 
to limit the maximum opening of the governing valves to any 
chosen amount. In addition, the turbine is protected against low 
vacuum and low oil pressure. The throttle and reheat stop 
valves have only two positions; namely, closed or fully open. 

The governing valves function in parallel to allow full pe- 
ripheral admission of steam to the first stage of the turbine. As 
a result, therefore, the throttling loss at partial loads will be 
greater than for machines where the governing valves open se- 
quentially. 

Although the final complement of supervisory instruments has 
not yet been decided upon, it is likely that several new ones will 
be added to those normally utilized on subcritical machines. In 
accordance with current practice on the system, provision is 
being made for remote control of the turbine-generator. 

By maintaining the same turbine-room width for the station 
extension, it will be possible to use the existing 125-ton crane in 
the new section. An additional 175-ton crane will be installed 
with the new turbine. Current plans are to have the generator 
shipped as a complete unit weighing approximately 625,000 lb. 
Both the existing and the new crane will be used to transfer it to 
the turbine-generator supporting foundation, 

There will be three six-stage main boiler feed pumps each ca- 
pable of delivering 2285 gpm (1,026,000 lb per hr) at a total head 
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of 11,580 ft. Two of the pumps will be driven by steam turbines 
and the third by two 4000-hp motors in tandem. 

The two boiler-feed-pump-drive turbines will receive steam 
from the “cold reheat’’ line and will deliver exhaust steam to the 
lowest stage extraction line. Part or all of the steam will flow 
to the lowest stage extraction heater to supply its requirement. 
The balance, if any, will return to the turbine in a reverse direc- 
tion from the conventional extraction flow, and continue through 
to the main condenser. 

The maximum speed of the boiler feed pumps and their drive 
turbines, as well as the output speed of the speed-increase gear, 
will be 7575 rpm. This corresponds to a maximum power output 
of 7650 hp. The speed of the turbines will be controlled through 
a conventional flyball governor with speed changer. Impulses 
will be received by the governor through a hydraulic system 
from the feedwater regulating valve. The output of the two 
motors in tandem will be delivered to the pump through a hy- 
draulic-coupling speed-increase gear. 

It is tentatively planned to control the speed of the motor- 
driven pump from a governing device mounted on the speed- 
increase gear. The output signal from a hydraulic system will 
position the speed-regulating tube of the hydraulic coupling 
which, in turn, will match the output speed of the electrically 
driven pump and that of either or both of the turbine-driven 
pumps. 

These pumps are equipped with Jabyrinth-breakdown bushings 
in place of the conventional shaft packing. This labyrinth- 
breakdown arrangement is based upon cold-water injection from 
the discharge of the condensate pump. A small portion of the 
injection water flows inwardly into the pump proper. The re- 
mainder flows outwardly to a collection chamber from which it is 
piped to the condenser hotwell. The labyrinth-breakdown bush- 
ing itself is adjustable, so that concentricity between the shaft 
sleeve and the breakdown bushing is assured. 

A common baseplate will be installed under the boiler feed 
pump and all equipment in the drive train. 

The purpose of the dual-motor drive is to limit the starting cur- 
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rent so that standard 4000-volt switchgear can be used. In 
starting, power is applied to one motor until up to full speed. 

Choice of Pump Arrangement. In establishing the boiler- 
feed-pump arrangement, it was first decided that such pumping 
would be accomplished in one stage rather than two. With a 
maximum feed-pump discharge pressure of 4730 psig, it was 
found that the savings in pump power in handling relatively cool 
water (339 F) exceeded the savings which would have resulted 
from designing the high-pressure feedwater heaters for a lower 
pressure. The use of such lower pressures for heater design 
would have been permitted by the addition of a second stage of 
feedwater pumping which would have supplied something in the 
order of 50 per cent of the pumping requirement after the feed- 
water had left the highest pressure feedwater heater. The 
added cost of two sets of pumps, as compared with one, was an- 
other factor pointing toward a single stage of pumping. As a re- 
sult, all feedwater pumping will be accomplished in one stage 
ahead of the high-pressure heaters in the conventional manner. 
To assure adequate NPSH to the boiler feed pumps at all times, 
low-power booster pumps are arranged to receive feedwater 
from the deaerator and deliver it to the main boiler feed pumps. 

The equipment and controls are being designed so that any 
two or three of the pumps ean operate in parallel satisfactorily. 
Present expectations are that the two turbine-driven pumps will 
be capable of operating in parallel down to 30 per cent of full 
load. 


FEEDWATER HEATERS 


The four high-pressure feedwater heaters are designed for a 
water-side pressure of 4730 psig. Since these four heaters are 
located on the discharge side of the boiler feed pumps, it has been 
necessary to establish their operating pressure to meet the pump- 
discharge pressure required to deliver 3500 psig steam to the tur- 
bine throttle. The three low-pressure condensate heaters are de- 
signed for 300 psig, the maximum discharge pressure of the con- 
densate pumps. The deaerating feedwater heater is designed for 
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125 psig. In addition to the feedwater heaters, a hydrogen 
cooler, condensate cooler, and gland-steam cooler are located in 
the condensate cycle. A steam regulator controls the flow of 
steam to the gland cooler. A diagram of the condensate and 
boiler feedwater cycle is shown in Fig. 6. 

After study of the cost factors involved, it was decided to em- 
ploy two heaters in parallel for each of the high-pressure feed- 
water-extraction stages. Cost factors considered in this study 
included cost of the heat exchanger, piping cost, valve cost, and 
space evaluation for each of the arrangements. With two strings 
of heaters, it was deemed unnecessary to design piping for by- 
passing an individual heater. As a result, difference in valving 
costs assumed significant proportions. Should any high-pressure 
heater require maintenance, that entire string of heaters will be 
taken out of service. It is hoped that it will be possible to carry 
almost full load under this condition. 

The high-pressure heaters are of the U-bend type with integral 
desuperheaters and drain coolers. Each of the drain coolers 
is designed for a 10-F approach to the temperature of the 
feedwater entering the heater. Tubes are of 15 BWG minimum 
wall monel, welded to the tube sheet. 

The low-pressure heaters are the conventional U-tube design 
including integral desuperheaters and drain coolers. The second 
lowest pressure heater will be located in the condenser neck. All 
units are designed with integral tube sheets and channels with 
separate removable channel covers. As in the case of the high- 
pressure heaters, all low-pressure heaters are equipped with 
10-F approach drain coolers. Tubes in the low-pressure heaters 
will be of 18 BWG admiralty metal. 

Original plans had called for the drains of the lowest pressure 
heater to be pumped into the condensate stream between the first 
and second lowest pressure heaters in order to obtain the best 
possible heat rate. After consideration of water-conditioning 
problems, however, it was decided to send these drains directly 
to the condenser. The possibility of significant copper and iron 
pickup by the extraction drains in cascading through the low- 
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pressure heaters made it desirable to demineralize low-pressure 
drains as soon as possible. 

The deaerating feedwater heater consists of two vertical steel 
sections equipped with spring-loaded spray valves and deaerat- 
ing element, These deaerating heater sections, with internal 
direct-contact vent condensers, are mounted on, and supported 
by, a horizontal cylindrical steel storage tank of 6200 cu ft ca- 
pacity. 


WaTER-QUALITY CONTROL 


The once-through supercritical-pressure boiler design imposes 
stringent limitations on total solids in the boiler feedwater. 
Solids formerly blown from the boiler drum can lead to deposit 
formation in the unit if not removed by other means. Solids in 
the steam may deposit on the turbine blades. 

In the latest 2400-psig controlled-circulation boiler at Eastlake 
Station, the feedwater pH is maintained at 9.0 to 9.2 by adding 
morpholine or ammonia. Feedwater conductivity (undegassed ) 
of 1.0 to 1.5 micromhos is satisfactory. In the superecritical- 
pressure cycle, the feedwater will have the following limitations: 


pH 9.0 — 9.5.. 
Total solids 
Total iron 

Total copper... . 


. by adding ammonia or hydrazine 
.50 ppb maximum at condensate pump discharge 
10 ppb maximum 
10 ppb maximum 
20 ppb maximum 
7 ppb maximum 


A condensate-bypass filtration and demineralization system 
will be used to maintain the solids within the required limits. 
The bypass filtration and demineralization system serves three 
major purposes: namely, (1) protects feedwater cycle from con- 
denser-tube-sheet weepage (leakage between tube and tube sheet) 
and condenser-tube rupture leakage, (2) “polishes’’ make-up 
water from a two-bed demineralizer system, and (3) removes 
corrosion products from the cycle. 

Two secondary purposes of the bypass filtration and deminerali- 
zation system are (1) to polish miscellaneous drains before 
returning to the cycle, and (2) to clean up the cycle on original 
start-up and following outages. 

Condenser-Leakage Contamination. Tube-sheet weepage is a 
controversial subject. On Lake Erie water excellent results and 
long life expectancy have been achieved with red-brass and ad- 
miralty tubes rolled into muntz-metal tube sheets. On the latest 
1800 to 2400-psig units tube tightness proved completely satisfac- 
tory and it was believed that there was zero leakage. However, 
recent highly sensitive tests have proved that weepage does exist. 
The solids introduced into the water by this condition were found 
to be more than the maximum allowable for the supercritical- 
pressure cycle, 

A double tube-sheet design with pressurized condensate be- 
tween the two tube sheets was considered first. However, it 
was decided for practical reasons to use standard rolled tube 
sheets sprayed with neoprene to promote tightness. The con- 
denser and hotwell designs will permit demineralization of 95 to 
100 per cent of all tube-sheet weepage. 

The condenser, rectangular hotwell, and water boxes will be 
divided on the center line parallel to the tubes as shown in Fig. 
7. In addition to loose-fitting tube-support plates, the hotwell 
will have divisions transverse with the tubes. These will be 
located directly below a tube-support plate and about 18 in. be- 
low a tube-support plate. The transverse divisions have been 
provided in order that 95 to 100 per cent of any tube weepage 
will be caught in the four end sections of the hotwell. Normally 
all water in the four end sections will be sent to the bypass filtra- 
tion and demineralization system. The effluent from the bypass 
demineralization system will be sent to the center section of the 
condenser for redeaeration by the condenser before the water is 
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Fic. 7 CoNDENSER ARRANGEMENT 

returned to the cycle. The full-load design flow for the bypass 
system is 625,000 Ib per hr or 50 per cent of condenser flow, in- 
cluding low-pressure heater drains. 

The bypass filtration and demineralization system has been 
designed for 100 per cent condenser flow during emergency opera- 
tion. Tube rupture will be detected at the hotwell pump by 
precise conductivity measurements. When abnormally high 
conductivity is detected, all condensate will be sent through the 
bypass filtration and demineralization system. By designing 
the bypass system for 100 per cent condenser flow, the unit can 
hold full load for 24 hr or longer with no danger of cycle contami- 
nation. By comparison to other supercritical-pressure plants, 
the amount of stored high-purity water (358,000 Ib) is relatively 
small. 

Longitudinal divisions of the condenser and hotwell have been 
provided to determine on which side a condenser tube has rup- 
tured. In this case, also, conductivity measurements on each of 
six outlet nozzles of the hotwell will indicate the location of tube 
rupture. The circulating pump on the side in which failure oc- 
curs can be turned off, permitting the water box to be drained. 
With one side of the condenser out of service the turbine load 
will be reduced to approximately 70 per cent. At the same time 
the water box can be drained and the end of the ruptured tube 
plugged, after which the unit may be operated at full load. 

Make-up Water. Raw-water make-up to the cycle will be 
processed through a two-bed demineralizer equipped with a vac- 
uum degasifier. This make-up is polished in the mixed-bed de- 
mineralizers which are a part of the condensate-bypass system. 

All other sources of condensate make-up at the station can be 
utilized by processing through the mixed-bed bypass demineral- 
izer, These include evaporated make-up from the adjacent 
boilers and stored condensate. 

Prevention and Removal of Corrosion Products. The cycle has 
no special materials, such as stainless-steel or rubber-lined pipe to 
prevent corrosion. Control of pH by the addition of ammonia 
or hydrazine at the hotwell condensate pump and deaeration of 
the condensate will be relied upon to protect the metals in the 
preboiler cycle. The system is equipped with a standard con- 
denser with deaeration guaranteed to 0.03 ce of oxygen per liter 
(43 ppb) and a deaerating heater with deaeration guaranteed 
to 0.005 ce of oxygen per liter (7 ppb). The high-pressure 
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* heater drains are returned to the deaerating heater. The low- 
pressure heater drains will be returned to the end sections of the 
hotwell for bypass polishing. 

The filters ahead of the bypass-polish demineralizers will be 
relied upon to remove the corrosion products in the condensate. 
The nature of the filter material has not been established but 
_work is in progress to determine experimentally the most desirable 

filter material. Postdemineralizer filters will be used to remove 

traces of resin and elutriated materials from the ion-exchange 
beds. 
POWER PIPING 
The main steam piping for this unit shown diagrammatically 
: in Fig. 8, presented problems not previously encountered on con- 
ventional subcritical-pressure units. Eight main steam leads 
of 68/.-in. OD X 4in. ID (ASTM Specification A-376, Grade 

TP316, austenitic material) were established from the super- 

heater outlets to the boiler stop and bypass valves. Each of 
these leads is approximately 300 ft long. From the boiler stop 
bypass valves, eight austenitic 65/.-OD X 4-in. ID steam 
leads will run to a 16-OD X 10-in. ID austenitic mixing header. 
7 From the mixing header, four austenitic 7*/;-in. OD X 5-in. ID 
turbine leads will run to a transition section of austenitic to fer- 

_ritic material. From the transition sections, the four turbine 
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- Jeads to the turbine stop valves will be ferritic material (2'/, 
Cr, 1 Mo) ASTM Spee. A-335, Grade P22, L1-in. OD X 5-in. ID. 
Owing to the operating conditions of 1100 F at the turbine 
throttle, it was possible to have a metallurgical choice between 
_ ferritic or austenitic alloys. Tests were performed on Types 316 
and 347 in coarse and fine-grain specimens by heating a 20-in. 
length of small-diameter heavy-wall pipe to 1440 F, clamping, and 

- then cooling to 1200 F to obtain plastic strain. The conclusions 
_ of these tests indicated that the hot ductility of fine-grain Type 
_ 316 is much better than coarse-grain materials, These facts led 
to the decision to specify relatively thin-wall fine-grain austenitic 
_ pipe for the eight main steam boiler leads. It is proposed that the 
- required pipe will be manufactured by the extrusion method of a 
fine-grain material with the same manufacturing tolerances as 
“seamless” for which the wall-thickness variation is plus or 
- minus 12'/. per cent. The normal 0.065-in. corrosion allowance 
‘ was included in the pipe-wall calculations. The lengths availa- 


allowable stress present in the new ASTM Spec. 
” 


_earbon-steel pipe, the order was placed in Germany. 


ble from the extrusion press in the 4-in-ID size up to 1'/2-in. wall 
are approximately 30 ft. 

By procuring long lengths the welded joints will be kept to a 
minimum. Root-pass welds in the main steam lines will be made 
using the inert-gas tungsten-arc method combined with the use of 
consumable backing rings. This procedure utilizes a shielded are 
to draw an inert-gas-backed ring into the joint to form a first- 
pass bead completely fused with the parent metal and without 
any crevices. The welds are to be made without preheating. 
All the welds will be ground flush and inspected by radiography 
and fluid-penetrant methods. 

Design pressures and stress allowances were determined for 
the main steam piping from the superheater outlets to the boiler 
stop and bypass valves (under jurisdiction of the Boiler Code) by 
taking the turbine throttle pressure of 3500 psig, 1100 F and add- 
ing a design allowance of 5 per cent plus the calculated pressure 
drop in the piping, valves, and mixing header back to the super- 
heater-outlet headers from the turbine stop valves. 

The resulting superheater-outlet-header design pressure was 
approximately 3980 psig at 1110 F and all pipe-wall calculations 
for the austenitic materials to the stop and bypass valves were de- 
termined on this basis. The stress allowance of Grade TP316 was 
interpolated for 1110 F temperature. 

The low velocity of 9100 fpm through the main steam leads be- 
came necessary to minimize an already large pressure drop in the 
piping and valves of approximately 275 psig. From the boiler 
stop valves through the mixing header to the turbine stop valves 
_ the austenitic and ferritic main steam leads were designed under 
ASA B31.1 Piping Code and varying design pressures with 
1100 F temperature were used. 

The boiler-feedwater piping was designed by utilizing the higher 
A-106, Grade 
Owing to reluctance of domestic mills to roll Grade “C”’ 


BorLer-ConTROL SYsTEMS 


The once-through boiler has five control systems: 


Feedwater regulation. 
Main steam temperature. 
Turbine-bypass system. 
Combustion control. 
Reheat temperatures. 


In terms of conventional American boiler practice, the turbine- 
ea contro] system is the most unusual feature necessitated by 
_ the once-through design. The feedwater regulation is based on 


_ temperature rather than on drum level. 


Hydraulically operated controls will be employed for the feed- 
water, main steam temperature, and turbine-bypass system as 
shown diagrammatically in Fig. 9. These will be similar to those 
with which a great deal of experience has been had in subcritical 
once-through boilers in Europe. 

Combustion control to adjust fuel and air supply in accordance 
to load will be of electropneumatic design. Many new features, 
such as matching firing rate to generator load and air flow cor- 
rected by oxygen content of flue gas, are being contemplated. 

Reheat steam-temperature control will be of electrical design. 
Since reheater surfaces exist in each of the two furnaces, the tem- 
perature control will have two stages. Burner-tilt temperature 
control will be employed in each furnace. The final reheat tem- 
perature will employ sprays for desuperheating as backup protec- 
tion. 

A brief description of the boiler heating surfaces is necessary to 
understand the basic controls. The boiler has four separate 
circuits, each consisting of an economizer, water walls, transition 
section, radiant superheater, platen superheater, and finishing 
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superheater. The individual parallel circuits extend from the 
pressure-difference regulating valves to the mixing header just 
before the turbine throttle. Each circuit has independently con- 
trolled valves to regulate feedwater flow, boiler extraction, spray 
water for steam-temperature control, and flow to turbine or flow 
around turbine to the reheater. 

Feedwater flow in each of the circuits is controlled by the steam- 
flow nozzle and the temperature leaving the transition zone. The 
steam-flow nozzle is used as an anticipation device and the final 
control is provided by temperature. Maintaining the proper 
temperature at the outlet of the transition zone matches feedwater 
flow to firing rate. 

The pressure-difference regulating valve is used to maintain an 
approximate 30-psi drop across the feedwater regulating valve. 
The use of the pressure-difference valve compensates for variation 
in feed-pump pressure and boiler pressure so that the feedwater 
flow depends exclusively on the position of the feedwater valve. 

The speed of the feed pumps is regulated by the position of pres- 
sure-difference valves. If the flows are slightly unbalanced in the 
four circuits, one of the pressure-difference valves will be opened 
slightly more than the others. The pump speed will correspond to 
the pressure-difference valve open the widest. In this manner the 
pumps will be running fast enough to maintain proper flow in each 
of the four circuits. 

The main steam temperature in each circuit is regulated in two 
stages by means of spray-type desuperheaters located at the inlet 
of the radiant superheater and at the inlet of the platen super- 
heater. Each of the two steam-temperature controls functions 
essentially alike. 

The spray at the inlet of the radiant superheater is controlled 
by the temperature leaving the radiant superheater with an- 


ticipating impulse from the temperature leaving the transition 
zone. 

The spray at the inlet of the platen superheater is controlled 
by the temperature leaving the finishing superheater with an- 
ticipating impulse from the temperature leaving the platen super- 
heater. 

The spray water for each circuit is taken from the line between 
the feedwater valve and the pressure-difference valve. The flow 
of spray water varies with the flow of feedwater prior to adjust- 
ment by the two-element temperature control. 

Provision has been made for extracting water from the system 
at the outlet of the transition section, the purpose being to reduce 
the flow through the superheater during unusual operating con- 
ditions. The three primary functions of the boiler-extraction 
system, which is controlled by the same two-element temperature 
control as the spray valve at the inlet of the radiant superheater, 
will be to operate during loss of fire, under conditions of extremely 
low load, or during a hot restart. The use of this extraction sys- 
tem will limit sudden temperature reduction in the high-tempera- 
ture superheater and piping on loss of fire, or make it possible to 
maintain proper temperature suitable for the turbine during hot 
restart. 

The boiler-extraction valves, which are located in each circuit 
after the transition zone, discharge to the condenser and will be 
locked closed on a cold start. Interlocks prevent the valves from 
opening if the condenser cannot condense the steam without ex- 
cessive temperatures. 

The turbine-bypass system is required for cold starts, hot re- 
starts, turbine trips, and abnormal operating conditions. Flow 
of steam or water bypasses the turbine through the superpressure 
bypass valve in each circuit as shown in Fig. 9. The superpres- 
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sure bypass valves discharge into a separator. The water from 
the separator is discharged into the condenser. The steam from the 
separator discharges into the cold reheat lines. The steam travels 
through the reheater out the low-pressure bypass valves on the 

hot reheat lines. The steam from the low-pressure bypass valves 
discharges into the injection cooler in the neck of the condenser. 
The steam at the superpressure-by pass-valve outlet is sprayed to 
keep the temperature equal to cold reheat temperature. The 
steam in the injection cooler is sprayed to limit the turbine-ex- 
haust-hood temperature. 

The primary function of the boiler stop valves in each circuit 
is to prevent water from entering the turbine. On cold start-up, 
water is pumped through the entire boiler to the condenser 
through the separator. Only when proper steam conditions are 
established will steam be admitted to the turbine. 

The combination of the superpressure bypass valves and boiler 
stop valves also prevents steam from entering the turbine at 
temperatures excessively above or below those allowable at any 
given time. The bypass valve also acts as a relief valve which will 
open at 105 per cent pressure. 


Sration HEATING AND VENTILATING 


High-Temperature Water-Heating System. The conventional 
low-pressure saturated steam for coil and general building heating 
could not be used economically because of the absence of saturated 
steam from a boiler drum and the desirability of minimizing make- 
up of high-purity feedwater required for the boilers. There- 
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fore, a high-temperature, closed-cycle forced-circulating hot- 
water system was selected as shown diagrammatically in Fig. 10. 
It permits greater flexibility in pipe runs, smaller size of pipe, and 
the elimination of trap maintenance. 

To obtain high-temperature water, superheated steam will be 
extracted from the cycle at the 45-psia stage and passed to an 
ordinary feedwater heater-type heat exchanger equipped with @ 
drain cooler. The condensate will then flash to the No. 2 low- 
pressure heater. In the high-temperature water circuit, a pump 
will continuously circulate water at approximately a constant flow 
rate through the heat exchanger and on through the air-heating 
coils and unit heaters. In general, control will be provided by a 
thermostatically controlled bypass valve to bypass water around 
the heat exchanger. A spare pump will be provided. 

For starting up unit No. 8 and for heating the building during 
loads 30 per cent or lower or shutdown periods, steam will be 
provided via a pressure-reducing station from the boiler drums of 


unit no. 6 or no. 7, 


: Combustion-Air Preheating. The current practice of reducing 


™ | - building cubage to a minimum and the constant effort to increase 
i plant efficiencies requires a carefully engineered method of intro- 
_ ducing combustion air into the building. 
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The combustion air will be drawn through wall louvers and 
heating coils at a low elevation in the precipitator bay. The air 
rises to the top of the boiler house absorbing approximately 75 
per cent of the boiler and equipment radiation losses which amount 
to approximately 1.5 per cent of the boiler input. From the top — 
of the boiler house, the air will be drawn down through large air _ 
shafts which are connected by ducts to the forced-draft fans. 

A portion of the combustion air will be drawn through a 30-ft- d 
deep air well, through heating coils by a large centrifugal fan and r : 
discharged into the turbine-room basement near the feedwater _ ; 
heaters. 

The balance of the building heating will be supplied by thermo-_ 
statically controlled unit heaters. - 

Auxiliary heating coils will be installed in the air-inlet side of — 
the air heaters to maintain proper air-inlet temperature during 
start-up and during low load. 

Air Conditioning and Ventilation. The boiler control room, the’ 


and a positive pressure will be maintained in the control rooms to 
permit occupancy in case of fire in the plant. 

Roof ventilators, gravity type, will be installed on both the 
turbine house and boiler house. The turbine-house ventilators will iv 
be motor operated and manually controlled. The boiler-house 
ventilators will be opened automatically whenever the air-shaft — 
temperatures exceed 135 F. Both sets of ventilators will have — 
fusible links with weighted dampers set to open in case of fire, ; 
permitting positive escape of high-temperature gases and smoke 
and preventing failure of the roof structure. 


Strack 


One of the problems in the existing plant has been air pollution. 
In order to determine how this addition could be constructed to 
be a minimum nuisance, it was decided to test a model of the ex- 
isting plant, together with one of the proposed new addition, in 
the New York University wind tunnel. After trying various loca- 
tions for the new stack and various stack heights, finally it was , 
determined that the best location would be directly back of the 
boiler house with a height of 400 ft above grade. 

Several studies were made to determine of what materials the 
stack should be constructed. In the past, extensive use had been 
made of steel stacks with brick linings. However, when it was 
decided to go above 300 ft, it was found that reinforced-concrete 
stacks with brick linings were more economical. 

The substructure for the stack is a 42-ft octagonal concrete pad 
of maximum depth of 6 ft. The stack tapers from 28-ft OD at the 
base, to 18-ft 6-in. OD at the 400-ft level. Thickness of concrete 
varies from 1 ft 9 in. at the base to6in. atthe top. The stack will . 
be lined with 4 in. of dense brick and will have 1-in. fiberglass 
insulation to separate the brick from the concrete. 
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Engineering work on the supercritical-pressure addition to Avon 
Station began in August, 1955. As was mentioned earlier, the 
entire design had not been established completely at the time of 
the writing of this paper. Some studies are still being made, and © 
therefore it is entirely possible that changes may be made in some ‘ha 
of the design information that has been presented. Throughout 
the paper emphasis has been placed on departures from design 
occasioned by the use of supercritical pressure in a large central- _ 
station single boiler-turbine-generator unit. 

Construction work has begun already, and some of the footings __ 
arein place. Present plans are to have the unit in operation late in 
1958. 
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of the art of power generation. It is a third approach to the use of 
supercritical pressure in large central stations. Many of the 
features described in the paper have not been incorporated hereto- 
fore in any other project. Although it does not have the best 
projected heat rate, it appears at present to be the most logical 
selection of steam conditions in the supercritical-pressure range. 
This is evidenced by the fact that others are now contemplating 
units operating in the 3500-psig range. 
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Discussion 


J. L. Autten.? In presenting this discussion, the intent is not 
to be critical of the paper itself but rather to present, for co»sidera- 
tion, a comparison of several systems described by the author for 
Avon No. 8 unit with like systems being employed at Eddystone 
unit No. 1, the first supercritical-pressure unit of the Philadelphia 
Electric Company. 

As presented, the paper of course is limited somewhat in scope, 
and many phases remain to be discussed. The many questions 
remaining unanswered at this time undoubtedly will be the sub- 
ject for discussion in subsequent papers. 

The Eddystone unit is a cross-compound machine rated at 
325,000 kw and, except for the steam condition of 5000 psi, 1200, 
1050, 1050 F (two stages of reheat and nine feedwater heaters) the 
heat-cycle arrangement is somewhat similar to that of Avon No. 8. 

Two lines of heaters are employed with crossties only at the con- 
densate-pump discharge, the outlet of the cycle, and at the 
deaerators, thus minimizing the valving required and providing 
complete flexibility for bypassing operation in the feedwater 
circuits. 

The pumping system will employ three condensate pumps dis- 
charging through two lines of three low-pressure heaters into the 
deaerators. Two low-pressure boiler feed pumps, with double- 
suction first stages (thus reducing to a minimum the NPSH re- 
quirement and avoiding the use of a booster pump), take suction 
directly from each deaerator and pump through five stages of 
moderately high-pressure heaters; i.e., of 3000-psi construction. 

Here then two differences of opinion exist. Heaters of 3000 lb 
were selected because of several factors, among which were con- 
sidered: (1) It was thought good judgment to continue using 
rolled tube joints at this pressure because of excellent experience 
with several other units now operating on the Philadelphia 
Electric Company system under somewhat the same conditions. 
(2) Unlike Avon No. 8, the savings in heater cost and the effects 
of heat input by the intermediate and high-pressure pumps on the 
boiler design provided an economical justification for placing 
them after the final stage of feedwater heating. 

The feed pumps thus far identified as low, intermediate, and 
high are three pumps in series; the first two being 3600-rpm 
direct-connected motor-driven units with the high-pressure 
pump being turbine driven. The problem of starting and light- 
load operation is of paramount concern with the Eddystone unit 
as well as with Avon No. 8 or any other supercritical-pressure 
units for that matter. 

For this reason, by allowing the low and intermediate boiler 
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feeders to develop enough pressure to carry approximately 30 per 
cent load above critical pressure, the high pressure (i.e., the tur- 
bine-driven pump) would be pumped through during this phase of 
operation. From 30 to 100 per cent load, the turbine-driven 
pumps would act as variable-speed units receiving control signals 
in the same manner as that used to control the Avon No. 8 varia- 
ble-speed machines. 

By the arrangement thus described it is hoped that the com- 
plications and difficulties associated with speed-increasing gears, 
hydraulic couplings, and shifting of controls will be avoided. 

As on Avon No, 8, water treatment and tightness of the con- 
denser are of great concern. It is believed that we have carried 
the solution of these problems two steps further than indicated at 
Avon: (1) The condenser hotwell is so divided that either end or 
the center may be pumped out to the demineralizing system, thus 
guarding not only against tube weeping at the tube sheets but also 
possible damage caused by vibration or a split tube in any section 
of the condenser. (2) All make-up (or a predetermined amount of 
continuously recycled condensate) is injected into the heat cycle 
after the condensate-pump discharge rather than into the con- 
denser, thus avoiding possible contamination of the newly de- 
mineralized condensate or of dilution of the hotwell effluent. 

The boiler and its controls are essentially the same as described 
by the author for the Avon unit. 

It should be understood that many more comparisons could be 
given between the two plants. Time however does not permit 
going deeper into the many facets of the projects, such as pump 
sealing and leak-off, soot blowing, preheating of boiler combustion 
air, stack-gas cooling, and turbine-bypass systems. Many innova- 
tions to normal engineering practices are becoming a reality with 
these and other superpressure units and will be subjects for many 
informative hours of listening at future ASME meetings. 

Of this you can be sure, and to paraphrase the author, “A chal- 
lenge is being met and a real contribution to the art of central 
station power generation is being made by ali those engaged in 
these enterprises.” 


E. M. Poweu..*? The author is to be commended for a fine 
paper and his management for the policies which have made 
this project and presentation possible. In this day of heavy com- 
petition for young engineers, the author’s expressed intent to 
attract their interest and convey some of the challenge that still 
faces engineers in the power-generation industry is particularly 
significant. 

The willingness to select steam conditions which at the moment 
appeared to be one step in advance of the most economical unit as 
a contribution to the advancement of the art is an excellent indi- 
dication of the progressive leadership of The Cleveland Electric 
management. It is a privilege to be associated with them on this 
project. 

In most respects the steam-generating equipment follows the 
standards of design as developed by the writer’s company. Super- 
ficially at least, it resembles the No. 4 unit at Eastlake Station. 
The most notable exceptions result from the characteristics of 
steam at supercritical pressure—the inability to separate water 
from steam following partial evaporation and the continual in- 
crease in temperature as the fluid flows through the various 
circuits from the economizer inlet to the superheater outlet. 

Not only does this require a revised approach to feedwater 
purification but to the operating procedures and in the design of 
the control system. In this design, particular emphasis has been 
placed on the control of temperature in all parts of the unit as 
outlined in the paper. 

Some years ago in thinking ahead to the day when units de- 
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signed to operate at pressures above the critical would become a 
reality, our management became convinced that one of the most 
essential items would be a control system carefully integrated 
with the design of the steam-generating equipment. This led to 
a license agreement with Sulzer Brothers of Switzerland who had 
developed such a control system which could be adapted readily 
to suit our needs. That firm also had an extensive background of 
experience in the successive operation of once-through steam- 
generating units. 

While there has been nothing in Europe which exactly duplicates 
the conditions for Avon No. 8, there has been considerable ex- 
perience with advanced steam cycles and once-through boilers. 
The basic principles and operating procedures are so similar as to 
require moderate extrapolation. A brief review of some of the 
high lights of European experience might be interesting. 

Sulzer Brothers contracted for its first monotube steam- 
generating unit in 1929. Since then the company has built and 
placed in service nearly 90 units covering a wide range of operat- 
ing conditions. The maximum pressure at the superheater outlet 
of any one of the installations is 2062 psig. Similarly the maxi- 
mum steam temperature developed is 1112 F and the largest ca- 
pacity is listed at 660,000 lb of steam per hr. Some of these units 
are equipped with reheaters and one such operates at 1015 F. 

Many of the 90 monotube units have been installed in central 
stations but the majority serve in industrial plants as topping 
units with the high-pressure turbine exhaust going either to proc- 
ess or to low-pressure turbines. 

These industrial installations in Europe, however, do not 
operate as separate entities. To appreciate the significance of 
this one must be familiar with the degree to which the government 
in many European countries becomes involved in the operation of 
industrial as well as power projects. This is accomplished in the 
name of conservation of resources such as fuel and steel. Most of 
the larger industrials tie into the electric-distribution grid and can 
obtain permission to build a power plant only on the condition 
that the generating equipment selected has a size and heat cycle 
that will permit it to deliver power to the grid economically. 

For example, this situation dictated a recent power installation 
at a steel mill of the following design conditions: A 463,000-lb- 
per-hr boiler, operating at 1635 psig, 977 F with reheat to 997 F. 


This would be an unusual cycle for most United States indus- 
trials. Similarly a chemical works last year ordered two boilers 
at 440,000 lb per hr, 2300 psig, and 1130 F. 

These industrial units, with their dual role of generating 
electricity for both grid and plant use, have been built to meet 
high standards of service. They have permitted Sulzer Brothers 
to establish a good background of experience upon which United 
States design can make adjustments and refinements to meet 
American practice as it unfolds. 


AvuTHOR’s CLOSURE 


The comments of Messrs. Allen and Powell are appreciated — 
To the author’s knowledge, there are at least five once-through 
units now in design or construction. Some of these are in the 
subcritical pressure range. To meet these different cycle con- 
ditions, a wide variety of equipment configurations have been 
selected. 

This is a healthy development, since it will provide a broad 
base of operating experience with once-through steam —o 
within a relatively short time. Such experience will, of course, 
be invaluable to the entire industry in designing future units in 
the pressure range of 2400-5000 psi. 

While it is too early to detect any conclusive trend at this 
time, it may be noteworthy that those companies which selected 
4500-5000 psi initial pressures for their first supercritical units 
have already chosen 3500 psi for subsequent units now on the 
boards. 

Advances in techniques for demineralization of water have 
made possible the high water purities required for supere ritical | 
pressure steam generation. To a considerable extent, these 
advances were brought about through the impetus of the atomic 
energy program. Many of their rigid requirements are being 
incorporated into the design of feedwater treatment equipment 
and materials. 

It seems safe to predict that in the future there will be extensive 
discussion of the many problems now being encountered in the 
design of once-through and supercritical installations. It is 
only through such exchange of engineering and operating results 
that the maximum benefits of technological advancement can 
be achieved. 
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The flexibility and stress-intensification factors pres- 
ently applied in piping-flexibility analysis to account for 
the behavior of curved pipe in bending have been derived 
from theories and tests with no internal pressure. Pres- 
sure tends to reduce the effect of these factors but in 
smaller and relatively thick-wall piping commonly used in 
the past the effect is of a low order and may be neglected; 
in larger diameter relatively thin-wall piping the effect is 
pronounced and significant. Using strain-energy methods 
the present paper develops a theory establishing the 
flexibility and stresses due to in-plane and out-of-plane 
bending including the effect of internal pressure, and 
proves its adequacy by means of carefully conducted tests. 
In a final step, the complex theoretical formulas are re- 
duced to a simple and readily usable approximation. 


is more flexible and has higher stresses than would be indi- 
cated by the elementary theory of bending. These charac- 
teristics of curved pipe are recognized in piping-system flexibility 
calculations by the use of “flexibility factors’ and “‘stress-intensi- 
fication factors’’ which are simply the ratios of actual flexibility 
and stress to those predicted by the elementary bending theory. 
Under the present rules of the American Standard Code for 
Pressure Piping (ASA B31.1-1955, Par. 621d) the flexibility fac- 
tor and stress-intensification factor are given by the formulas 


[’ IS generally known that curved pipe subjected to bending 


flexibility factor 
; = stress-intensification factor 


t 
= flexibility characteristic = = (£)( 


= pipe-wall thickness, in. 
= bend radius of curved pipe, in. 
= mean cross-section radius of curved pipe, in. 


Equations [1] and [2] are based on theories and tests without 
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Effect of btaeialll Pressure on Flexibility 
Stress-Intensification Factors 


of Curved Pipe or Welding Elbows 


; By E. C. RODABAUGH! anv H. H. GEORGE,? LOUISVILLE, KY. 


internal pressure; however, consideration has been given in the 
past to the effect of internal pressure on these factors but it was 
concluded that the effect was negligible. For relatively thick- 
wall pipe used at rather low stresses, this is true; however, the 
recent trend has been toward the increasing use of thin-wall pipe 
at high stresses and in such piping the effect of the internal pres- 
sure becomes significant. 

In the present paper, theoretical formulas including the effect 
of internal pressure are developed for flexibility and stress-intensi- 
fication factors; the development is given in Appendix 1. In ad- 
dition, considerable experimental work has been done to sub- 
stantiate the theoretical developments and to demonstrate con- 
clusively that internal pressure has a pronounced effect on the 
flexibility and stress-intensification factors; this is described in 
Appendix 2. 

The theoretical formulas developed in Appendix 1 are ex- 
tremely complex and not easily used by the practical piping engi- 
neer. It was found, however, that these complex theoretical 
formulas could be adequately approximated by the following 
readily usable formulas 


flexibility factor with internal pressure 

stress-intensification factor with internal pressure 
(Note: This factor does not include the stress caused 
directly by internal pressure; it covers that due to 
bending only.) 

Pr/t = stress due to internal pressure in straight pipe, 
psi 

internal pressure, psi 

modulus of elasticity of pipe material, psi 


r R 
function of r/t and R/r = 3.25 () (*) 


The effect of internal pressure on reducing the flexibility and 
stress-intensification factors on a curved pipe is illustrated in Figs. 
1 and 2, respectively. The example covers long-radius welding 
elbows (R/r = 3) of r/t-ratios ranging from 3 to 50 and the range 
of internal pressures which produce up to 40,000 psi stress in steel 
pipe. When h is small the effect of pressure is significant. For 
example, without internal pressure a 24-im. standard-weight long- 
radius elbow (h = 0.094) has a flexibility factor of 17.5; with in- 


G 
function of r/t and R/r = 6 (<) (*) +. 
t r 
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FLEXIBILITY FACTOR 
f 


LONG RADIUS ELBOWS 
Bes 30,000,000 


T 


P=internal Pressure,p.si. 
t=Wall Thickness, in 
Cross Section 
R= Bend Rodius 

E=Mod of psi 
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FLEXIBILITY FACTOR, k 


n= if 


Fie. 1 Evrect or Pressure on FLexisitiry Factors 


Example 

What are the flexibility and stress-intensifi- 
cation factors of an aluminum (£ = 10,000,- 
000) curved pipe with r/t = 40, R/r = 4 at (a) 
zero pressure; (b) a pressure of 250 psi cor- 
responding to S = Pr/t = 10,000 psi” 


Solution 
(a) Zero pressure, connect 4 on right rt 
R/r scale with 40 on r/t scale. Read = 

= 16.5. 

(b) 250 psi, connect 4 on left side R/r scale 
with 40 on r/t scale. Read Xi = 2000 and 
Xe = 1300. Compute S/E = 10,000/10,000,- 
000 = 0.001. 


By Equation [3] 


R/r 


20--2 


16.5 


By Equation [4] 
4.2 


1) 200% 
7 1 0.001) (2000) 


= 14 


8 


ternal pressure corresponding to a stress of 10,000 psi the flexibility 
factor drops to 13.3, and at 40,000 stress to 8.2. The stress- 
intensification factor drops from 4.3 (S = 0) to 3.1(S = 10,000) 
and to 1.7 (S = 40,000). 

It is quite understandable that the effect of the internal pres- 
sure on thick-wall curved pipe was overlooked because, for values 
of the characteristic h covered by thick-wall pipe the change in 
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flexibility and stress intensification with usual pressures is of the 
same order as might occur due to commercial variation in pipe- 
wall thickness. 

To provide the engineer with a means for readily calculating the 
factors, a simple nomograph is given in Fig. 3 for obtaining &, i, 
X,, and X; as defined in Equations [1], [2], [3], and [4], respec- 
tively. 
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Appendix 1 = 


THEORETICAL DEVELOPMENT 
NOMENCLATURE 


The following nomenclature is used in the paper: 


r = mean cross-section radius of curved pipe, in. 
pipe-wall thickness, in. 
bend radius of curved pipe, in. 
moment of inertia of pipe cross section = mr*Z, in.‘ 
= modulus of elasticity, psi 
Poisson’s ratio 
applied moment, in-lb (M,, in-plane; M,, out-of-plane) 
energy per unit length of center line of curved pipe, Ib 
= internal pressure, psi (subscript p denotes value of a fac- 
tor with internal pressure) 
circumferential stress in straight pipe due to internal 
pressure = Pr/t, psi 
pipe bend are, radians 
circumferential location angle 
displacement of pipe wall, in. (w,, radial; w,, tangential) 
radius of curvature, in a plane perpendicular to a plane 
containing bend radius, caused by an out-of-plane 
bending moment 
Aa/a for in-plane bending, 7 = R/p for out-of-plane 
bending 
= increase in pipe cross-sectional area, sq in. 
tR/r?./(1 — = (1 — v?), flexibility characteris- 
tie 
PR?/Ert = SR*/Er*, parameter related to pressure 
= flexibility factor 
stress-intensification factor based on bending-fatigue 
tests 
strain longitudinal; e,, circumferential ) 
stress due to applied moment, psi (S,,,, longitudinal; S,,,, 
circumferential ) 


Trans. ASME, vol. 65, 1943, pp. 105-120. oA as! 
“Btude de la déformation et des tensions internes des Tuyaur Sn. 
sion interne,”’ by J. Barthélemy, Bulletin de l’ Association Technique adil 


“Stresses and Deformations of Toroidal Shells of Elliptical 
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maximum circumferential stress-intensification factor 
(¥;, in-plane; y,, out-of-plane) 
maximum longitudinal stress-intensification factor (8;, 


in-plane; 8,, out-of-plane) 
INTRODUCTION 


Theoretical studies of the flexibility and stress-intensification 
factors of curved pipe began some 45 years ago with the work of 
Th. von Karman (1),* who developed theoretical formulas for in- 
plane bending of curved pipe without internal pressure, Vigness 
(2) developed a similar theory for the case of out-of-plane bend- 
ing. A large amount of experimental work has been done which 
confirms their theoretical developments. 

In 1947 Barthélemy (3) developed the theory for in-plane bend- 
ing with internal pressure. This paper, however, apparently es- 
caped attention in this country. Clark, Gilroy, and Reissner (4) 
developed a theory from which the pressure effect could be de- 
duced. Kafka and Dunn (5) have directly developed the theory 
and have run confirming experiments. 

None of the existing developments covers the case of gut-of- 
plane bending nor has one developed simplified formulas which 
make the theory readily usable by piping engineers. In the fol- 
lowing, the theory is developed for both in-plane and out-of-plane 
bending. It is then shown that the complex theoretical formulas 
can be represented by comparatively simple formulas with ade- 
quate accuracy for purposes of practical piping-stress analysis. 


The effect of internal pressure can be obtained by a relatively 
simple extension of the energy methods used by von Karman 
and Vigness. Accordingly, we start with the basic energy equa- 
tions developed by these authors. 


In-Plane Bending 


Basic EQUATIONS AND DEVELOPMENT 


‘Aa 
a 
d 


(1 — v*) dg? 


( 


2 
(= cos @ + w,cos @ + w, sin 6) dd 
p 


Out-of-Plane Bending 
rtE 
2R? Jo 

d*w, 


CR? 


12r41 — v?) 


Qe 
.. (6) 
bine ( dd ) 
Equations [5] and [6] give the elastic energy stored in a unit 


center-line length of curved pipe due to tangential displacements 


3 Numbers in parentheses refer to the Bibliography at the end of the 


paper. 
<< 
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w, and radial displacements w,. 
plane bending is 


w, = > a,, sin 2n@ 
n=1 


and for out-of-plane bending 


With the further assumption of inextensibility in the trans- 
verse direction, which implies that w, = —dw,/d@, and substitut- 
ing the trigonometric series expressions for w,, Equations [5] and 


[6] become 


In-Plane Bending 


n=1 


> 


—sin d be 2na,, cos an) dp 


n=1 
+ (-> 8n*a,, cos 2n@ 
+ ] 


n=1 


Out-of-Plane Bending 


rtE (2 
— cos @ + cos @ 
o \p 


OR? 
2 
+ sin >> 2nb, sin dd 


n=1 


n=1 


¥ 


+ — ( (2n)*b, sin 2nd 


n=1 


— sin ond) ag)... 10 


n=1 


The first integral in Equations [9] and [10] may be put in 
Fourier series form by use of trigonometric equivalents of the type 


cos } a,, Sin 2nd = sing 


n=1 


>> (a, + ent) sin (2n + 


n=1 


1)p 


Performing the indicated integrations in Equations [9] and 
[10], it follows that both Equations [9] and [10] become 


arth 9 
U1 = + 3rne. + am 


— 2n)? 
2R? | 


— 1)(2n + 3) + + 3)? 


n=1 


where c, = a, = b,; » = Aa/a for in-plane bending; 7 = R/p 
for out-of-plane bending. 

When internal pressure is considered, the additional work repre- 
sented by the internal pressure P acting against the change in 


The assumption made for in- 
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volume must be considered, per unit length of center line, this is 


AA, the increase in area of the curved pipe cross section is 


1 


2r 
(r+ 
0 


; + wide... 03) 
0 


The relation w, = —dw,/d@ is derived from the condition of 
inextensibility, dropping second and higher-order terms. In the 
case of determining AA, however, this is not sufficiently accurate, 
since the work done by the pressure is itself dependent vpon 
second and higher-order terms in AA. Considering second-order 
terms, it can be shown that 


AA = —2r n*4n? — 1)c,? 

n=1 

pos order to determine the values of the coefficients c,, we may 
differentiate U = U; — U2 with respect to each c, and, by the 
principle of least work, each of the resulting expressions may be 


set equal to zero, thereby obtaining 

U 5 
= 0 = + (5 + OM + — > 
2 

7 

= — + (17 + GOOD? + 
oes 2 


(2n — 3)(2n + 1) 
2 


0 = —¢,4 


6 


(2n — 1)(2n + 3) 


+ 1) + (8n? — 2n)*— 


+ [8n(4n? — — Cats 


Equations [15] give a set of n linear equations with (n + 1) 
unknown c’s. By assuming that cai: = 0, all constants may be 
evaluated. Since the c’s all contain a factor of rn, it is convenient 
to introduce the relation d, = c,/rn. 

The minimized energy U is then equated to work done by the 
bending moment 


ee 


Substituting the values of d, = c,/rn from Equations [15] in 


Equation [16] and solving for 7 
RM 
7-- 1434+ —2ny BE 
IE 4 a 
— 2 — + 3) + + 3)? 
d,(8n* — 2n)? + p 4n%4n* — 1)d, .. [17] 


n=] n=1 


FLEXIBILITY Factor 


The factor in brackets in Equation [17] is the generalized for- 
mula for the flexibility factor k for both in-plane and out-of-plane 
bending. It may be to the form 


| 
| 


jem a 


In the first approximation, for example, with cz and higher c, 
assumed zero, Equation [15] gives 
d, 
+ OA? + 
and from Equation [18] 


1 5 + 6A? + 24y 
) 0.5 + 6A? + 24yp 


k, = ' 3 ( 3 . [20] 
2\5 + 6A? + 24y 
When P = 0, Equation [20] reduces to the equations derived 
by von Karman (in-plane bending) and Vigness (out-of-plane 
bending). Equation [20], when P = 0, is confirmed by the work 
of Kafka and Dunn for in-plane bending by substituting v = 0 
in their equations. 
includes the flexibility factor with internal pressure for out-of- 
plane bending. It turns out that, as in the case with zero pres- 
sure, the flexibility factor for in-plane bending is the same as for 
out-of-plane bending. 


STRESSES 
The longitudinal strains on which Equations [5] and [6] are 


Out-of-Plane Bending 
1 


e, = cos @ + w, cos @ + w, sin 6) 
p 


Circumferential strains at the outer and inner-wall surfaces, 
for both in-plane and out-of-plane bending, are given by 


(= 
2(1 — v*)r? \ dg? 


= 


The plus sign applies to the outside-wall surface; minus to in- 
side-wall surface. 
Strains may be converted to stresses by the usual formulas 


Combining Equations [21] through [25] ulong with Equations 
—«*7) and [8] and noting that 7 = RMk/IE, the following equations 
for the stresses are obtained 


In-Plane Bending 
3d, 1 
{(: + in >> {d,(1 — 2n) 


n=1 


+ + 3)} sin (2n + 1)6 + — >> d,(2n — 8n?) 


n=1 


Note, however, that the development herein ; 
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(1 + sin @ + 72 {d,(1 — 2n) + days(2n + 3)} 


Out-of-Plane Bending 7 
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+ dasi(2n + 3)} cos (2n + 1 


sin (2n + 


> > {d,(1 — 2n) 


n=1 


a5 d,(8n* — 2n) 


n=1 
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cin (28) 


d,(8n? — On) sin 2n@ 


n=1 


tn 


k,M,r 


Stress-intensification factors are obtained by dividing Equa- __ 
tions [26] through [29] by Mr/I, since these factors are the ratios — 
of the curved-pipe stress to the calculated stress by the ordinary | 
beam theory; which stress is simply Mr/I. 

For example, the circumferential stress-intensification factor for _ 
in-plane bending by a first approximation, from Equation [27] is ‘ 5 


cos (2n + vol. . . [29] 


cos 26 + + %) sin 


Mr/l 1—v* 


- 


When P = 0, this equation reduces to that obtained by Gross (6),* 
based on von Karman’s development. 

The longitudinal stress-intensification factor for in-plane bend-— 
ing by a first approximation, from Equation [26], is 


ky cos 26 + (1+ St) sing 
r 


1—»p* 


364... (81 


When P = 0 this equation reduces to that obtained by A“ 
Gross. When P ~ 0, v = 0 and, considering the mid-wall stress 
only, this equation gives : 


Sat 3d) a 


Equation [32] is identical to that obtained by Kafka and Dunn 
with vy = 0. 


4 Except for the factor (1 — »*) which is omitted from von Karman’s 
development. 
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In this connection it might be noted that a number of previous 
papers on this subject give longitudinal stresses at the mid-wall of 
the pipe only. The longitudinal stresses at the inner and outer- 
wall surfaces are affected by the circumferential bending stresses 
as indicated by Fig. 8. 


ASSUMPTIONS OF THEORY 


The theory is that of thin shells, wherein the wall thickness is 
assumed small compared to the radius of curvature. This assump- 
tion is generally true where the flexibility and stress factors are of 
importance. The theory assumes that the ratio R/r is large com- 
pared to unity. This is not true of welding elbows; however it 
has been shown, both theoretically (7) and experimentally, that 
even for R/r as small as 2, the theory is still of adequate accuracy. 

It is assumed that the curved pipe or elbow cross section -is 
initially round. Slight deviations from roundness have no sig- 
nificant effect on the theory as given herein; however, it might be 
noted that if a curved pipe or elbow is slightly out of round, 
application of pressure will produce rotation of the elbow ends 
(if an elbow end is free) or end moments (if the elbow ends are 
restrained ). 

The results obtained herein theoretically apply to a curved pipe 
of any bend arc, a. Actually, the end effects of the attached 
pipe or flanges can have a pronounced effect for small bend ares 
combined with small values of R/r, as shown experimentally by 
Pardue and Vigness (7). 


CONVERGENCE 


In series-type equations such as those given herein, it is neces- 
sary to know how many terms in the series must be used in order 
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to obtain satisfactory accuracy. The rapidity of convergence of 
the series expressions for the various factors is not uniform; con- 
vergence is fastest for the longitudinal stresses, followed by the 
flexibility factor and slowest for the circumferential stresses. 
Since the circumferential stress is usually higher than the longi- 
tudinal stress, the number of terms required to obtain satisfactory 
accuracy of the circumferential stress governs the degree of ap- 
proximation required. 

In the case of zero pressure, the flexibility and stress-intensifica- 
tion factors depend only upon A. Comparison of values by suc- 
cessive approximations indicates that the order of approximation 
given in Table 1 is necessary for accuracy within about 10 per 
cent. 


ORDER OF APPROXIMATION 
Approximation order 


TABLE 1 


Value of A 
.5 and larger 
0.16 


With internal pressure, the series converges somewhat faster 
than indicated above; however, in general, for thin-wall, short- 
bend-radius elbows a relatively high order of approximation is 
necessary for satisfactory accuracy of the circumferential stress- 
intensification factor. 

Application of the series formulas to long-radius welding elbows 
(R/r = 3) is shown in Fig. 5. In calculations for Fig. 5, an at- 
tempt was made to obtain accuracy within about +2 per cent. 
It was necessary to use a fifth-order approximation for \ = 0.03 
to attain this accuracy. 
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APPROXIMATE FORMULAS 


It will be apparent, in writing out Equations [18], or [26] 
through [29], that expressions for the third or fourth-order ap- 
proximation become quite lengthy and time-consuming to apply. 
In the case of zero pressure, it was found graphically by Beskin 
(8) and later shown analytically by Clark and Reissner (9) that, 
for values of \ less than about 0.3, the flexibility and maximum 
stress-intensification factors can be expressed by the following 
simple formulas 


at 
where k, Y;, Y,, are the flexibility factor, in-plane bending maxi- 
mum circumferential stress-intensification factor, and out-of-plane 
bending maximum circumferential stress-intensification factor, 
respectively; all at zero pressure.® 

The ASA B31.1 Code formula for k (Equation [1] herein) is 
simply Equation [33] using the parameter h tR/r? instead of 
A, i.e. 


where v (Poisson’s ratio) is taken as 0.3. 

The ASA B31.1 Code formula for 7 (Equation [2] herein) is ap- 
proximately one half of Equation [34]. This is based on ex- 
tensive bending-fatigue tests of elbows (10). It was found that 
using the fatigue life of butt-welded straight pipe as unity, the 


5 The maximum longitudinal stress-intensification factor is of less 


practical interest since it generally is smaller than the circumferential — 
factor. For small values of \, P 0, the ratio of the maximum cir- 
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effective stress-intensification factors of elbows in bending fatigue 
were about one half of the theoretical value given by Equations 


[34] and [35]. The fatigue tests showed that the stress-intensifi- — 


cation factor for in-plane bending was slightly higher than for out- _ 


of-plane bending, as indicated by a comparison of Equation [34] 
with Equation [35]; however, this difference is rather small for 
practical significance. Therefore, in the interest of simplicity, the 
higher 7-value is given in the code for application to both in-plane 
and out-of-plane bending. 

The existence of simple asymptotic formulas for the flexibility _ 


and maximum-stress factors without pressure suggested the — 


possibility of similar formulas for these factors with pressure. _ 
Values of k,, Y;>, and Y,, were calculated by the series formulas | 
over an appropriate range of the variables S/E, r/t, and R/r. 
In the case of ,,, the maximum stress occurs at @ = 0. In the 
case of ,,, the maximum stress lies between 0 and 45 deg; its 
value and location were determined by plotting the results of 
calculations for various values of @ in this region. As is the case 
for zero pressure, the value of ,, was found generally to be less 
than y;,. Accordingly, approximate formulas were developed for 


k, and ¥;, only. 
It was found that by plotting the following mye) 
against the variables S/E, r/t, and R/ron logarithmic co-ordinates, 
that substantially straight-line relations held over the range of — 
these variables likely to be encountered in piping practice; i.e.,— 
S/E corresponding to stresses up to 40,000 psi in steel pipe; r/t — 


up to 50 (24 in. Schedule-10 pipe) and R/r from 2 to ~, These 
plots then led to the approximate formulas 


cumferential stress to the maximum longitudinal stress is about 2 for » Py, 


in-plane bending and about 11/2 for on ing 
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These formulas‘ have been found to be within 10 per cent of the 
theoretical results over the range of variables included where the 
Equations [33], [34], and [35] are themselves accurate. In the 
regions where the approximate formulas are not in good agree- 
ment with theory, the flexibility and stress-intensification factors 
are low and of lesser significance in practical piping applications. 
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COMPARISON OF THEORY WITH TEST DATA — 


Like many other developments in the field of theoretical ap- 
plied mechanics, the theory presented herein is based on a number 
of simplifying assumptions which enable a relatively simple solu- 
tion to be obtained. Accordingly, it is desirable to check the 
theory with tests to make sure that the theoretical development 
is of adequate accuracy. Numerous investigators have checked 
theory against test at zero pressure and found adequate agree- 
ment. The tests described herein, therefore, are principally con- 
cerned with comparing the theoretical pressure effect with ex- 
perimental results. 

Tests were run on a 30-in-OD, 0.500-in. nominal wall welding 
elbow with a bend radius of 45 in. The average wall thickness of 
the elbow was 0.515 in. with a variation of +0.058 in., —0.094 in. 
The average outside diameter was 29.973 in. with a variation of 
+0.160 in., —0.172 in. The elbow was made of a low-alloy, high- 
yield-strength proprietary steel. 

Each end of the elbow was welded to 59-in. lengths of 30-in-OD, 
0.500-in. nominal wall pipe purchased to API Standard 5LX52. 
The open ends of these two pipe lengths were closed with 30-in. 
welding caps, with a flanged opening in one cap for access to 
inside strain gages. An over-all view of the test assembly is 
shown in Fig. 6. 

In-plane bending moments were applied by means of a tie rod 
hinged to each cap with a turnbuckle in the tie rod as shown in 
Fig. 6. Loads were measured by SR-4 strain gages on the tie rod. 
The rotation of one end of the elbow with respect to the other was 
measured by means of a framework attached to the straight pipe 
with dial gages to measure relative movement; the framework 
can be seen in Fig. 6. In calculating the flexibility factor from 
these measurements, bending of the 30-in. straight pipe was taken 
into consideration. 

The stress in the elbow wall was determined by means of SR-4 
strain gages placed around the circumference every 15 deg from 
crotch (¢@ = —90°) to back (@ = 90°), plus a check gage on the 
opposite side (@ = 180°). Strain gages were placed on both the 
inside and outside-wall surfaces. 

The tests consisted of applying loads with the turnbuckle in the 
tie’rod in steps up to 30,000 lb, measuring deformations and 
strains at each step. This was repeated at internal pressures of 
0, 400, 800, and 1100 psi. Several runs were made for each pres- 
sure and the results averaged. Pressure was applied with water 
and, subsequently, with nitrogen gas. Inside strain gages were 
used with nitrogen gas only. 

The flexibility factors and maximum stress-intensification fac- 
tors obtained in these tests are shown in the top graph of Fig. 7. 
The pattern of stress around the circumference and its variation 
with pressure are shown in Fig. 8. 


* More accurate formulas can be established, however; in such 
formulas the exponent of S/E, instead of being unity, is a function of 
r/t. For practical piping work, the slight gain in accuracy is not be- 
lieved to compensate for the resulting increase in complexity of the 
formulas. 
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Results of similar in-plane bending tests (5) on curved pipe with 
outside diameters of 3 to 3/2 in., wall thicknesses of 0.016 to 
0.020 in., and bend radii of 10 in. to 141/, in. are shown in the lower 
three graphs of Fig. 7. Circumferential stress-intensification fac- 
tors were not reported in these tests. 

In general, the theory and tests are in adequate agreement. 
The fact that the tests and theory do not agree precisely is prob- 


ably due in part to such experimental factors as nonuniform wall 
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thickness and end effects. In addition, the theory itself is not pre- 
cise as pointed out in Appendix 1. 

It is interesting to note that the test results shown cover a wide 
range of curved-pipe dimensions. Agreement of theory and test 
is adequate for these dimensionally extremely different curved 
pipes. It is also of interest to note that the approximate Equa- 
tion [33], while not intended to apply for values of r/t much over 
50, is still in adequate agreement with theory and tests for the 
curved pipe where r/t was as high as 94. 


